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Abstract: We have already proposed a multiple-vehicle bike sharing system routing problem (mB-
SSRP) to adjust the number of bicycles at each port using multiple vehicles in short time. However,
there are many strict constraints in the mBSSRP, thus it is difficult to obtain feasible solutions of
the mBSSRP for some instances. To obtain feasible solutions of the mBSSRP, we have proposed a
mBSSRP with soft constraints (mBSSRP-S) that removes some constraints from mBSSRP and ap-
pends violations to an objective function as penalties, and a searching strategy that explores both
the feasible and infeasible solution spaces. Numerical experiments indicated that solving mBSSRP-S
to obtain feasible solutions of mBSSRP results in better performance than solving mBSSRP directly.
However, mBSSRP-S includes infeasible solutions of mBSSRP, thus the neighborhood solutions and
computational costs increase. In this study, we propose search strategies with low computational
costs while maintaining performance. In particular, we propose two search strategies: the first one
is to reduce neighborhood solutions to obtain a feasible solution in a short time before finding a
feasible solution of the mBSSRP, and the second one is to change the problem to be solved (mBSSRP
or mBSSRP-S) after a feasible solution is obtained and to search good near-optimal solutions in a
short time. As the first search strategy, we propose two search methods for reducing the number
of neighborhood solutions in the Or-opt and the CROSS-exchange and compare their performance
with our previous results. From numerical experiments, we confirmed that a feasible solution can
be obtained within a short time by exploring only the normal order insertion of the Or-opt and the
normal order exchange of the CROSS-exchange as the neighborhood solutions. Next, as the second
search strategy after a feasible solution of mBSSRP is obtained, we propose four search methods
and compare their performance with our previous results. Numerical experiments show that the
search method that only searches for the normal order insertion of the Or-opt and the normal order
exchange of the CROSS-exchange with hard constraints after obtaining a feasible solution can obtain
short tours within a short time.

Keywords: bicycle sharing system; combinatorial optimization problem; tabu search; low
computational costs; Or-opt; CROSS-exchange

1. Introduction

Bicycle sharing systems (BSSs) have been introduced in many cities around the world
as a new public transportation system. Currently, more than 1,700 programs of BSSs are
operating in the world [1], for instance, BIXI in Montréal [2], Velib’ in Paris [3], docomo
bike share in Tokyo [4], citybike in Vienna [5], Citi Bike in New York [6], Capital bikeshare
in Washington D.C. [7], BULEbikes in Boston [8] and Bicing in Barcelona [9].
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A BSS consists of many distributed automatic rental ports and many rental bicycles.
A registered user can rent a bicycle at a port, use it for a short trip and return it to a different
port. A BSS is not only a convenient service, but also it can reduce greenhouse gas and
traffic congestion issues. For example, Zhang et al. (2018) [10] have estimated that the
introduction of a BSS at Shanghai saved 8358 tonnes of petrol, and reduced CO2 and NOx
emissions 25,240, and 64 tonnes, respectively in 2016.

In a BSS, almost all ports are in either an empty or full state after a while. An empty
bicycle port implies that a user cannot rent a bicycle, whereas a full bicycle port implies
that a user cannot return a bicycle. Thus, full or empty states lead to dissatisfaction of
users. In addition, broken bicycles are left unattended. Consequently, users’ frustration
is further increased. To address these issues, several capacitated vehicles need to relocate
bicycles among ports so that sufficient bicycles are available at each port. If operators can
execute repositioning works efficiently, users will not have experience that they cannot
rent or return bicycles and BSS companies can reduce labor costs and carbon emissions of
vehicles. Thus, both users and BSS companies benefit.

Recently, many studies have been conducted on repositioning bicycles of a BSS.
The repositioning of BSS can be divided into two cases.

The first one is a static case. In the static case problem, the number of bicycles does
not change at each port while the bicycles are restored by the vehicle, because the system
assumes that the bicycles are not moving much at midnight or after operation hours. As for
the static case problem, Dell’Amico et al. (2014) [11] proposed a bike sharing rebalancing
problem (BRP) and formulated BRP as a mixed integer linear programming problem,
and they solved BRP using the branch-and-cut algorithm for the 22 real world instances
collected from the web sites. Then, they proposed a destroy and repair algorithm for the
BRP, and tested their algorithm on benchmark instances [12]. Although these studies [11,12]
are interesting, they did not consider a time limit constraint: vehicles must return to a depot
within a given time limit. Then, it is not guaranteed that all operations will be finished
within the working hour in BRP.

On the other hand, Rainer-Harbach et al. (2013) [13] proposed a general variable
neighborhood search (VNS) with an embedded variable neighborhood descent for finding
efficient vehicle tours of a balancing bicycle sharing system (BBSS). In the BBSS, they
considered the time limit constraint, and that a vehicle can visit a port multiple times.
Then, they tested their algorithm on benchmark instances of real-world data provided by
Citybike in Vienna with up to 90 ports, and the result of numerical experiments showed that
their algorithm obtained good solutions in a reasonable time. In addition, Raidl et al. (2013)
[14] proposed efficiently determining optimal loading operation of VNS method for finding
efficient vehicle tours of the BBSS. They tested the same instances with Rainer-Harbach et al.
(2013), and they reported that their method showed better performance than the original
VNS. Moreover, Papazek et al. (2013) [15] also address the BBSS, and they proposed
two GRASP (Greedy Randomized Adaptive Search Procedure) heuristic approaches and
conducted numerical experiments by varying sizes of instances that ranged from 30 to
700. The numerical experiments show that combined PILOT (Preferred Iterative Look
Ahead Technique) and GRASP method obtained good performance than VNS for large size
instances. In the BBSS, when vehicles start and come back to a depot, the vehicles must be
empty. However, if broken bicycles are found in the process of rebalancing operation, they
must be repaired at the depot after the rebalancing operation, because the depot has many
spare bicycles. Thus, the constraint that vehicles must be empty when vehicles start and
come back to the depot is not realistic [13–15].

The second one of the repositioning of the bicycle sharing system is a dynamic case.
In the dynamic case problem, the number of bicycles is changed at each port while the
bicycles are restored by the vehicle. Kloimüllner et al. (2014) [16] extended the BBSS to
a dynamic case problem, and proposed a model of a dynamic balancing bicycle sharing
system (DBBSS). Then, they applied their previous approach to the DBBSS. The numerical
experiments showed that their approach was also effective to DBBSS. Chiariotti et al.
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(2018) [17] also addressed the dynamic case problem. Then, they tested instances with
280 ports generated by New York City’s CitiBike, and the result of numerical experiments
showed that their dynamic strategy obtained better performance than static approach. In
the numerical experiments for the dynamic repositioning of BSS, Kloimüllner et al. (2014)
and Chiariotti et al. (2018) used Vienna and New York City’s data, respectively. However,
it is not clear whether their approaches can be applied to other cities. Table 1 summarizes
the related literatures.

Table 1. Summary of the related literatures.

Paper Static or Dynamic Maximum Number of Port Size

Rainer-Harbach et al. (2013) static 90
Raidl et al. (2013) static 90
Papazek et al. (2013) static 700
Kloimüllner et al. (2014) dynamic 90
Dell’Amico et al. (2014) static 116
Dell’Amico et al. (2016) static 564
Chiariotti et al. (2018) dynamic 280
This study static 100

In our previous study, we formulated a new bicycle sharing system routing problem
as “multiple-vehicle bike sharing system routing problem (mBSSRP).” The mBSSRP finds
tours within the shortest travel time when multiple vehicles load and unload bicycles
at each port. In the mBSSRP, we consider the time limit constraint, and vehicles can
start and finish at the depot with bicycles. Although we treated the static case problems,
the mBSSRP is close to a real-life situation. As a result of solving the mBSSRP using
a mixed-integer linear programming (MIP) solver [18], an optimal solution is obtained
for small-size instances. However, we cannot obtain an optimal solution for large-size
instances within a reasonable time frame. Thus, we proposed local search methods to obtain
approximate solutions of mBSSRP within a short time [19]. Nevertheless, owing to some
strict constraints of mBSSRP, the proposed methods could not obtain feasible solutions
for some instances. Therefore, we proposed a “multiple-vehicle bike sharing system
routing problem with soft constraints (mBSSRP-S) ” that removes some constraints from the
mBSSRP and appends violations of the mBSSRP to the objective function as penalties [20].
In Ref. [20], we also proposed a method that controls the execution of the Or-opt [21]
and the CROSS-exchange [22] with the tabu search method [23–25] for solving mBSSRP
and mBSSRP-S. Numerical experiments show that solving mBSSRP-S to obtain feasible
solutions of mBSSRP achieves good performance when compared to solving directly
mBSSRP [20]. However, computational costs increase because neighborhood solutions
increase as a result of including infeasible solutions of mBSSRP. Thus, it is necessary to
reduce the computational costs while maintaining the performance.

Regarding the reduction in computational costs, there are several discussions for
the combinatorial optimization problems. For example, Hasegawa et al. (2002) [26] and
Matsuura et al. (2008) [27] introduced a method of limiting the search space to short paths
when they solved the TSP (Traveling Salesman Problem). In particular, Hasegawa et al.
(2002) used only the 10% nearest neighbors of the cities. Then, Matsuura et al. (2008)
used only the near neighbors of the cities. This is because most good TSP solutions have
short paths. Motohashi et al. (2008) [28] used a neighborhood list to efficiently solve
the TSP. Moreover, Motohashi et al. (2009) [29] used two different candidate lists, that is,
the nearest neighbors and quadrant neighbors to solve a large scale TSP. Finally, Taillard et al.
(2019) [30] showed that the computational costs of heuristic methods can be significantly
reduced by constructing a set of edges that are considered to be included in the optimal
solution at first.
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Regarding the BSS, Pal et al. (2016) [31] used a candidate list based on nearest neigh-
bors to efficiently solve the static complete rebalancing problem. Then, Dell’Amico et al.
(2016) [12] used some formulations to determine whether constraints are satisfied or not to
speed up the computation of bike sharing rebalancing problem. Thus, it is important to
reduce the computational costs for finding a good rebalancing tour of the BSS, because a
BSS has hundreds of ports and it is not practical to wait for hours to find a rebalancing tour
of the BSS. Then, the goal of this study is to propose efficient search strategies with low
computational costs while maintaining the performance of the mBSSRP.

To reduce computational costs in this study, we focused on the search process and
investigated the rate of the Or-opt and the CROSS-exchange executions. The execution rate
of the Or-opt that inserts ports in the normal order was 66%, that of the CROSS-exchange
that exchanges ports in the normal order was 20%, and the reverse orders of insertion of the
Or-opt and exchange of the CROSS-exchange were rarely executed. In addition, we found
that once a feasible solution of the mBSSRP is obtained, our conventional method [20]
searches for the feasible solutions successively.

From these results of the investigation, in this paper, we propose two search strategies:
the first one is to reduce neighborhood solutions to obtain a feasible solution in a short
time before finding a feasible solution of the mBSSRP from the mBSSRP-S, and the second
one is to change the problem to be solved (mBSSRP or mBSSRP-S) after a feasible solution
is obtained and to search good near-optimal solutions in a short time. As the first search
strategy, we propose two search methods for reducing the number of neighborhood so-
lutions in the Or-opt and the CROSS-exchange, and compare their performance with our
previous results. The results of the numerical experiments indicate that by limiting the
neighborhood solutions to the normal order insertion of the Or-opt and the normal order
exchange of the CROSS-exchange, we obtained feasible solutions within a short time while
maintaining the performance.

Next, as the second search strategy after obtaining a feasible solution, we proposed
four methods in which the searching space is further reduced. The problem to be solved is
changed from mBSSRP-S to mBSSRP to explore only feasible solutions. The results of the
numerical experiments show that by reducing the number of the neighborhood solution,
only searching for the normal order insertion of the Or-opt and the normal order exchange
of the CROSS-exchange with hard constraints after obtaining a feasible solution can obtain
short tours within a short time. From these numerical experiments, we have succeeded in
reducing the computational time while maintaining the performances. Furthermore, we
found that after finding a feasible solution, we could find short tours within a short time by
solving the hard constraint problem instead of the soft constraint problem.

This paper is structured as follows. In Section 2, we describe the mBSSRP and mBSSRP-
S. In Section 3, we present the heuristic method. Then, Section 4 presents the computational
costs reduction method. Numerical experiments are reported in Section 5. Finally, conclu-
sions and future works are provided in Section 6.

2. Problem Description

To determine tours that efficiently relocate bicycles using multiple vehicles, we have
already proposed mBSSRP and mBSSRP-S [20]. In mBSSRP, the search is executed with
satisfying hard constraints of the time and capacity of the vehicles. In mBSSRP-S, these
constraints are removed and violations of these constraints are added to the objective
function as penalties.
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In mBSSRP and mBSSRP-S, given are one depot, n ports and m vehicles. Each port
is classified into two types: pickup and delivery ports. In the pickup ports, the number
of bicycles is excess and bicycles must be loaded on the vehicle. In the delivery ports,
the number of bicycles is lack and bicycles must be delivered. In mBSSRP and mBSSRP-S,
vehicles relocate the bicycles from the pickup port to the delivery port. The rules of mBSSRP
and mBSSRP-S as follows:

(1) The vehicles can load bicycles at the depot, because the depot has spare bicycles
available.

(2) All vehicles must leave the depot and return to the depot.
(3) The number of bicycles does not change during the repositioning process.
(4) Each port can be visited only once by one vehicle.

Under these rules, reposition of bicycles is executed using vehicles. For details, we
refer to Tsushima et al. [20].

2.1. Multiple-Vehicle Bike Sharing System Routing Problem (mBSSRP)

In addition to the rules, the solution of the mBSSRP must satisfy the following two
constraints:

(i) time limit constraint: vehicles must return to the depot within the time limit.
(ii) capacity constraint: vehicles cannot load more bicycles than their capacity, and the

capacity of a vehicle cannot be less than zero.

The purpose of the mBSSRP is to find the tour that minimizes the total travel time
of the vehicles among the routes that satisfy the rules (1) to (3) and the constraints of (i)
and (ii).

2.2. Multiple-Vehicle Bike Sharing System Routing Problem with Soft Constraints (mBSSRP-S)

In the mBSSRP-S, the hard constraints i ) and ii) are removed from mBSSRP and these
constraints are added to the objective function as penalties if they are violated. Then,
the objective function of mBSSRP-S is defined as follows:

minimize T + a ⇥ PT + b ⇥ (PB+ + PB�) (1)

where T denotes the total travel time and is the objective function of mBSSRP, PT denotes
the time that vehicles worked over the time limit, PB+ and PB� are the number of bicycles
that could not be loaded or supplied, and a and b are the weight coefficients of the penalty.
If PT , PB+ and PB� are equal to zero, the solution is a feasible solution for mBSSRP.

3. Heuristic Methods

To obtain good approximation solutions of mBSSRP, we proposed a method using
the tabu search method [23–25]. In the proposed method [20], first, we generate an initial
solution by the construction method based on the farthest insertion method. Second, we
improve the initial solution by the local searches: the inserting method and the swapping
method. Finally, good approximate solutions are searched by the tabu search method,
which is one of the metaheuristic methods. The neighborhood solution of the tabu search is
constructed by the Or-opt and the CROSS-exchange. Figure 1 represents the flow of the
proposed method.

Ikeguchi Laboratory 2021(p. 6 / 170)



Appl. Sci. 2022, 12, 2675 6 of 21

Construction 
method

Tabu search method

Obtained feasible solution

2-opt 
Yes

i =1; i < iteration; i++

No

Finish

end

Inserting method, 
Swapping method

Local search method Or-opt,
Cross-exchange

Neighborhood Solutions

Inserting method, 
Swapping method

Local search method
Start

Figure 1. Flow of the proposed framework [20]. First, we construct an initial tour using the con-
struction method. Then, we improve the initial tour using the inserting and the swapping method.
Next, the Or-opt and the CROSS-exchange are controlled by the tabu search and aim to transition to
a feasible solution of mBSSRP. The red rectangle corresponds to the computational cost reduction
part. The details are described in Section 4. After feasible solutions of mBSSRP are obtained in the
tabu search process, the 2-opt is executed. If we cannot obtain a feasible solution, the 2-opt method
is not executed. Finally, to obtain better solutions, we executed the inserting and the swapping
method again.

3.1. Construction Method for Generating an Initial Solution

First, to generate an initial solution, we use the construction method based on the
farthest insertion method. It is often used as one of the construction methods for the
combinatorial optimization problem. The procedure of the construction method is described
as follows:

1. We randomly select p ports, where p denotes the number of available vehicles.
2. Each vehicle constructs a subtour with the depot and one of the selected p ports.
3. An unvisited port k, which is the farthest from the depot, is selected.
4. The port k is inserted between ports i and j in the subtour where Dikj = tik + tkj � tij

is minimized.
5. Steps 3 and 4 are repeated until all ports are visited once by one vehicle.

When we solve mBSSRP, we continue this operation while the constraints of mBSSRP
are satisfied. On the other hand, when we solve mBSSRP-S, we consider only the travel
time between ports i and j.

3.2. Local Search Methods for Improving the Initial Solution

To improve the initial solutions, we use the following two local search methods: the
inserting method and the swapping method. The inserting and the swapping methods
improve a single tour. The inserting and the swapping methods are used after constructing
an initial tour and after improving the tour by the tabu search.

In the inserting method, a partial tour i � j, whose length covers a maximum of three
ports in a tour is inserted into an edge (k, l) in the same tour (Figure 2). Then, there are two
types of insertion operations as follows: the normal order (Figure 2b) and the reverse order
(Figure 2c).
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i j

kl
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kl
(a) (b) (c)

Figure 2. Example of the inserting method. Black squares represent depots and gray circles represent
ports. (a) A tour before the inserting method is executed. (b) A partial tour i � j is inserted into k � l
as the normal order (the orange rectangle). (c) The partial tour i � j is inserted into k � l as the reverse
order (the green rectangle).

The swapping method swaps a partial tour i � j for a partial tour k � l (Figure 3). Then,
there are four types of swapping operations: both partial tours i � j and k � l are exchanged
with the normal order (Figure 3b), only the tour i � j is the reverse order (Figure 3c), only
the tour k � l is the reverse order (Figure 3d), and both partial tours i � j and j � k are
exchanged with the reverse order (Figure 3e).

kl

i j

k l

j i

k l

ji

kl

j i

kl

ji
(a) (b) (c) (d) (e)

Figure 3. Example of the swapping method. Black squares represent depots and gray circles represent
ports. (a) A tour before the swapping method is executed. (b) Both partial tours i � j and k � l are
exchanged with the normal order (the orange rectangles). (c) Only a partial tour i � j is exchanged
in the reverse order (the green rectangle). (d) Only a partial tour k � l is exchanged in the reverse
order (the green rectangle). (e) Both partial tours i � j and k � l are exchanged with reverse order
(the green rectangles).

3.3. Method by Using the Tabu Search

In the local search methods, a solution moves to only good solutions that are better
than the current solution. Thus, the solutions get stuck at local optimal solutions. To
escape from the local optimal solutions, we use the tabu search method in this study as
well as in our previous study [20]. Namely, we used the tabu search to propose search
strategies with low computational costs while maintaining the performance for the mBSSRP
in this study. The tabu search is one of the powerful meta-heuristic strategies for solving
the combinatorial optimization problem. The tabu search is successively used for the
vehicle routing problem, which is a similar combinatorial optimization problem to mBSSRP.
Moreover, the tabu search also has some advantages, because it has few parameters, leads
to easy implementation and has low computational costs. To avoid repetitive operations,
a tabu list is used in the tabu search. The tabu list records the previous search history.
Thereafter, the solution in the tabu list cannot be selected for a certain temporal duration.
This duration is known as a tabu tenure.

In this study, a current solution moves to the best neighborhood solution generated
by the Or-opt and the CROSS-exchange. The Or-opt and the CROSS-exchange methods
improve the total length of the tours using two different tours. The Or-opt inserts a partial
tour i � j of a tour in an edge (k, l) in another tour (Figure 4). There are two types of
insertions: the normal order (Figure 4b) and the reverse order (Figure 4c). The CROSS-
exchange replaces a partial tour i � j in one tour with a partial tour j � l in the other tour
(Figure 5). There are four types for swap operations: both partial tours i � j and k � l are
exchanged in the normal order (Figure 5b); the partial tour i � j is in the normal order,
and the partial tour k � l is in the reverse order (Figure 5c); the partial tour i � j is in the
reverse order, and the partial tour k � l is in the normal order (Figure 5d); and both partial
tours i � j and k � l are exchanged with the reverse order (Figure 5e). If a neighborhood
solution of the CROSS-exchange that exchanges the partial tours i � j and k � l is selected,
the combination i and k is memorized in the tabu list. If a neighborhood solution of the
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Or-opt is selected that inserts the partial i � j into the edge (k, l) is selected, the combination
i and k is memorized. Thus, the selection of the neighborhood solution that connects port i
and port k is prohibited during a certain temporal iteration.

If a feasible solution of mBSSRP is found, the 2-opt method is executed to obtain better
solutions than the current one. The 2-opt method replaces two edges by two other edges
(Figure 6). If we have never obtained a feasible solution of mBSSRP at once in the tabu
search process, the 2-opt method is not executed.

i j

k l
i j

k l
ij

k l
(a) (b) (c)

Figure 4. Example of the Or-opt. Black squares represent depots and gray circles represent ports.
The red and blue lines represent each tour. (a) Tours before the Or-opt is executed. (b) A partial tour
i � j is inserted into another tour k � l in the normal order (the orange rectangle). (c) The partial tour
i � j is inserted into another tour k � l in the reverse order (the green rectangle).

i j

k l

i j

k l

i j

kl

ij

k l

ij

kl
(a) (b) (c) (d) (e)

Figure 5. Example of the CROSS-exchange. Black squares represent depots and gray circles represent
ports. Orange rectangles express normal order and green rectangles express a reverse order. Red and
blue lines represent each tour. (a) Tours before the CROSS-exchange is executed. (b) Partial tours
i � j and k � l are exchanged with the normal order. (c) Only the partial tour k � l is exchanged in the
reverse order. (d) Only the partial tour i � j is exchanged in reverse order. (e) Partial tours i � j and
k � l are exchanged in the reverse order.

i

j

k

l

i

j

k

l
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Figure 6. Example of the 2-opt method. Black squares represent depots and gray circles represent
ports. (a) A tour before the 2-opt method is executed. (b) A tour after the 2-opt method is executed.

3.4. Dynamically Changing Weight of Penalties

To move good solutions of mBSSRP from the solution of the mBSSRP-S, we must set
appropriate values of the weight parameters a and b in the objective function (Equation (1))
of the mBSSRP-S. If we set the parameters to small values, we cannot obtain feasible
solutions owing to the small values of the parameters. Because the penalty becomes
weak even when the solution has many constraint violations. Meanwhile, if we set the
parameters to large values, the power of the parameters will be excessively strong, which
is the same situation for solving mBSSRP. Thus, we dynamically change the parameters a
and b according to the solution state.

To adjust the weight parameters a and b dynamically, the objective function of the
mBSSRP-S was modified as follows:

minimize T(t) + a(t) ⇥ PT(t) + b(t) ⇥ (PB+(t) + PB�(t)) (2)

where a(t) and b(t) represent weight parameters for the time limit, loading and supplying
constraints at the tth iteration, T(t) denotes the total travel time at the tth iteration, PT(t)
denotes the excess working time beyond the time limit at the tth iteration, PB+(t) denotes
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the loading violation of the bicycles at the tth iteration and PB�(t) denotes the supplying
violation of the bicycles at the tth iteration.

The adjustment of the parameters is determined by comparing a(t) ⇥ PT(t) and
b(t) ⇥ (PB+(t) + PB�(t)) at the tth iteration. If the penalty of the time limit a(t) ⇥ PT(t) is
larger than the sum of penalties loading and supplying constraints b(t)⇥ (PB+(t)+ PB�(t)),
a(t) is increased and b(t) is decreased. If the penalty b(t)⇥ (PB+(t) + PB�(t)) is larger than
a(t) ⇥ PT(t), a(t) is decreased and b(t) is increased. If PT(t) = 0 or PB+(t) + PB�(t) = 0,
a corresponding weight a(t) or b(t) is not updated. Then, the followings are used for
adjusting the parameters:
if pT(t) = 0,

a(t + 1) = a(t), (3)

otherwise

a(t + 1) =

8
<
:

a(t) if a(t)pT(t) = b(t)(pq+(t) + pq�(t)),
la(t), if a(t)pT(t) > b(t)(pq+(t) + pq�(t)),
µa(t), if a(t)pT(t) < b(t)(pq+(t) + pq�(t)),

(4)

and if pq+(t) + pq�(t) = 0,

b(t + 1) = b(t), (5)

otherwise

b(t + 1) =

8
<
:

b(t), if a(t)pT(t) = b(t)(pq+(t) + pq�(t)),
lb(t), if a(t)pT(t) < b(t)(pq+(t) + pq�(t)),
µb(t), if a(t)pT(t) > b(t)(pq+(t) + pq�(t)),

(6)

where l is an increasing parameter (l > 1) and µ is a decreasing parameter (0 < µ < 1).
If the value of the weights is less than 1.0, the weights are set to unity (a(t + 1) = 1 or
b(t + 1) = 1).

4. Computational Cost Reduction Method

To reduce neighborhood solution and computational costs, we investigate the per-
centage of the Or-opt and the CROSS-exchange executions used in the tabu search part.
The feasible neighborhood solutions of the mBSSRP-S include the infeasible neighborhood
solutions of the mBSSRP. Therefore, when we solve the mBSSRP-S, it takes more time
to determine the next solution than in the case of mBSSRP. To reduce the computational
cost of solving mBSSRP-S, we need to remove unnecessary neighborhood solutions. The
percentage of the insertion and exchange operations performed by the proposed method
was approximately 66% for the Or-opt, which inserts ports in the normal order (Figure 4b),
and approximately 20% for the CROSS-exchange, which exchanges ports in the normal
order (Figure 5b), implying that the reverse order of insertion and exchange was rarely
executed. Thus, we did not search for less frequently performed reverse order operations
to reduce the computational costs. In our previous study, we have shown that once a
feasible solution of the mBSSRP is obtained, the proposed method searches for the feasible
solutions successively [20]. Next, to find a good feasible solution of the mBSSRP, we
examine whether we should change the problem to be solved (mBSSRP or mBSSRP-S)
before and after a feasible solution is obtained.

Table 2 summarizes the search strategy before obtaining a feasible solution of the
mBSSRP. We propose two search methods (1B-S and 1C-S) in this case. In Table 2, the first
search method 1A-S searches for all neighborhood solutions of the Or-opt and the CROSS-
exchange. Thus, this search method is the same as the conventional search method [20]. The
second search method 1B-S only explores insertion of the normal order of the Or-opt which
is the most executed (Figure 4 b). The third search method 1C-S searches for the insertion of
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the normal order of the Or-opt and exchange of the normal order of the CROSS-exchange
(Figures 4b and 5b). The goal of the search methods before obtaining a feasible solution is
to find a feasible solution within a short time for all trials.

In addition, to further reduce the computational costs the search strategy is changed
after a feasible solution of mBSSRP is obtained. In this paper, we propose four new search
methods (2B-S, 2B-H, 2C-S and 2C-H). Table 3 shows the search strategy after finding
a feasible solution of the mBSSRP. In Table 3, the first search method 2A-S involves to
searching for all neighborhood solutions of the Or-opt and the CROSS-exchange with soft
constraints. The second search method 2A-H involves searching for all neighborhood
solutions of the Or-opt and the CROSS-exchange with hard constraints. The difference
between the search methods 2A-S and 2A-H is whether the instances are solved with
hard or soft constraints. The reason why we introduced both soft and hard constraints is
that we found that once a feasible solution of the mBSSRP is obtained, our conventional
method [20] searches for the feasible solutions successively. Then, 2A-S and 2A-H are the
same as the conventional search method [20]. The third search method 2B-S only searches
for insertion in the normal order of the Or-opt with soft constraints. The fourth search
method 2B-H only searches for insertion in the normal order of the Or-opt with hard
constraints. The fifth search method 2C-S explores the insertion of the normal order of the
Or-opt and the exchange of the normal order of the CROSS-exchange with soft constraints.
Finally, the sixth search method 2C-H explores the insertion of the normal order of the
Or-opt and the exchange of the normal order of the CROSS-exchange with hard constraints.

Table 2. Search strategy before finding a feasible solution of the mBSSRP. The first column shows local
search names, the second column shows the types of the Or-opt or the CROSS-exchange operations,
the third to fifth columns show the name of the search method and the sixth column shows the
percentage of local search methods that are executed.

Local Search Type 1A-S 1B-S 1C-S Executed Rate
(One Decimal Point Omitted)

Or-opt

Normal

i j

k l

3 3 3 66%

Reverse

ij

k l

3 4%

Normal

i j

k l

3 3 20%

CROSS-exchange

One-sided reverse

i j

kl

3 2%

One-sided reverse

ij

k l

3 3%

Reverse

ij

kl

3 4%
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Table 3. Search strategy after finding a feasible solution of the mBSSRP. The first column represents
local search names, the second column shows the types of the Or-opt or the CROSS-exchange
operations, the third to the eighth columns show the name of the search method and the bottom line
indicates whether instances were solved with hard or soft constraints.

Local Search Type 2A-S 2A-H 2B-S 2B-H 2C-S 2C-H

Or-opt

Normal

i j

k l

3 3 3 3 3 3

Reverse

ij

k l

3 3

Normal

i j

k l

3 3 3 3

CROSS-exchange

One-sided reverse

i j

kl

3 3

One-sided reverse

ij

k l

3 3

Reverse

ij

kl

3 3

Constraint Soft Hard Soft Hard Soft Hard

5. Numerical Experiments

To evaluate the performance of the computational cost reduction methods, we gener-
ated benchmark instances. Figure 7 shows an example of these instances. We distributed
100 ports and a depot uniformly in a region measuring 10 km2. The number of bicycles at
each port was set to a random number between �5 and +5 at intervals of 1. A negative
value (“�”) represents the delivery port, and a positive value (“+”) represents the pickup
ports. The capacity of the vehicles was 10, the average moving speed of the vehicles was
30 [km/h], the loading or unloading time of a bicycle was 2 [min] and the time limit (all
vehicles start from the depot and return to it) was 180 [min]. Thereafter, the tabu tenure was
set to 50 and the initial values of weights were set to a(0) = 1 and b(0) = 1. The increasing
l and decreasing parameter µ were set to 1.07 and 0.3, respectively.

For the search methods 1A-S, 1B-S and 1C-S (before a feasible solution was obtained),
we performed 50 trials per instance and performed 200 [s] of computation for trials. Mean-
while, for the search methods 2A-S, 2A-H, 2B-S, 2B-H, 2C-S and 2C-H (after a feasible
solution was obtained), we started the calculation from 50 feasible solutions per instance
and performed 200 [s] of computation for each solution. These numerical experiments were
performed on a Mac mini with a 3-GHz 6-Core Intel Core i5 processor and 32 GB RAM.
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Figure 7. An example of instance. A black square represents a depot, red circles represent pickup
ports and blue circles represent delivery ports.

5.1. Results of Search Strategy before Obtaining a Feasible Solution

Results of the numerical experiments for the search strategy before obtaining a feasible
solution are shown in Table 4. In Table 4a–c, the first column lists the instance numbers,
the second to the fourth columns present the average, the best and the worst objective
function values [min] for each instance, and the fifth column indicates the number of
obtained feasible solutions for each trial. We performed 50 trials; thus, the maximum value
was 50. Table 4a summarizes the result that searches for all neighborhood solutions of
the Or-opt and the CROSS-exchange (the search method 1A-S). From Table 4a, feasible
solutions of the mBSSRP were obtained for almost all trials. From Table 4b, the search
method that searches for only normal order of the Or-opt (the search method 1B-S) cannot
obtain several feasible solutions compared to Table 4a. By contrast, the search method 1C-S
(Table 4c) obtained almost the same number of feasible solutions and the average objective
function values [min] as the search method 1A-S (Table 4a).

To compare the performance of the search methods 1A-S and 1C-S by statistical
analysis, we used the t-test. Table 5 shows the results of the t-test. In Table 5, the first
column lists the instance numbers, the second and the fourth columns present the average
objective function values [min] for each instance, the third and the fifth columns show the
standard deviations and the sixth column presents the results of the t-test. In the numerical
experiment, the level of significance was 5%. Thus, if p � 0.05, there is no significant
difference between the performance of the search methods 1A-S and 1C-S. By contrast,
if the results show that p < 0.05, there is a significant difference between the performance
of the search methods 1A-S and 1C-S. From Table 5, only for instance No.1 and No.10,
the p-values are smaller than 0.05. However, for instance No.2⇠No.9 (Table 5), the p-values
are larger than 0.05. These results indicate that we cannot say that there is a significant
difference between the performance of the search methods 1A-S and 1C-S.

Next, to clarify the difference between the search methods 1A-S and 1C-S, we eval-
uated the relationship between the time [s] until a feasible solution was obtained and
the number of obtained feasible solutions (Figure 8). Figure 8a shows the result of the
search method 1A-S (search for all neighborhood solutions of the Or-opt and the CROSS-
exchange), and Figure 8b shows the result of the search method 1C-S (search for normal
order insertion of the Or-opt and normal order exchange of the CROSS-exchange). The
horizontal axis shows time [s] and the vertical axis indicates the number of obtained feasible
solutions. We can see that the highest value of the number of obtained feasible solutions
takes approximately 70 [s] from Figure 8a. Meanwhile, the highest value of the number of
obtained feasible solutions takes approximately 40 [s] from Figure 8b. Thus, although the
number of obtained feasible solutions and the average objective function values [min] for
the search methods 1A-S and 1C-S were almost the same as shown in Table 4, the search
method 1C-S finds a feasible solution approximately 30 [s] faster than the search method
1A-S (Figure 8).

To investigate whether there is a significant difference in the average time [s] until
a feasible solution was obtained between the search methods 1A-S and 1C-S, we also
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conducted a statistical analysis by the t-test. Table 6 shows the results of the t-test. In Table 6,
the first column lists the instance numbers, the second and the fourth columns present the
average time [s] until a feasible solution was obtained for each instance, the third and the
fifth columns show the standard deviations and the sixth column presents the results of the
t-test. From the results, the p-values are smaller than 0.05 except for instance No.6. Thus,
we could find a significant difference between the search methods 1A-S and 1C-S for almost
all instances from the viewpoint of a searching speed.

Table 4. Results of search methods before obtaining a feasible solution. (a) Search method 1A-S
(search for all neighborhood solutions of the Or-opt and the CROSS-exchange). (b) Search method
1B-S (search only normal order insertion of the Or-opt). (c) Search method 1C-S (search for normal
order insertion of the Or-opt and normal order exchange of the CROSS-exchange).

(a)

No. Avg. [min] Best [min] Worst [min] # of Feasible Solution

1 243.76 230.85 259.07 50
2 238.16 230.87 252.95 50
3 228.47 218.98 237.25 50
4 242.56 232.38 252.36 50
5 249.06 240.95 260.69 50
6 270.81 260.50 284.04 31
7 238.52 225.12 252.72 34
8 213.15 207.43 226.01 50
9 241.64 231.13 255.18 49

10 243.28 234.40 252.54 45

Avg. 240.94 231.26 253.28 45.9

(b)

No. Avg. [min] Best [min] Worst [min] # of Feasible Solution

1 245.46 234.80 258.63 40
2 242.59 228.66 260.92 50
3 234.57 222.44 249.94 50
4 246.81 236.23 268.79 49
5 254.91 241.88 269.26 42
6 268.45 260.94 276.57 16
7 238.02 222.71 247.85 10
8 213.98 207.79 237.93 49
9 245.18 233.40 260.38 44

10 244.20 236.92 257.74 29

Avg. 243.42 232.58 258.80 37.9

(c)

No. Avg. [min] Best [min] Worst [min] # of Feasible Solution

1 241.63 233.74 251.90 50
2 236.61 227.33 246.43 50
3 228.31 217.29 242.36 50
4 242.15 233.15 254.30 50
5 249.59 241.04 259.27 50
6 269.55 256.99 284.94 32
7 236.17 225.00 252.39 30
8 213.14 205.85 224.93 50
9 239.44 228.72 252.01 50

10 239.80 229.91 253.65 44

Avg. 239.64 229.90 252.22 45.6
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To summarize the results, there is no difference in the performance between the search
methods 1A-S and 1C-S (Tables 4 and 5). On the other hand, as for the search speed,
the search method 1C-S (54.53 [s]) can find feasible solutions with shorter time (approxi-
mately 30 [s]) than the search method 1A-S (85.29 [s]), which means that by using the search
method 1C-S, we can reduce the computation time by (85.29 � 54.53)/85.29 ⇥ 100 = 36.1%.
Therefore, we concluded that the search method 1C-S (the search for the normal order
insertion of the Or-opt and the normal order exchange of the CROSS-exchange) is the best
search method before finding a feasible solution.

(a) (b)

Figure 8. Relationship between time until a feasible solution is firstly obtained and the number of
obtained feasible solutions. (a) Search method 1A-S (search for all neighborhood solutions of the
Or-opt and the CROSS-exchange). (b) Search method 1C-S (search for normal order insertion of the
Or-opt and normal order exchange of the CROSS-exchange).

Table 5. Results of the t-test to evaluate the difference of the average objective function values [min]
between the search methods 1A-S and 1C-S.

1A-S 1C-S
No. Avg. [min] SD Avg. [min] SD p

1 243.76 5.72 241.63 4.51 0.041
2 238.16 5.08 236.61 4.34 0.104
3 228.47 4.36 228.31 6.42 0.886
4 242.56 4.92 242.15 4.54 0.668
5 249.06 4.64 249.59 4.38 0.558
6 270.81 6.42 269.55 7.13 0.464
7 238.52 6.27 236.17 6.96 0.163
8 213.15 3.39 213.14 4.00 0.985
9 241.64 6.19 239.44 5.25 0.061
10 243.28 4.62 239.80 5.14 0.001

Avg. 240.94 5.16 239.64 5.27 0.393
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Table 6. Results of the t-test to evaluate the difference time [s] until a feasible solution was obtained
between the search methods 1A-S and 1C-S.

1A-S 1C-S
No. Avg. [s] SD Avg. [s] SD p

1 78.76 24.84 44.67 16.83 0.000
2 72.83 16.30 32.84 5.60 0.000
3 66.37 10.68 30.22 5.79 0.000
4 75.37 13.50 36.85 9.72 0.000
5 72.86 10.15 42.23 15.70 0.000
6 123.70 41.62 109.59 45.82 0.205
7 115.36 37.28 89.80 45.26 0.018
8 68.81 19.88 32.74 8.61 0.000
9 75.99 16.51 42.16 16.41 0.000
10 102.82 39.51 84.23 42.42 0.035

Avg. 85.29 23.03 54.53 21.22 0026

5.2. Results of Search Strategy after Obtaining a Feasible Solution

Results of the numerical experiments using the six search methods after obtaining
the feasible solution are shown in Table 7. In Table 7a–f, the first column lists the instance
numbers, the second to the fourth columns present the average, the best and the worst
objective function values [min] in 200 [s] of each trial, when we started the calculation from
a feasible solution. From Table 7e,f, the search methods of reducing neighborhood solutions
were also effective when the search was started from feasible solutions. The performance
showed no significant differences between soft (Table 7e) and hard constraints (Table 7f).
In particular, the difference of the average objective function values [min] of the search
method 2C-S and the search method 2C-H is only 0.39 [min].

To investigate whether there is a significant difference in performance, the t-test was
used on the average objective function values [min]. Table 8 shows the results of the t-test.
In Table 8, the first column lists the instance numbers, the second and the fourth columns
present the average objective function values [min] for each instance, the third and the fifth
columns show the standard deviations, and the sixth column presents the results of the
t-test. From Table 8, except for instance No.6, the p-values are larger than 0.05. Thus, we
could not find any significant difference between the performance of the search methods
2C-S and 2C-H from the viewpoint of the statistical analysis.

Next, to investigate whether there is a difference in searching process between the two
search methods 2C-S and 2C-H, we evaluated the transition of the most feasible solutions
when solving soft and hard constraints. The results of instance No.1 are shown in Figure 9.
From Figure 9, we can find that there is a difference between these two search methods 2C-S
and 2C-H. From Figure 9a, it takes a long time (38.82 [s]) to update the better solution for
solving the mBSSRP-S. The reason is that to realize an effective search, the weight values of
penalty in Equations (3)–(6) must be adjusted to appropriate values. The average transition
time to a better solution for other instances is shown in Table 9. In Table 9, the first column
lists instance numbers and the second column shows the average transition time [s] to
a better solution. From Table 9, the search method 2C-S takes about 30⇠80 [s] to find a
better feasible solution. Meanwhile, from Figure 9b, a solution of the search method 2C-H
moves to a better solution as soon as a search is started because it cannot search for an
infeasible solution.

The results of the t-test of the average objective function values of the search meth-
ods 2C-S and 2C-H showed that there was no significant difference in performance
(Tables 7 and 8). However, from Figure 9 and Table 9, the search method 2C-H can find a
better feasible solution in a shorter time (approximately 30⇠80 [s]) than the search method
2C-S. Therefore, as for the search strategy after finding a feasible solution, we concluded
that the search method 2C-H (the search for the normal order insertion of the Or-opt
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and the normal order exchange of the CROSS-exchange with hard constraints) is the best
search method.

Table 7. Results of search methods after obtaining a feasible solution. (a) Search method 2A-S (search
for all neighborhood solutions of the Or-opt and the CROSS-exchange with soft constraints). (b)
Search method 2A-H (search for all neighborhood solutions of the Or-opt and the CROSS-exchange
with hard constraints). (c) Search method 2B-S (search for only normal order insertion of the Or-opt
with soft constraints). (d) Search method 2B-H (search for only normal order insertion of the Or-opt
with hard constraints). (e) Search method 2C-S (search for normal order insertion of the Or-opt and
normal order exchange of the CROSS-exchange with soft constraints). (f) Search method 2C-H (search
for normal order insertion of the Or-opt and normal order exchange of the CROSS-exchange with
hard constraints).

(a)

No. Avg. [min] Best [min] Worst [min]

1 241.81 232.13 254.94
2 238.45 227.14 245.73
3 228.09 218.60 244.40
4 241.43 231.95 251.71
5 247.58 240.39 256.60
6 266.76 257.19 281.07
7 234.84 222.53 251.80
8 212.02 205.77 220.14
9 240.48 232.09 251.94
10 241.65 230.99 256.75

Avg. 239.31 229.88 251.51

(b)

No. Avg. [min] Best [min] Worst [min]

1 242.53 235.06 251.29
2 237.70 229.25 247.47
3 227.98 219.98 237.32
4 241.36 231.52 250.18
5 248.68 241.96 258.93
6 268.91 253.71 286.59
7 235.25 222.83 255.66
8 211.91 205.99 218.02
9 239.90 227.68 253.67
10 239.90 231.80 252.12

Avg. 239.41 229.98 251.13

(c)

No. Avg. [min] Best [min] Worst [min]

1 244.20 232.75 259.46
2 239.29 228.66 249.19
3 227.79 217.16 238.15
4 242.41 234.88 254.57
5 251.11 242.17 264.62
6 270.60 253.39 284.24
7 236.22 226.03 251.93
8 211.75 206.02 223.83
9 243.22 231.37 258.92
10 241.93 230.33 258.83

Avg. 240.85 230.28 254.37
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Table 7. Cont.

(d)

No. Avg. [min] Best [min] Worst [min]

1 248.89 236.91 270.39
2 241.65 228.40 258.26
3 230.96 221.46 244.89
4 246.12 230.94 263.21
5 252.34 240.32 267.20
6 275.42 263.31 286.62
7 242.98 225.28 262.27
8 212.27 206.68 222.78
9 243.85 233.61 259.85
10 249.20 231.04 266.57

Avg. 244.37 231.79 260.20

(e)

No. Avg. [min] Best [min] Worst [min]

1 240.88 232.42 254.18
2 235.86 228.96 243.84
3 226.88 216.81 235.18
4 240.18 231.96 254.29
5 246.75 241.68 254.52
6 264.58 255.89 276.92
7 234.09 222.51 254.30
8 211.11 205.87 216.95
9 237.62 227.48 249.52
10 238.92 230.84 249.83

Avg. 237.69 229.44 248.95

(f)

No. Avg. [min] Best [min] Worst [min]

1 241.36 232.87 255.56
2 236.58 227.65 249.19
3 225.96 216.81 233.52
4 239.99 231.78 247.36
5 247.18 240.11 255.19
6 267.60 254.18 281.03
7 235.12 222.29 255.66
8 210.42 206.12 215.98
9 238.72 230.49 247.28
10 237.86 230.42 253.19

Avg. 238.08 229.27 249.40
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Figure 9. Transition of the best solutions found in case of instance No.1. The red lines show the
transition of the best feasible solution from 50 initial feasible solutions, whereas the blue lines show
their average. (a) Search method 2C-S (search for normal order insertion of the Or-opt and normal
order exchange of the CROSS-exchange with soft constraints). (b) Search method 2C-H (search for
normal order insertion of the Or-opt and normal order exchange of the CROSS-exchange with hard
constraints).

Table 8. Results of the t-test to evaluate the difference of performance between methods 2C-S and
2C-H.

2C-S 2C-H
No. Avg. [min] SD Avg. [min] SD p

1 240.88 4.20 241.36 4.41 0.572
2 235.86 3.89 236.58 5.18 0.432
3 226.88 4.64 225.96 4.39 0.309
4 240.18 4.74 239.99 3.66 0.833
5 246.75 3.26 247.18 3.92 0.550
6 264.58 5.27 267.60 6.45 0.016
7 234.09 7.27 235.12 8.14 0.518
8 211.11 2.86 210.42 2.54 0.209
9 237.62 5.09 238.72 4.64 0.262
10 238.92 3.91 237.86 4.27 0.203

Avg. 237.69 4.51 238.08 4.76 0.390

Table 9. Results of the average transition time to a feasible solution for the search method 2C-S.

No. Avg. [s]

1 38.82
2 31.54
3 31.71
4 36.01
5 34.17
6 77.78
7 68.04
8 29.10
9 35.56
10 59.94

Avg. 44.27

6. Conclusions

In this study, we proposed two search strategies with low computational costs while
maintaining the performance of the mBSSRP: the first one is to reduce neighborhood
solutions to obtain a feasible solution in a short time before finding a feasible solution
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of the mBSSRP, and the second one is to change the problem to be solved (mBSSRP or
mBSSRP-S) after a feasible solution is obtained and to search good near-optimal solutions
in a short time.

As the first search strategy before obtaining a feasible solution, we propose two search
methods (the search methods 1B-S and 1C-S) and compare their performance with our
previous method (the search method 1A-S) [20]. The search method 1A-S searches for all
neighborhood solutions of the Or-opt and the CROSS-exchange [20]. The search method
1B-S searches only the normal order insertion of the Or-opt. The search method 1C-S
searches for the normal order insertion of the Or-opt and the normal order exchange of the
CROSS-exchange. The results of the numerical experiments showed that the search method
1C-S that only searches for the normal order insertion of the Or-opt and the normal order
exchange of the CROSS-exchange is the best search method, because the search method
1C-S obtained many feasible solutions within a short time.

Next, as the second search strategy after a feasible solution of mBSSRP is obtained, we
propose four search methods (2B-S, 2B-H, 2C-S and 2C-H) and compare their performance
with our previous methods (2A-S and 2A-H) [20]. The search method 2A-S searches for
all neighborhood solutions of the Or-opt and the CROSS-exchange with soft constraints.
The search method 2A-H searches for all neighborhood solutions of the Or-opt and the
CROSS-exchange with hard constraints. The search method 2B-S searches for insertion in
the normal order of the Or-opt with soft constraints. The search method 2B-H searches
for insertion in the normal order of the Or-opt with hard constraints. The search method
2C-S searches for the insertion of the normal order of the Or-opt and the exchange of the
normal order of the CROSS-exchange with soft constraints. Finally, the search method
2C-H searches for the insertion of the normal order of the Or-opt and the exchange of the
normal order of the CROSS-exchange with hard constraints. The results of the numerical
experiments showed that the search method 2C-H that searches for the normal order
insertion of the Or-opt and the normal order exchange of the CROSS-exchange with hard
constraints is the best search method, because the search method 2C-H obtained short
tours within a short time. These results indicate that the search method 1C-S reduces the
neighborhood solutions in the Or-opt and the CROSS-exchange and that the search space
was shifted from soft constraints to hard constraints after a feasible solution is obtained
is effective.

In this study, we used a dynamically changing method for weight parameters (a and
b) to find good solutions of mBSSRP from the solution of the mBSSRP-S. To adjust these
weight parameters a and b, we used an adjustment method (Equations (3)–(6)). Then,
from the results of numerical experiments (Figure 9a), it takes a long time to update the
better solution for solving the mBSSRP-S (for example, 38.82 [s] for instance No. 1). The
results of other instances are shown in Table 9. From Table 9, the search method 2C-S takes
about 30⇠80 [s] to find better feasible solutions. In this temporal duration of 30⇠80 [s],
the weight values a and b must be adjusted to appropriate values by Equations (3)–(6). If
we can set optimal parameters for an initial state, the search method 2C-S can find a better
solution more efficiently and quickly than the search method 2C-H. Thus, one of the future
works is to determine the parameters by using a parameter optimization approach.

In the numerical experiment, we used randomly distributed ports. However, some
bicycle sharing repositioning studies have used real BSS data. For instance, Rainer-
Harbach et al. (2013) [13], Raidl et al. (2013) [14] and Papazek et al. (2013) [15] use
data from Vienna, and Chiariotti et al. (2018) [17] use data from New York. Thus, it is an
important work to use real BSS data in a future study.

Moreover, we need to address the dynamic cases because the number of bicycles in
each port changes while restoring bicycles in the real BSS. The studies of static BSS (Rainer-
Harbach et al. (2013) [13], Raidl et al. (2013) [14] and Papazek et al. (2013) [15]) have been
extended to dynamic BSS by Kloimüllner et al. (2014) [16]. Thus, we also aim to extend this
study to a dynamic case. The completion of the dynamic case would have a great impact
on solving an issue inherent in BSS: users cannot rent or return a bicycle at an empty or a
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full port. A solution to this issue would lead to the development of BSS in the future, and it
is expected that BSS will be used for a wide range of purposes such as commuting to work,
daily life, and even in times of disaster. It will also have an effect to promote the spread of
the next generation system called MaaS (Mobility as a Service), which has been attracting
attention recently: all public transportation systems are connected by IT technology. To
address the dynamic case, we have to consider forecasting future demands of bicycles from
actual data and repositioning them based on the forecast data by investigating statistical
characteristics of real data of BSSs [32].

In our previous study [20], we proposed a heuristic method by using the tabu search.
Then, in this paper, we also used the tabu search to propose search strategies with low
computational costs while maintaining the performance of the mBSSRP. However, it is
important to use not only the tabu search but also the other approaches (for example,
simulated annealing) and compare these approaches. In addition, we only focus on the
operation of the rebalancing bicycles [19,20] and statistical analysis of BSS usage history [32].
However, Kabak et al. (2018) [33] focus on the location of bicycle ports. It is an impor-
tant idea to evaluate the existing BSS ports and suggest alternative places for additional
BSS ports.

Author Contributions: Conceptualization has been carried by H.T., T.M. and T.I. The numerical
experiments and performance analysis have been carried by H.T. The paper was written by H.T., T.M.
and T.I. All authors have read and agreed to the published version of the manuscript.

Funding: The research of T. M. was supported by JSPS KAKENHI Grant Numbers JP19K04907 and
JP21H03514. The research of T. I. was supported by JSPS KAKENHI Grant Numbers 20H00596
and JP21H03514.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. DeMaio, P.; Meddin, R. The Bike-Sharing World Map. Available online: https://bikesharingworldmap.com/#/acoruna/

(accessed on 17 February 2021).
2. BIXI Official Site. Available online: https://bixi.com (accessed on 17 February 2021).
3. Velib’ Official Site. Available online: https://www.velib-metropole.fr (accessed on 17 February 2021).
4. Docomo Bike Share Official Site. Available online: https://docomo-cycle.jp/ (accessed on 17 February 2021).
5. Citybike Official Site. Available online: https://www.citybikewien.at/de/ (accessed on 17 February 2021).
6. Citi Bike Official Site. Available online: https://www.citibikenyc.com/ (accessed on 17 February 2021).
7. Capital Bikeshare Official Site. Available online: https://www.capitalbikeshare.com (accessed on 17 February 2021).
8. BULEbikes Official Site. Available online: https://www.bluebikes.com (accessed on 17 February 2021).
9. Bicing Official Site. Available online: https://www.bicing.barcelona (accessed on 17 February 2021).
10. Zhang, Y.; Mi, Z. Environmental benefits of bike sharing: A big data-based analysis, Appl. Energy 2018, 220, 296–301.
11. Dell’Amico, M.; Hadjicostantinou, E.; Iori, M.; Novellani, S. The bike sharing rebalancing problem: Mathematical formulations

and benchmark instances. Omega 2014, 45, 7–19.
12. Dell M.; Iori, M.; Novellani, S.; Stützle, T. A destroy and repair algorithm for the bike sharing rebalancing problem. Comput. Oper.

Res. 2016, 71, 149–162.
13. Rainer-Harbach, M.; Papazek, P.; Hu, B.; Raidl, G.R. Balancing bicycle sharing systems: A variable neighborhood search approach.

In Evolutionary Computation in Combinatorial Optimisation–13th European Conference, EvoCOP 2013; Middendorf, M.; Blum, C. Eds.;
Lecture Notes in Computer Science; Springer: Berlin/Heidelberg, Germany, 2013; Volume 7832, pp. 121–132.

14. Raidl, G.R.; Hu, B.; Rainer-Harbach, M.; Papazek, P. Balancing bicycle sharing systems: Improving a VNS by efficiently
determining optimal loading operations. In Hybrid Metaheuristics, 8th International Workshop, HM 2013; Blesa, M.J., Blum, C., Festa,
P., Roli, A., Sampels, M., Eds.; Lecture Notes in Computer Science; Springer: Berlin/Heidelberg, Germany, 2013; Volume 7919,
pp. 130–143.

15. Papazek, P.; Raidl, G.R.; Rainer-Harbach, M.; Hu, B. A PILOT/VND/GRASP hybrid for the static balancing of public bicycle
sharing systems. In Computer Aided Systems Theory–EUROCAST 2013; Moreno-Díaz, R., Pichler, F., Quesada-Arencibia, A., Eds.;
Lecuture Notes in Computer Sience; Springer: Berlin/Heidelberg, Germany, 2013; Volume 8111, pp. 372–379.

Ikeguchi Laboratory 2021(p. 21 / 170)



Appl. Sci. 2022, 12, 2675 21 of 21

16. Kloimüllner, C.; Papazek, P.; Hu, B.; Raidl, G.R. Balancing bicycle sharing systems: An approach for the dynamic case. In
Evolutionary Computation in Combinatorial Optimization–EvoCOP 2014; Blum, C., Ochoa, G., Eds.; Lecuture Notes in Computer
Sience; Springer: Berlin/Heidelberg, Germany, 2014; Volume 8600, pp. 73–84.

17. Chiariotti, F.; Pielli, C.; Zanella, A.; Zorzi, M. A dynamic approach to rebalancing bike-sharing systems. Sensors 2018, 18, 512.
18. Gurobi Optimizer. Available online: http://www.gurobi.com (accessed on 17 February 2021).
19. Tsushima, H.; Matsuura, T.; Jin’no, K. Local search method for multiple-vehicle bike sharing system routing problem. J. Signal

Process. 2018, 22, 157–160.
20. Tsushima, H.; Matsuura, T.; Ikeguchi, T. Strategy for Exploring Feasible and Infeasible Solution Spaces to Solve a Multiple-Vehicle

Bike Sharing System Routing Problem. Appl. Sci. 2021, 11, 7749.
21. Or, I. Traveling salesman-type combinatorial problems and their relation to the logistics of blood banking. Ph.D. Thesis,

Department of Industrial Engineering and Management Science, Northwestern University, Evanston, IL, USA, 1976.
22. Taillard, É; Badeau, P.; Gendreau, M.; Guertin, F.; Potvin, J.Y. A tabu search heuristic for the vehicle routing problem with soft

time windows. Transp. Sci. 1997, 31, 170–186.
23. Glover, F. Tabu search-part I. ORSA J. Comput. 1989, 1, 190–206.
24. Glover, F. Tabu search-part II. ORSA J. Comput. 1990, 2, 4–32.
25. Glover, F.; Taillard, E. A user’s guide to tabu search. Ann. Oper. Res. 1993, 41, 3–28.
26. Hasegawa, M.; Ikeguchi, T.; Aihara, K. Solving large scale traveling salesman problems by chaotic neurodynamics. Neural Netw.

2002, 15, 271–283.
27. Matsuura, T.; Ikeguchi, T. Chaotic search for traveling salesman problems by using 2-opt and Or-opt algorithms. In Artificial

Neural Networks—ICANN 2008; Lecture Notes in Computer Science; Springer: Berlin/Heidelberg, Germany, 2008; Volume 5164.
28. Motohashi, S.; Matsuura, T.; Ikeguchi, T. Chaotic search method using the Lin-Kernighan algorithm for traveling salesman

problems. In Proceedings of International Symposium on Nonlinear Theory and its Applications 2008, Budapest, Hungary, 7–10
September 2008; pp. 144–147.

29. Motohashi, S.; Matsuura, T.; Ikeguchi, T.; Aihara, K. The Lin-Kernighan algorithm driven by chaotic neurodynamics for large
scale traveling salesman problems. In Artificial Neural Networks–ICANN 2009; Lecture Notes in Computer Science; Springer:
Berlin/Heidelberg, Germany, 2009; Volume 5769.

30. Taillard, É; D.; Helsgaun, K. POPMUSIC for the travelling salesman problem, Eur. J. Oper. Res. 2019, 272, 420–429.
31. Aritra, A.; Zhang, Y. Free-floating bike sharing: Solving real-life large-scale static rebalancing problems. Transp. Res. Part Emerg.

Technol. 2017, 80, 92–116.
32. Tsushima, H.; Ikeguchi, T. Statistical analysis of usage history of bicycle sharing systems. Nonlinear Theory Its Appl. IEICE 2021,

E13-N, 2.
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Abstract: In bicycle sharing systems, many vehicles restore bicycles to ports. To construct the shortest
tour of these vehicles, in a previous work, we formulated the multiple-vehicle bike sharing system
routing problem (mBSSRP) and demonstrated that an optimal solution can be obtained for small-sized
instances through a general-purpose mixed-integer linear programming solver. However, for large-
sized instances, the optimal solution could not be found in a reasonable time frame. Therefore, to
find near-optimal solutions for the mBSSRPs in a short time, in this study, we develop a method with
a searching strategy, which explores both the feasible and infeasible solution spaces. To investigate
the performance of the proposed method, we solve benchmark problems of mBSSRP. In addition, we
compare the proposed method with the method exploring only the feasible solution space, in terms
of performance. The results of the numerical experiments demonstrate that the proposed method
can reach optimal solutions for almost all small-sized mBSSRP instances and that searching both
the feasible and infeasible solution spaces yields good feasible solutions both for small-sized and
large-sized instances.

Keywords: bicycle sharing system; heuristic method; tabu search; feasible and infeasible solution

1. Introduction

In recent years, bicycle sharing systems (BSSs) have been implemented in many cities
around the world to ease traffic jams in town centers, to reduce CO2 emissions and to
improve public health [1]. A BSS is composed of many dispersed automatic rental ports
with rental bicycles. People can rent a bicycle at one of the many ports and return it to
a different port. In BSSs, when many bicycles are used, the number of bicycles at each
port becomes unbalanced, because almost all users conduct not only round trips but also
one-way trips. To overcome this problem, capacitated vehicles restore the required number
of bicycles to the rental ports.

Recently, many researchers have investigated the optimum rebalancing of the bicycles
with BSSs. Chemla et al. (2013) [2] proposed a branch-and-cut-algorithm for finding
an optimal solution to the static rebalancing problem using a single vehicle with up to
100 ports. The results of their numerical experiments demonstrated that their method is
very efficient up to 60 ports [2]. Wada et al. (2013) [3] proposed a construction method and
a local search method for the bike sharing system routing problem. They reported that for
up to 50 ports, their proposed method performed better than their previous method [3].
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In real-life situations, the number of ports is more than 100, making it almost impossi-
ble to restore the bicycles using a single vehicle. To address this issue, a bike repositioning
problem with multiple vehicles has been proposed [4–6]. Lin et al. (2012) [4] proposed
heuristic algorithms using the actual path distance and a maximum of 11 vehicles to
demonstrate that shorter travel distances are obtained when the actual path distance is
used instead of the Euclidean distance [4]. Raviv et al. (2013) [5] presented two mixed-
integer linear program formulations, with the aim of minimizing the total travel cost and
penalty cost. They obtained good solutions for the Paris and Washington D.C. problems,
using two vehicles, with an instance size up to 60 ports and 104 ports, respectively [5].
Ho et al. (2017) [6] proposed a hybrid large neighborhood search method and tested in-
stances with up to 518 ports using a maximum of three vehicles. They conducted experi-
ments and compared their solution with the method proposed by Forma et al. (2015) [7]
and they obtained better solutions than Forma et al. (2015) [7]. In Refs. [4–6], it is assumed
that the vehicles do not need to visit all ports. In this case, an operator cannot notice a
broken bicycle or any trouble at the port. To address the problem of visiting all ports using
multiple vehicles, Dell’Amico et al. (2014) [8] proposed four mathematical formulations,
built a set of benchmark instances and solved them using the branch-and-cut algorithm. An
optimal solution was obtained with one of the proposed formulations for the 49 instances
out of 65. Research on the bicycle rebalancing problem, while producing interesting results,
does not consider time limit constraints [8]. Without a time limit constraint, the operations
differ in the amount of work required. In the case of the static bicycle rebalancing problem,
the bicycle relocation must be performed within a limited time after the end of the daily
BSS. Table 1 summarizes the literature related to the static bicycle rebalancing problem.

Table 1. Summary of the characteristics of the related literature. 3 indicates that the proposed solution considers visiting
all ports or a time limit. 7 indicates that these are not considered.

Paper Visit All Ports Vehicle Time Limit Maximum Number of Ports Tested

Lin et al. (2012) [4] 7 Multiple 3 132
Chemla et al. (2013) [2] 7 Single 7 100
Raviv et al. (2013) [5] 7 Multiple 3 104
Wada et al. (2013) [3] 3 Single 7 50
Dell’Amico et al. (2014) [8] 3 Multiple 7 116
Ho et al. (2017) [6] 7 Multiple 3 518

As for other related works, Benchimol et al. (2011) [9] proposed a static bicycle reposi-
tioning problem, discussed the complexity of the bicycle relocation process and provided
an integer linear programming problem and an approximation algorithm. Schuijbroek et al.
(2016) [10] proposed an approach for determining the tours while considering the bicycle
demand. It is difficult to directly compare these related studies because of the differ-
ent constraints that have been considered. This is also mentioned in Kloimüllner et al.
(2014) [11].

The research on BSS is not only about the relocation of bicycles, but also about the
further development of BSS. To expand the BSS, it is necessary to install ports in locations
where there is a demand for bicycles. Makarova et al. (2020) [12] proposed port installa-
tions and developed a decision support system to automatically calculate the efficiency
of the port. They also proposed to assign a new BSS port to improve the safety of the
traffic system in Naberezhnye Chelny, Russia. Lyu et al. (2020) [13], in an effort to expand
BSS, interviewed the BSS users in Shanghai, China to determine the motivation of BSS
users and the factors impeding the development of BSS. As a result of the interviews, it
was determined that BSS users are motivated by convenience as well as savings in time
and money. However, the drawbacks of using BSS consist of poor bicycle maintenance,
mishandling by users and operational problems. Torrisi et al. (2021) [14] conducted a
survey targeting university students in Catania and Enna to determine the factors encour-
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aging and hindering the use of the bikes. The results of the questionnaire revealed that
health management had the highest weight among encouraging factors, while the lack
of infrastructure and safe cycle routes had the highest weight among hindering factors.
Cheng et al. (2021) [15] investigated the effect of public transportation closures on BSS
demand in Washington D.C. It was determined that, in the case of public transportation
closures, BSS is used as supplementary transportation, and the frequency of bicycle use
depends on the proximity of the ports to metro stations. They also showed that extreme
weather prevented the use of bicycles.

In our previous study, we formulated a new bike sharing system routing problem,
called the “multiple-vehicle bike sharing system routing problem” (mBSSRP) [16]. In mB-
SSRP, multiple vehicles visit all ports only once within a time limit. We then confirmed that
an optimal solution could be obtained by using a mixed-integer linear programming (MIP)
solver for small-sized instances [16,17]. For large-sized instances, however, the optimal
solution could not be found within a reasonable time frame. We have already proposed
construction and local search methods for mBSSRP [18]. Through numerical experiments,
we confirmed that the proposed method constructs short tours in a short time. However,
the construction method used in Ref. [18] cannot provide feasible solutions for some bench-
mark instances due to the strict constraints of the mBSSRP. Thus, a method that can provide
feasible solutions for any instances is required.

In real-life problems, a solution is required even when all constraints are not satisfied.
For example, an operation that could be completed in a few minutes will still be carried out
beyond the time limit. To address such cases, we formulated a new bike sharing system
routing problem called the “multiple-vehicle bike sharing system routing problem with soft
constraints” (mBSSRP-S). In the mBSSRP-S, some constraints of the mBSSRP are removed,
while adding weighted penalties to the objective function for the violations corresponding
to these constraints. Thus, the solution space of mBSSRP is explored such that if the penalty
value of an mBSSRP-S solution is zero, the solution is feasible; however, if the penalty value
is greater than zero, the solution is infeasible. By solving the mBSSRP-S, we can explore the
feasible and infeasible solution spaces of the mBSSRP.

The aim of solving the mBSSRP-S is to obtain feasible solutions. To this end, we
propose a meta-heuristic method that explores the feasible and infeasible solution spaces.
The proposed method consists of three steps. First, an initial solution is constructed. Next,
the initial solution is improved by the local search methods. However, the local search
methods cannot find the optimal solution when they are trapped in local minima. To
avoid local minima, or to jump out of a local minimum in the search space, several meta-
heuristics are proposed, such as genetic algorithms [19], simulated annealing [20], neural
networks [21–23] and the tabu search [24,25]. In this study, we used the tabu search to find
better solutions for mBSSRP [24,25]. The tabu search is one of the most powerful meta-
heuristic methods and has proved effective in solving many combinatorial optimization
problems, such as the traveling salesman problem [26], quadratic assignment problem [27]
and vehicle routing problem [28].

Moreover, to search the feasible and infeasible solution spaces effectively, we propose
a weight adjusting method that dynamically adjusts the penalty weights in accordance
with an obtained solution. We investigate the effectiveness of the proposed method for
solving the mBSSRP. The results of the numerical experiments demonstrate that searching
both the feasible and infeasible solution spaces yields a feasible solution for all instances
and is effective in solving problems with strict constraints.

2. Problem Formulation

In this section, we present two types of mBSSRP formulations. In the first problem,
there are strict constraints regarding the time limit and the number of bicycles that the
vehicles can restore to each port. The first problem is referred to as mBSSRP. In the second
problem, some constraints of the first problem are removed and the violations of these
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constraints are added to the objective function of the first problem as penalties. The second
problem is referred to as mBSSRP-S.

2.1. Multiple-Vehicle Bike Sharing System Routing Problem

In this section, an integer linear programming formulation of mBSSRP is described.
The mBSSRP consists of a depot and many ports where rental bicycles are parked. The
ports are classified into two sets: (i) a set of delivery ports with a shortage of rental bicycles
and (ii) a set of pickup ports. From the pickup ports, some bicycles are transported to the
delivery ports because of inadequate bicycle parking space. In mBSSRP, multiple vehicles
transport the bicycles from the pickup port to the delivery port. All vehicles start from the
depot, load and unload bicycles at the corresponding ports and return to the depot. The
vehicles can leave the depot loaded with bicycles because there are many bicycles at the
depot. The tour of the vehicles must satisfy the following constraints:

• Time limit constraint
All vehicles must start at the depot and return to the depot within a limited time.

• Capacity constraint
The number of bicycles loaded onto the vehicle cannot exceed its capacity throughout
the tour.

• Visiting constraint
Each port must be visited exactly once by a vehicle.

• Loading and supplying constraint
The vehicle must load all excess bicycles and supply the required bicycles in one visit.

Under the above constraints, the goal of the mBSSRP is to find tours that minimize
the total travel time of all vehicles.

Let G = (V, E) be a graph, where V = {0, 1, . . . , n} is a set of nodes representing a
depot {0} and ports {1, . . . , n}, and E is a set of edges. Let tij be the travel time from port i
to port j (tij = tji). Let bi be the number of excess or shortage bicycles at port i. If bi > 0,
bi bicycles are in excess at port i. In this case, bi bicycles at port i are transported to the
delivery ports. If bi < 0, the vehicle must supply bi bicycles to port i. In mBSSRP, the excess
bicycles are delivered to the delivery ports by multiple vehicles. The set of capacitated
vehicles is K = {1, . . . , m}. The vehicles cannot carry more than q bicycles. The capacity
q is max |bi|  q, because the vehicle can visit each port only once. It takes t minutes to
load/unload one bicycle onto/from the vehicle. The vehicle leaving the depot must restore
the bicycles and return to the depot within T minutes.

We introduce four decision variables (Table 2), yik, xijk, zijk and fijk. The first variable
yik is a 0–1 variable and denotes whether vehicle k visits port i (yik = 1) or not (yik = 0).
The second variable xijk is also a 0–1 variable and denotes whether vehicle k moves from
port i to port j directly (xijk = 1) or not (xijk = 0). The third variable zijk is a non-negative
variable that represents the number of bicycles loaded onto vehicle k when vehicle k moves
from port i to port j. This third variable zijk is essential: in the static rebalancing problem,
the direction of the vehicle is very important, because the number of bicycles on the vehicle
depends on the direction. Let us suppose that five bicycles must be supplied at port 1;
two bicycles must be picked up at port 2; and the vehicle is loaded with three bicycles.
In this case, the vehicle can travel from port 2 to port 1, but not from port 1 to port 2.
This is because, if the vehicle picks up the two bicycles at port 2 before visiting port 1,
it cannot supply five bicycles at port 1. Thus, if the decision variable zijk is not defined,
vehicle k cannot determine if it can move from port i to port j. To eliminate sub-tours, the
fourth non-negative variable fijk is used, which represents the number of ports visited by
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vehicle k before it reaches port j from port i. Using these four variables, the integer linear
programming formulation for the mBSSRP is described as follows:

minimize Â
i2V

Â
j2V

Â
k2K

tijxijk (1)

subject to Â
j2V\{0}

x0jk  m 8k 2 K (2)

Â
h2V\{0}

xh0k  m 8k 2 K (3)

Â
h2V

xhik = yik 8i 2 V \ {0}, 8k 2 K (4)

Â
j2V

xijk = yik 8i 2 V \ {0}, 8k 2 K (5)

Â
k2K

yik = 1 8i 2 V \ {0} (6)

zijk � 0 8i, 8j 2 V, 8k 2 K (7)

zijk  qxijk 8i, 8j 2 V, 8k 2 K (8)

Â
j2V

zijk � Â
h2V

zhik = biyik 8i 2 V, 8k 2 K (9)

Â
i2V

Â
j2V

tijxijk + t Â
i2V

|bi|yik  T 8k 2 K (10)

f0jk = 0 8j 2 V \ {0}, 8k 2 K (11)

Â
h2V\{0}

Â
k2K

fh0k = n (12)

fijk  nxijk 8i 2 V, 8j 2 V, 8k 2 K (13)

fijk � 0 8i 2 V, 8j 2 V, 8k 2 K (14)

Â
j2V

fijk � Â
h2V

fhik = yik 8i 2 V \ {0}, 8k 2 K (15)

yik 2 {0, 1} 8i 2 V, 8k 2 K (16)

xijk 2 {0, 1} 8i 2 V, 8j 2 V, 8k 2 K (17)

Equation (1) is the objective function of the mBSSRP used to minimize the total travel
time of all vehicles. Equations (2) and (3) describe that bicycles can be relocated using
up to m vehicles, which leave from and return to the depot. Equations (4)–(6) state that
every port should be visited exactly once by a vehicle. Equation (7) states that when the
vehicle moves from port i to port j, the number of bicycles loaded onto the vehicle is
larger than 0, and Equation (8) states that when the vehicle moves from port i to port
j, the number of bicycles loaded onto the vehicle is less than the capacity of the vehicle
throughout the tour (capacity and loading constraints). Equation (9) states that after visiting
port i, the number of bicycles on the vehicle can increase or decrease (supply constraint).
Equation (10) describes that all vehicles must return to the depot within the time limit T.
Equations (11)–(15) are sub-tour elimination constraints obtained using flow formulation.
Finally, Equations (16) and (17) define the variables as binary values. Our formulation of
mBSSRP has a time limit constraint and a requirement that all ports are visited, which are
not considered in the other BSS study formulations. Thus, all variables are needed.
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Table 2. The four decision variables used in the mBSSRP.

yik vehicle k visits port i (yik = 1) or not (yik = 0)
xijk vehicle k moves from port i to port j directly (xijk = 1) or not (xijk = 0)
zijk the number of bicycles loaded onto vehicle k when vehicle k moves from port i to port j
fijk the number of ports visited by vehicle k before it reaches port j from port i

2.2. Multiple-Vehicle Bike Sharing System Routing Problem with Soft Constraints

In the mBSSRP, there are three strict constraints, namely the time limit, the capacity
and the loading and supplying constraints. As for the time limit constraint, in real life,
if a work can be completed through overtime within a few minutes, we would work
beyond the time limit. As for the loading and supplying constraints, if we have only four
bicycles and are required to supply five bicycles, in real life, we would only supply the four
bicycles. In other words, the mBSSRP constraints should not be treated strictly in real-life
situations. We propose a problem that treats some of the mBSSRP constraints as penalties.
In this problem, violations of these constraints are added to the mBSSRP objective function
(Equation (1)). The resulting problem is called mBSSRP-S.

In the mBSSRP-S, the time limit constraint (Equation (10)), the loading and capacity
constraints (Equation (8)) and the supplying constraint (Equation (9)) are removed. Instead,
the violations of these constraints are added as penalties to obtain the following objective
function for the mBSSRP-S.

minimize Â
i2V

Â
j2V

Â
k2K

tijxijk + apT + b(pb+ + pb�). (18)

In Equation (18), the first term is the sum of the travel times of all vehicles, which is
the objective function of mBSSRP. The working time is the sum of the traveling times of the
vehicles and the loading and supply times of the bicycles. In Equation (18), a and b are
the weights of the penalties for the time limit constraint, and the loading and supplying
constraints, respectively; pT is the excess working time extending beyond T; pb+ refers
to the loading and the capacity violation of the bicycles, representing the total number of
bicycles that could not be loaded onto the vehicles at the pickup ports; pb� refers to the
supplying violation of the bicycles, representing the total number of bicycles that could not
be unloaded bicycles to the delivery ports.

Figure 1 shows examples of the violation of the loading and supplying bicycles.
In Figure 1, the capacity of the vehicle is five. In Figure 1a,b, the vehicle must load
three bicycles at port i (colored in red). In Figure 1a, the vehicle can take all bicycles
because the number of bicycles loaded onto the vehicle before visiting port i is two. On the
other hand, in Figure 1b, the number of bicycles loaded onto the vehicle is four. Then,
the vehicle can load only one bicycle. Therefore, the two bicycles cannot be loaded onto the
vehicle. The number of unloaded bicycles is two, and the loading penalty is added to the
objective function, namely pb+ = 2. Figure 1c shows an example of the supplying violation.
In Figure 1c, the vehicle must supply three bicycles to port i (colored in blue). However,
the number of bicycles loaded onto the vehicle is only one. Therefore, the two bicycles
cannot be supplied at port i. The number of unsupplied bicycles is two, and the supplying
penalty is added to the objective function, namely pb� = 2. When pT, pb+ and pb� are zero,
the solution is a feasible mBSSRP solution. However, if one of them is positive, the solution
is an infeasible mBSSRP solution.
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(a) All bicycles can be loaded. (b) All bicycles cannot be loaded. (c) Sufficient bicycles cannot be supplied.

Figure 1. Examples of the loading violation and the supply violation (a–c). In these examples, the capacity of the vehicle
is five (q = 5). Red and blue circles indicate ports. The numerals in the circles are the shortage and excess number of
bicycles. At the red port, there are three excess bicycles. Thus, the vehicle must load three bicycles. At the blue port, there
is a shortage of three bicycles. Thus, the vehicle must supply three bicycles; however, only one bicycle is supplied in this
example.

In Equation (18), a and b are the weight parameters of the penalty. If the parameters
are set to a large value, a small constraint violation becomes a large penalty. Nonetheless, it
is possible to search for a solution that sufficiently satisfies the mBSSRP constraints. In the
actual relocation operation, it may not be possible to obtain a solution that satisfies all of
the constraints, i.e., we may not be able to find a feasible mBSSRP solution. In such a case,
adjusting the values of a and b, we can decide on a priority order for the constraints.

3. Heuristic Methods

An optimal solution can be obtained by using an exact algorithm using the mBSSRP
formulation and a general-purpose MIP solver. However, for an instance with a large number
of ports, it is almost impossible to obtain an optimal solution in a reasonable time frame using
the exact algorithm. Therefore, we used an approximation algorithm, a construction method,
local search methods and the tabu search as a meta-heuristics method. The construction
method is used to construct an initial solution. The local search methods ensure decent
downhill dynamics. The tabu search is used to escape from local minima.

The proposed method can find a solution to mBSSRP or mBSSRP-S in three steps. First,
an initial tour is constructed by the construction method. Second, the initial solution is
improved by the local search methods, consisting of the inserting method and the swapping
method. Then, to find a good solution for mBSSRP, the execution of the CROSS-exchange
and the Or-opt are controlled by the tabu search. Figure 2 is a flowchart of the proposed
method. In the following subsections, we explain the construction methods, the local search
methods and the tabu search in more detail.
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Input data

Output result

Construction method

Inserting method 
Swapping method

Local search method

Cross-exchange 
Or-opt

Tabu search method

end

Obtained feasible solution

2-opt 
Yes

i =1; i < iteration; i++

Inserting method 
Swapping method

Local search method

No

Figure 2. Flowchart of the proposed method. We construct an initial tour using the construction
method. Then, we improve the initial tour using the inserting method and the swapping method.
Next, the CROSS-exchange and the Or-opt are controlled by the tabu search and aim to transition to
a feasible solution of mBSSRP. After feasible solutions of mBSSRP are obtained in the tabu search
process, the 2-opt is executed. If we cannot obtain a feasible solution, the 2-opt method is not
executed. Finally, to obtain better solutions, we execute the inserting method and the swapping
method again.

3.1. Construction Method

We introduce two construction methods. The first method constructs a feasible solu-
tion for the mBSSRP and the second constructs a feasible solution for the mBSSRP-S. The
first construction method sequentially inserts a port into a current tour until all ports are
visited by a vehicle. We refer to the first construction method as “the cheapest insertion
method”. When a port is inserted into the current tour, the resulting new tour must satisfy
the constraints of the mBSSRP. The algorithm of the first construction method is described
as follows:

1. Port i is randomly selected. If the number of bicycles at port i is negative (bi < 0), the
vehicle departs from the depot after loading bi bicycles, supplies bi bicycles to port i
and returns to the depot. However, if bi > 0, the empty vehicle goes to port i to load
bi bicycles and returns to the depot. In Figure 3a, the red port is a randomly selected
port, and the pink vehicle goes to the selected red port and returns to the depot.

2. An unvisited port k is inserted into the current tour. To insert the unvisited port
into an edge (i, j) in the current tour, the cost Dikj = tik + tkj � tij is calculated for
all unvisited ports k. If the sub-tour after inserting port k into the edge (i, j) cannot
satisfy the constraints of the mBSSRP, this inserting operation is prohibited.

3. Port k, where the cost Dikj is minimum, is inserted into edge (i, j). In Figure 3b, the red
port is inserted into the tour of the pink vehicle.

4. When no ports satisfy the constraints, another vehicle goes to the unvisited port
nearest to the depot. Figure 3c shows such a case; the red port is inserted into the
tour of the pink vehicle; however, the time limit constraint is not satisfied. Therefore,
a new vehicle (yellow) goes to the unvisited port nearest to the depot and returns to
the depot as shown in Figure 3d.
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5. Steps 2 to 4 are repeated until all ports are visited once by one of the vehicles
(Figure 3e).

6. If all vehicles are already used and there exist unvisited ports, the method cannot
construct a feasible mBSSRP solution. In Figure 3f, the red port cannot be visited by
any vehicle. This is an infeasible solution.

The second construction method is used for the construction of a feasible mBSSRP-S
solution. We refer to this as “the farthest insertion method”. It is often used as one of the
construction methods for solving the traveling salesman problem. The algorithm of the
second construction method is described as follows:

1. We randomly select m ports, where m is the number of vehicles. In Figure 4, the num-
ber of vehicles is three. Each vehicle goes to one of the selected ports and returns to
the depot. In Figure 4a, three red ports are randomly selected. In Figure 4b, the blue,
yellow and pink vehicles go to one of the selected ports and return to the depot.

2. An unvisited port k, which is the farthest from the depot, is selected. In Figure 4c,
the farthest port from the depot is shown in green.

3. Port k is inserted between port i and port j in the tour, where Dikj = tik + tkj � tij is
minimized, which means that an increase in the tour length after the insertion of the
farthest port is minimum. In Figure 4d, the farthest port (green) is inserted into the
tour of the blue vehicle.

4. Steps 2 and 3 are repeated until all ports are visited once by one of the vehicles.

Select at random

depot

Insert

depot
Excess of the time limit

depot depot depot

Cannot visit

Infeasible

depot

(a) (b) (c) (d) (e) (f)

Figure 3. The cheapest insertion method. Black rectangles indicate depots and circles represent ports. (a) A red port is
randomly selected and visited by the pink vehicle. (b) An unvisited port is inserted. (c) If the travel time of the pink vehicle
exceeds the time limit after inserting the red port, (d) another vehicle (yellow) visits the nearest port from the depot. (e) An
example of a feasible solution. (f) An example of an infeasible solution.

Select at random
depot depot depot depot

(a) (b) (c) (d)

Figure 4. The farthest insertion method using three vehicles (m = 3). Black rectangles indicate depots
and circles represent ports. (a) Three red ports are randomly selected. (b) The selected red ports are
visited by the vehicles. (c) The farthest port (green) from the depot is selected. (d) The farthest port is
inserted into the tour of the blue vehicle.

3.2. Local Search Methods

To improve the initial tour, the following five local search methods were used: the
inserting method, the swapping method, the Or-opt [29], the CROSS-exchange [30] and the
2-opt method. While the inserting, the swapping and the 2-opt methods improved a
single tour, the CROSS-exchange and the Or-opt improved the total travel time using two
different tours.

In the inserting method, a partial tour whose length covers a maximum of three ports
in a tour is inserted into an edge in the same tour. In Figure 5a, a partial tour i0 � k is
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inserted into an edge (j, j0) in the same tour. The swapping method swaps a partial tour
for another partial tour in the same tour. In Figure 5b, a partial tour i0 � k is swapped for a
partial tour j0 � l. The Or-opt inserts a partial tour of a tour into an edge in another tour. In
Figure 5c, a partial tour i0 � k in the orange tour is inserted into an edge (j, j0) in the gray
tour. In the Or-opt, the number of vehicles can be reduced, because of the insertion of ports.
The CROSS-exchange replaces a partial tour in a tour with a partial tour in another tour.
In Figure 5d, a partial tour i0 � k in the orange tour is exchanged with a partial tour j0 � l
in the gray tour. The neighborhood solutions of the CROSS-exchange include that of the
Or-opt. The 2-opt method deletes two edges in a tour and adds two new edges in the tour.
In Figure 5e, two edges i � i0 and j � j0 are deleted, and two new edges i � j and i0 � j0 are
added. The 2-opt method is used to improve a current solution if the current solution is a
feasible solution obtained during the searching process using the tabu search.

i
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(a) The inserting method (b) The swapping method (c) The Or-opt (d) The CROSS-exchange (e) The 2-opt

Figure 5. Five local search methods (a–e) used in this study. Black rectangles represent depots and gray and orange circles
indicate ports. Letters in the circles indicate the port number. In these figures, dotted lines represent edges removed by the
local search method, and green lines represent newly added edges.

3.3. Tabu Search Method

Most solutions obtained by the local search methods are locally optimal solutions
but not the globally optimal solution. Hence, to find the globally optimal or near-optimal
solutions, we used the tabu search [24–26]. The tabu search is one of the most powerful
meta-heuristic strategies for solving combinatorial optimization problems. In the tabu
search, to prevent a periodic search, previous solutions are stored in a tabu list for a certain
amount of time. This duration is called a tabu tenure. During the tabu tenure, solutions are
prohibited from moving to solutions in the tabu list.

In the proposed method, a current solution moves to the best neighborhood solution
generated by the CROSS-exchange or the Or-opt. The combination of ports i0 and j0

(Figure 5c,d) is then stored in the tabu list. During the tabu tenure, the CROSS-exchange or
the Or-opt cannot be performed on ports i0 and j0 because they are now in the tabu list. If a
feasible mBSSRP solution is obtained using the tabu search method, the 2-opt algorithm
is applied to the feasible solution to obtain a solution that is even better than the current
one (Figure 5e). The tabu search explores the solution space of the mBSSRP through many
iterations. Finally, the best solution obtained through the tabu search is further improved
upon by using the inserting and the swapping methods (Figure 5a,b).

3.4. Dynamically Changing Weight of Penalties

When the penalty values in the mBSSRP-S objective function are zero, the solution
is a feasible mBSSRP solution. In contrast, if one of the penalty values is larger than zero,
the solution is an infeasible mBSSRP solution. To obtain feasible mBSSRP solutions from
mBSSRP-S solutions, the parameters a and b in the mBSSRP-S objective function must be
set to appropriate values. If the parameters are small, the penalty becomes weak even
when the solution has several constraint violations. Then, the method tends to search
the infeasible solution space of mBSSRP. Thus, it is difficult to obtain a feasible mBSSRP
solution. If the parameters a and b are large, the current solution moves to a solution space
that has small constraint violations, because these slight constraint violations result in a
strong penalty. To perform an effective solution search for a good mBSSRP solution, the
values of the parameters a and b must be adjusted in accordance with the solution states.
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To adjust these values, we introduced a strategy based on a method for solving the
vehicle routing problem with time window (VRPTW) [31]. The objective of the VRPTW is
to find the shortest tour that serves all customers while satisfying the capacity, time limit
and time window constraints associated with each customer. It is difficult to find a feasible
solution for the VRPTW due to multiple constraints. To relax the constraints of the VRPTW,
the vehicle routing problem with soft time windows (VRPSTW) was proposed. In the
VRPSTW, the time windows can be violated if a penalty is paid. To find feasible VRPTW
solutions, the weight penalty for the time windows is dynamically changed to obtain many
feasible VRPTW solutions [31].

Thus, for the mBSSRP-S study, we extended this method [31] to dynamically adjust
the weights of the penalties. In VRPSTW [31], there is a single weight parameter, while
in mBSSRP-S, there are two weight parameters a and b. Thus, we had to consider how to
change the values of two parameters. To adjust the weights of the penalties dynamically,
the objective function of the mBSSRP-S was modified as follows:

z(t) = Â
i2V

Â
j2V

Â
k2K

tijxijk + a(t)pT(t) + b(t)(pq+(t) + pq�(t)), (19)

where z(t) is the objective function of the mBSSRP-S at time t; a(t) and b(t) are the weights
of the penalties for the time limit constraint and the loading and supplying constraints,
respectively; pT(t) is the excess work time at time t, which extends beyond the time limit
T; pq+(t) refers to the loading violation of the bicycles at time t, where loading violation is
defined as the total number of bicycles exceeding the loading capacity of the vehicle; pq�(t)
refers to the supplying violation, representing the total number of bicycles that could not
be supplied.

In this method, if a feasible solution is obtained at time t, the weight parameter is
decreased, making it is easy to move to an infeasible solution at time t + 1. However, if
an infeasible solution is obtained at time t, the weight parameter is increased, making it
easy to move to the solution with small constraint violations at time t + 1. In this study, we
propose two methods for adjusting the weights of the penalties.

The first method (Method 1) updates the weights through the following equations:

a(t + 1) =

⇢
la(t), if pT(t) > 0,
µa(t), if pT(t) = 0,

(20)

and

b(t + 1) =

⇢
lb(t), if pq+(t) + pq�(t) > 0,
µb(t), if pq+(t) + pq�(t) = 0,

(21)

where the parameter l is an increasing parameter (l > 1) and the µ is a decreasing
parameter (0 < µ < 1). If the penalty of a solution at time t is positive, the value of the
weight corresponding to the penalty is increased. In contrast, if a penalty value is zero,
the corresponding weight is decreased. After updating the weights, if the values of the
weights are less than 1.0, the weights are set to unity (a(t + 1) = 1 or b(t + 1) = 1).

If the solution violates both penalties, Method 1 increases the weights of both con-
straints to find a solution with a lower penalty at the time of the next iteration. As the
weight increases, the searching strategy becomes almost identical to the search used for the
feasible mBSSRP solution space.

To search the infeasible mBSSRP solution space widely, we introduced a second method
(Method 2). In Method 2, when the solution violates both constraints, first, the values of
penalty for the time limit and the loading and supplying constraint are compared. If the
penalty of the time limit constraint is larger than that of the loading and supplying constraint,
only the weight of the time limit penalty a(t) is increased. Although the solution violates the
loading and supplying constraint, b(t) is decreased. Meanwhile, if the penalty of the loading
and supplying constraint is larger, b(t) is increased and a(t) is decreased. In a combinatorial
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optimization problem, good solutions have similar structures. Hence, there may be other
feasible shorter mBSSRP tours around the feasible mBSSRP solution. In Method 2, if pT(t) = 0
or pb+(t) + pb�(t) = 0, the corresponding a(t) or b(t) is not updated.

Method 2 updates the weights as follows:

a(t + 1) =

8
>><
>>:

la(t) if a(t)pT(t) > b(t)(pq+(t) + pq�(t)), and pT(t) 6= 0,
µa(t) if a(t)pT(t) < b(t)(pq+(t) + pq�(t)), and pT(t) 6= 0,
a(t) if a(t)pT(t) = b(t)(pq+(t) + pq�(t)), and pT(t) 6= 0,
a(t) if pT(t) = 0,

(22)

and

b(t + 1) =

8
>><
>>:

lb(t) if a(t)pT(t) < b(t)(pq+(t) + pq�(t)), and pq+(t) + pq�(t) 6= 0,
µb(t) if a(t)pT(t) > b(t)(pq+(t) + pq�(t)), and pq+(t) + pq�(t) 6= 0,
b(t) if a(t)pT(t) = b(t)(pq+(t) + pq�(t)), and pq+(t) + pq�(t) 6= 0,
b(t) if pq+(t) + pq�(t) = 0.

(23)

Thus, if both the time limit and the loading and supplying constraints are violated,
in Method 1, both parameters a(t) and b(t) are increased. In Method 2, the parameters
a(t) and b(t) are adjusted after comparing the time limit penalty with the loading and
supplying constraint penalty. If the penalties associated with the time limit and the loading
and supplying constraints equal 0, both parameters a(t) and b(t) are decreased in Method
1; however, the parameters a(t) and b(t) are not updated in Method 2. After updating
the weights, if the values of the weights are less than unity, then they are set to unity
(a(t + 1) = 1 or b(t + 1) = 1).

4. Numerical Experiments

To evaluate the performance of the proposed method, we built a benchmark problem
for the mBSSRP. We distributed n = 10, 30, 50 ports uniformly in a 10 km2 region. The
number of bicycles at port i, bi was set to a random number integer between �5 and +5
at intervals of 1. Note that Sn

i=1bi = 0. The number of vehicles was set to a maximum of
three. In applying the CROSS-exchange and the Or-opt, if the constraints are satisfied and
the number of tours can be decreased, the number of vehicles is decreased such that the
relocation of bicycles is performed by one or two vehicles. The capacity of the vehicle was
q = 5. The moving speed of the vehicle was 30 [km/h]. The loading or unloading time of a
bicycle was t = 2 [min]. The time limit T was 120 [min] for n = 10 and 30 and 210 [min]
for n = 50.

4.1. Results of the MIP Solver

First, we performed numerical experiments to find an optimal solution using the
mBSSRP formulation and the MIP solver. For the simulation, we used the Gurobi optimizer
9.1.1 [17]. These numerical experiments were performed on an iMac with a 3.2-GHz 4-Core
Intel Core i5 processor and 40 GB RAM. If an optimal solution was not obtained within
12 h, then the best solution obtained within that period was output.

Table 3 presents the results of the numerical experiments. The first column contains the
instance numbers, the second column provides the values of the objective function, and the
third column provides the calculation times. If the CPU time was less than 43,200 [s]
(=12 [h]), then an optimal solution was obtained by the Gurobi optimizer. According to
Table 3a, for small-sized instances, the optimal solution was obtained for all instances in a
short time. However, when the number of ports was increased to 30 or 50, the calculation
times became prohibitively long. For instances 3 and 6 of n = 30 (Table 3b), no feasible
solutions were obtained. For instance 2 of n = 30 (Table 3b) and all instances of n = 50
(Table 3c), no optimal solutions were found within 12 h. In such cases, the tables display
the best solution obtained within the 12 h period.
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4.2. Results of the Proposed Method

To evaluate the performance of the proposed method, we generated 50 initial solutions
using the cheapest insertion method for the mBSSRP and the farthest insertion method for
the mBSSRP-S. The tabu tenure was set to 20, and the number of iterations was set to 1000.
The initial weights were set to a(0) = 1 and b(0) = 1. The increasing l and decreasing
parameters µ were set to 1.05 and 0.7, respectively. In evaluating the solutions generated
by our method, we used the gap between our solution and the optimal or best solutions
(Table 3b,c). The gap is defined by the following equation:

Gap[%] =
Obtained best solution � Optimal or Best solution

Optimal solution
⇥ 100. (24)

Thus, small gaps indicate good performance. Tables 4–8 present the results. The first
column provides the instance numbers and the second to fourth columns present the average
gaps obtained after 50 trials of the proposed method with the best and worst gaps as deter-
mined from the optimal or best solution. The gaps were calculated using Equation (24). The
fifth column states the number of feasible solutions obtained during 50 trials.

As observed in Table 4, the method that only searches the feasible solution space does
not yield a feasible mBSSRP solution for n = 30 and 50. In Table 4a, “-” indicates that the
feasible solutions are not obtained. Then, for instances 3, 5, 7, 9 and 10 of n = 50 (Table 4b),
the best gaps take negative values, which means that the method exploring the feasible
solution space obtained better solutions than those obtained by the Gurobi optimizer 9.1.1
in 12 h. From Table 4, we cannot obtain feasible solutions for most of the instances. These
results indicate that it is difficult to find feasible mBSSRP solutions when only the feasible
solution space is explored.

Therefore, to find feasible mBSSRP solutions, we solved the mBSSRP-S with fixed
values of the weight parameters. Tables 5 and 6 present the results. With the Gurobi
optimizer, it takes about 12 h for 30 ports, and more than 12 h for 50 ports to obtain
feasible solutions. Such long times are not realistic. Meanwhile, the average calculation
times of the proposed method are 14.7 [s] (n = 30) and 56.5 [s] (n = 50). Therefore, the
proposed method can obtain better results, in a time shorter than that required by the
Gurobi optimizer.

As observed in Tables 4a and 5a, the method that explores both feasible and infeasible
solution spaces of the mBSSRP obtains many feasible solutions compared to the method
that searches only the feasible solution space. In addition, according to Table 5a,b, when
the parameters a and b have large values, the number of feasible solutions increases,
and the average gap indicates that the method performs well. Moreover, the method that
explores both the feasible and infeasible solution spaces finds optimal solutions for multiple
instances. The difference between the best and worst gaps is large for n = 30 (Table 3).
Tables 4b and 6 indicate that for n = 50, we can obtain numerous feasible solutions when
the parameters a and b have large values.
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Table 3. Optimal or near-optimal solution obtained by the Gurobi optimizer. Symbol “-” means that
no feasible solutions can be found by the Gurobi optimizer 9.1.1 within 12 h. Symbol “*” means
that an optimal solution can be obtained using the Gurobi optimizer 9.1.1 within 12 h. (a) n = 10.
(b) n = 30. (c) n = 50.

(a)

No. Objective Function CPU-Time [s]

1 45,346 * 1.31
2 32,530 * 0.21
3 63,209 * 1.37
4 27,522 * 0.43
5 45,971 * 1.20
6 32,828 * 1.44
7 38,623 * 1.82
8 40,304 * 1.20
9 41,640 * 0.76

10 31,825 * 0.93

(b)

No. Objective Function CPU-Time [s]

1 80,740 * 307.61
2 78,903⇤ 43,200.00
3 - -
4 73,681 * 1048.03
5 72,912 * 21,800.49
6 - -
7 74,625 * 3499.36
8 68,347 * 1068.09
9 73,328 * 1347.61

10 66,403 * 219.87

(c)

No. Objective Function CPU-Time [s]

1 101,119 43,200.00
2 100,356 43,200.00
3 82,201 43,200.00
4 95,257 43,200.00
5 96,297 43,200.00
6 107,727 43,200.00
7 93,003 43,200.00
8 93,003 43,200.00
9 84,409 43,200.00

10 88,029 43,200.00

Tables 7 and 8 present the results obtained using the method of dynamically adjusted
parameters. From Tables 7 and 8, the number of feasible solutions is 50 for almost all
instances. The difference between the best gap and the worst gaps is smaller than that of
the fixed case, as can be observed in Tables 5 and 6. The results indicate that the weight
adjusting method can effectively control the search in the feasible and infeasible solution
spaces. However, there is no significant difference between Method 1 and Method 2.
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Table 4. Results of exploring feasible solution space for solving the mBSSRP. Ave., Best and Worst
represent the average, best and worst gaps calculated using Equation (24). Symbol “-” means that no
feasible solutions can be obtained. The feasible solutions of the instances 3 and 6 (n = 30) cannot be
found using the latest version of the Gurobi optimizer 9.1.1. For n = 50, negative values of the best
gaps mean that the method can find better solutions than that found by the Gurobi optimizer 9.1.1
within 12 h. Symbol “*” means that an optimal solution can be obtained using the Gurobi optimizer
9.1.1 within 12 h. (a) n = 30. (b) n = 50.

(a)

No. Ave. Best Worst # of Feasible

1 - - - 0
2 - - - 0
4 - - - 0
5 - - - 0
7 - - - 0
8 1.90 0.00 * 15.95 32
9 - - - 0

10 - - - 0

(b)

No. Ave. Best Worst # of Feasible

1 - - - 0
2 - - - 0
3 4.59 �1.76 10.01 35
4 2.96 1.35 3.76 3
6 3.94 1.88 5.99 2
5 0.16 �3.92 3.81 11
7 3.44 �0.62 7.13 15
8 - - - 0
9 3.23 �0.63 5.25 20

10 0.79 �3.14 5.87 34

The searching processes used in Method 1 and Method 2 when solving mBSSRP-S are
shown in Figure 6. The horizontal axis shows the number of iterations and the vertical
axis shows the objective function value (Equation (19)). In Figure 6, it is observed that
feasible mBSSRP solutions are not obtained (black circle) with 200 iterations in Method 1
and with 400 iterations in Method 2. The parameters a(t) and b(t) were adjusted using
Equations (20) and (21) in Method 1, and Equations (22) and (23) in Method 2. After these
phases, as observed in Figure 6a, Method 1 finds several feasible mBSSRP solutions with
1000 iterations. However, Method 2 finds more feasible solutions than Method 1 according
to Figure 6b. When the penalty value is zero, Method 2 does not update the penalty weight
because the current value is appropriate for conducting a search on feasible mBSSRP
solutions. Once feasible mBSSRP solutions are obtained, Method 2 conducts repeated
searches for more feasible solutions.
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Table 5. Results of the method using fixed values of weight parameters for n = 30. Symbol “-”
means that no feasible solutions can be obtained. Feasible solutions of instances 3 and 6 cannot be
found by the latest version of the Gurobi optimizer 9.1.1 within 12 h. Symbol “*” means that an
optimal solution can be obtained using the Gurobi optimizer 9.1.1 within 12 h. (a) a = 200, b = 2000.
(b) a = 1000, b = 10, 000.

(a)

No. Ave. Best Worst # of Feasible

1 2.40 0.00 * 5.89 21
2 0.79 0.00⇤ 4.68 41
4 0.82 0.00 * 2.46 3
5 1.48 0.40⇤ 4.05 9
7 - - - 0
8 1.17 0.00 * 4.41 23
9 - - - 0

10 1.16 0.00 * 9.98 40

(b)

No. Ave. Best Worst # of Feasible

1 2.75 0.00 * 9.77 45
2 0.85 0.17⇤ 12.86 50
4 0.28 0.00 * 4.63 19
5 1.01 0.40⇤ 4.02 6
7 4.52 0.40⇤ 7.10 32
8 0.85 0.00 * 6.12 50
9 0.32 0.00 * 1.51 50

10 0.80 0.00 * 10.83 50

Table 6. Results of the method using fixed values of weight parameters for n = 50. Symbol “-” means
that no feasible solutions can be obtained. Negative values of average and best gaps mean that
the method can find better solutions than that found by using Gurobi optimizer 9.1.1 within 12 h.
(a) a = 200, b = 2000. (b) a = 1000, b = 10, 000.

(a)

No. Ave. Best Worst # of Feasible

1 2.41 2.41 2.41 1
2 2.51 �0.41 9.21 13
3 4.36 �0.69 10.71 7
4 5.53 1.60 9.92 9
5 �0.57 �1.68 0.66 3
6 �0.23 �0.23 �0.23 1
7 3.58 1.19 6.31 3
8 - - - 0
9 3.06 �0.63 5.26 17

10 0.50 �3.14 5.13 19

(b)

No. Ave. Best Worst # of Feasible

1 1.27 �1.61 5.87 47
2 2.57 �0.50 11.92 50
3 3.01 �2.11 13.31 49
4 3.59 �0.33 11.13 48
5 0.83 �3.92 4.80 50
6 3.23 �0.23 8.62 50
7 1.81 �0.69 8.06 50
9 4.33 �0.64 11.24 50

10 1.08 �3.44 9.78 50
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Table 7. Results of gaps in the method that dynamically adjusts weights for n = 30. Feasible solutions
of instances 3 and 6 cannot be obtained by the latest version of the Gurobi optimizer 9.1.1 within 12 h.
Symbol “*” means that an optimal solution can be obtained using the Gurobi optimizer 9.1.1 within
12 h. (a) Method 1 (Equations (20) and (21)). (b) Method 2 (Equations (22) and (23)).

(a)

No. Ave. Best Worst # of Feasible

1 2.03 0.00 * 5.74 48
2 1.08 0.00⇤ 4.13 48
4 0.43 0.00 * 3.21 50
5 1.75 0.00 * 6.18 35
7 5.19 0.40⇤ 10.18 41
8 0.38 0.00 * 3.51 50
9 1.22 0.00 * 5.33 50

10 3.44 0.00 * 12.36 50

(b)

No. Ave. Best Worst # of Feasible

1 0.83 0.00 * 3.56 50
2 0.56 0.00⇤ 3.53 49
4 0.20 0.00 * 5.07 50
5 1.64 0.00 * 4.47 48
7 3.09 0.00 * 6.68 50
8 0.84 0.00 * 5.95 48
9 0.22 0.00 * 0.67 48

10 1.03 0.00 * 12.33 46

Table 8. Results of gaps in the method that adjust weight dynamically for n = 50. Negative values
of average and best gaps mean that the methods can find better solutions than that found using
the Gurobi optimizer 9.1.1 within 12 h. (a) Method 1 (Equations (20) and (21)). (b) Method 2
(Equations (22) and (23)).

(a)

No. Ave. Best Worst # of feasible

1 0.26 �1.60 2.51 50
2 0.57 �0.41 3.15 50
3 1.55 �2.11 8.49 50
4 0.89 �0.33 6.49 50
5 �0.09 �3.30 3.43 50
6 1.73 �0.31 5.94 50
7 0.90 �0.69 6.56 50
9 2.02 �0.10 4.87 50

10 �1.32 �3.40 2.19 50

(b)

No. Ave. Best Worst # of feasible

1 1.47 �1.66 5.47 50
2 2.24 �0.50 8.51 49
3 2.99 �2.11 11.48 49
4 2.20 �0.33 22.49 50
5 0.80 �3.61 7.60 50
6 3.60 �0.69 9.28 44
7 1.54 �0.69 6.89 48
9 3.23 �0.15 11.40 50

10 0.59 �3.39 10.78 38
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(a) Method 1

(b) Method 2

Figure 6. Temporal changes in the process for searching objective function values in (a) Method 1
and (b) Method 2 when solving the mBSSRP-S (n = 30). Black circles represent when the method
finds feasible solutions of the mBSSRP. Results show that Method 2 finds more feasible solutions than
Method 1 during 1000 iterations.

5. Conclusions

In this study, to adjust the number of bicycles at ports in BSS, we solved the mBSSRP.
However, it is difficult to obtain feasible mBSSRP solutions because of strict constraints
such as the time limit, the capacity and the loading and supplying constraints.

Thus, to find feasible solutions for problems with strict constraints, we developed a
strategy of searching not only the feasible solution space but also the infeasible solution
space. To explore both the feasible and infeasible mBSSRP solution spaces, we introduced
the mBSSRP-S formulation whereby some constraints were removed and penalties were
added to the objective function for constraint violation. In addition, we introduced two
methods for dynamically adjusting the weights of the penalties, to enhance performance,
by effectively searching the feasible and infeasible solution spaces.

The results of the numerical experiments demonstrated that the proposed method
could find feasible solutions for almost all benchmark problems while identifying the opti-
mal solutions as well. Thus, it is effective to search both the feasible and infeasible solution
spaces. Moreover, we could enhance the performance of our process by introducing a
method for dynamically adjusting the weights for solving the mBSSRP-S; namely, we were
able to explore the infeasible solution space of the mBSSRP effectively. In this study, we
proposed a strategy of searching the feasible and infeasible solutions and showed that the
proposed strategy works well for instances of mBSSRP with 30 and 50 ports.

In the future, to obtain an optimal solution for larger instances using the MIP solver,
we will propose a more effective formulation with a smaller number of variables and
constraints. Although we used flow formulation (FF) to eliminate sub-tours in our study, we
also examined Miler, Tucker and Zemlin (MTZ) [32] formulation and conducted numerical
experiments. With FF, an optimal solution was obtained in a shorter time, possibly due
to the automatic cut generation function of the Gurobi optimizer. Although an important
issue, this was not investigated any further as it was not the focus of the current study.

In the numerical experiments, we used original benchmark instances because there
are no suitable research examples on BSS restoration. However, generating and sharing
benchmark instances in this field as well as comparing the performance of the proposed
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methods with existing ones are important issues to be addressed in the future. In addition,
to find good near-optimal solutions for large-scale instances, we intend to implement
algorithms using a meta-strategy, such as simulated annealing, genetic algorithm and ant
colony algorithm, and compare the performances. With the current relocation operation, it
may not be possible to obtain a solution that satisfies all conditions; namely, we may not be
able to find a feasible mBSSRP solution. In such a case, we must prioritize the constraints.

In a real BSS, the number of bicycles and empty docks at each port will change during
the relocation operation. Therefore, it is impossible to perfectly restore the BSS to its initial
state. An operational goal of the BSS is to always satisfy the user demand: users can rent
bicycles at any port and return bicycles to any port, any time during the day. To achieve
this goal, we need to predict the travel demands of the users in order to efficiently relocate
the bicycles by using the predicted data. To resolve this issue, it will be necessary to analyze
the occupancy level [33] and to come up with an efficient prediction model [34], based
on actual travel history data that are available for New York [35], Washington D.C. [36]
and Boston [37].

In this study, we used scenarios that randomly placed ports and compared the perfor-
mance of the proposed method, which explores both the feasible and infeasible solution
spaces, with the one that explores only the feasible solution space. To apply the proposed
strategy to real-world problems, different scenarios have to be entertained. One possible
strategy is to use real-life information from the rented and returned bicycle data of actual
travel history data [35–37]. This information would include the distribution of bicycles
at each port as well as the use frequency of the ports. Using this information, more effec-
tive strategies can be designed to solve real-world problems. Introducing additional soft
constraints could also be beneficial in improving the performance of real-world BSS.

In this study, to adjust and control the parameters a and b dynamically, we searched
all neighborhood solutions of the CROSS-exchange and the Or-opt. However, a long
time is needed to search for all neighborhood solutions of the CROSS-exchange and the
Or-opt. When we deal with a larger number of ports or more complex problems with soft
constraints, the calculation time further increases. Thus, as a future step, to reduce the
calculation time, one of the possible directions is to reduce the number of neighborhood
solutions by not searching all neighborhood solutions in the CROSS-exchange and the
Or-opt.
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Abstract: One of the engineering applications of chaotic nonlinear dynamical systems is a

pseudorandom number generator. Pseudorandom numbers generated from chaotic dynamical

systems are called chaotic random numbers. A logistic map which exhibits a chaotic response

can be used as such a chaotic random number. However, an important issue exists when we use

such dynamical systems as a pseudorandom number generator by a digital computer: when the

chaotic response of a logistic map is reproduced numerically, the number of iterations that the

chaotic response is sustained depends on the precision of the numerical calculation, because

the precision of the numerical calculation affects the size of the numerical error. In this paper,

we extended the logistic map to an integer logistic map to reduce such numerical errors. We

investigated the performance of chaotic random numbers obtained from the integer logistic map

with varying numerical precisions and transforming them into binary random numbers. We

then used NIST SP 800-22 to evaluate the performance of the random numbers. The results

show that a numerical precision of 20 orders of magnitude or more is desirable to the generation

of a well-performing chaotic random numbers from the response of the integer logistic map.

Key Words: Chaotic random number, numerical calculation precision, and integer logistic

map
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1. Introduction
A random number sequence is an irregular and unpredictable sequence of numbers, each element of

which is called a random number. One property expected of random numbers in any situation is

unpredictability. Then, random numbers are employed in a wide range of applications, for example,

setting initial values for cryptographic communications and numerical simulations.

On the other hand, chaos is a phenomenon that can be observed from deterministic nonlinear

dynamical systems. One of the properties of deterministic chaos is sensitive dependence on initial

conditions, wherein a small error in the initial conditions would expand over time. Then, it is dif-

ficult to predict responses produced from deterministic chaos in the long term due to such sensitive

dependence on the initial conditions.

The long-term unpredictability of deterministic chaos is therefore potentially beneficial to the un-

predictability required for random numbers, which has led to a number of research efforts on random

number generation using deterministic chaos [1–12]. The random numbers generated using chaos,

as in these references, are called chaotic random numbers. There are two main types of random

number generation methods. One is physical random number generation, which is based on physical

phenomena. For example, Uchida et al. proposed a high-speed physical random number generation

method using laser chaos [13] that can greatly improve the random number generation speed, which

is otherwise a drawback of physical random number generation methods. The other is pseudorandom

number generation, which uses numerical calculations, such as the Mersenne Twister [14], which is a

well-known pseudorandom number generation method.

In this paper, we discuss a chaotic random number generator that is classified as a pseudorandom

number generator. The random numbers involved in this study are binary random numbers, i.e.,

0 and 1. We focused on the generation of chaotic random numbers using a logistic map [15], which

can be used to observe chaotic phenomena using a very simple mathematical formula. Although several

studies [7, 16] have already been conducted on the generation of chaotic random numbers using the

logistic map, they require post-processing methods, such as exclusive summation of multiple sequences,

to improve the performance of the generated chaotic random numbers. One of the reasons why post-

processing is necessary is that the numerical precision is insufficient for common double-precision

floating-point operations. In a numerical simulation, it can be difficult to accurately reproduce the

chaotic response due to the influence of numerical errors. In addition, the response converges to a

periodic response or a fixed point because of the numerical calculation error. Therefore, we aim to

reduce this error by increasing the precision of the numerical calculation. Namely, we generate chaotic

random numbers based on the response of an integer logistic map [4, 17], which converts the decimal

part to an integer part.

In [4], Ishida et al. evaluated the performance of chaotic random numbers generated from the

responses of integer logistic maps from the viewpoint of the power spectrum [4]. However, this

evaluation from the power spectrum perspective may not be sufficient from a statistical perspective.

This is because the evaluation criterion is decided as follows: if the power spectrum of the generated

chaotic random number is less than or equal to 0.6 for all the frequencies obtained, the number is

considered as white noise and can be used as a pseudorandom number. In [6], Araki et al. proposed

pseudorandom number generators using the logistic map and the integer logistic map with renewing

the initial value. The renewal process of the initial value is introduced to avoid the convergence of

the response to a periodic orbit caused by a finite numerical precision. In [11], Wang et al. evaluated

the performance of a pseudorandom number generator that updates the bifurcation parameters of

the logistic map. This process improved the confidentiality of the cipher by updating the bifurcation

parameters.

In this study, we evaluated the performance of a pseudorandom number generator in a simple,

natural and straightforward way: we only give an initial value and set numerical precision without

any processing, such as the renewal of the initial condition or changing the bifurcation parameter.

Then, we evaluated the performance of random numbers using the NIST [18] Special Publication

800-22 provided by the U.S. National Institute of Standards and Technology. The NIST test is an

international standard statistical test method that is widely used and suitable for evaluating the
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performance of fair random numbers.

In addition, we investigated the case that the bifurcation parameter a of the logistic map is negative,

because it has already been shown that the chaotic response can be obtained even when the parameter

a is negative [19]. Further, we investigated the performance of the pseudorandom number generator

in relation to the values of the Lyapunov exponent by evaluating the number of passed NIST test

items.

Therefore, this study has two objectives. The first is to investigate the performance of chaotic

random numbers generated from an integer logistic map when the numerical calculation precision is

changed. The second is to clarify which factors, other than numerical calculation precision, affect the

random number performance.

2. Random number generators

The logistic map is a simple one-dimensional discrete time dynamical system [15]. The equation of

the logistic map is described as:

xt+1 = f(xt) = axt(1 − xt), (1)

where a is a bifurcation parameter and xt is the state value at time t.

Figure 1 shows the bifurcation diagram of xt when the value of a is changed in the range −2.0 ≤
a ≤ 4.0 [19]. The horizontal axis is for a, the left vertical axis is for the state value xt (purple dots),

and the right vertical axis is for the Lyapunov exponent λ (green crosses) which is defined to be

λ =
1

T

T∑

t=1

|f ′(xt)|, (2)

where T is the length of the time series. Figure 1 shows that λ can be greater than 0 regardless of

the positive or negative value of a. The symmetric property in the Lyapunov exponent of the logistic

map is discussed in [19], which showed that the Lyapunov exponents are symmetric about a = 1.0.

Thus, λ for a = 4.0 and λ for a = −2.0 are equal and have the largest values (λ = ln 2).

Fig. 1. Bifurcation diagram of xt and the Lyapunov exponent λ of the logistic
map.

Figure 2 shows the invariant measures when a = 4.0 and −2.0. The horizontal axis represents the

state value xt, whereas the vertical axis represents the appearance probability P (xt). Figure 2 shows

that P (xt) is symmetric about xt = 0.5, whereas Fig. 3 shows the frequency proportion for xt < 0.5

and xt > 0.5, using the data from Fig. 2. In Fig. 3(a), the proportion of xt < 0.5 is 0.499160, whereas

the proportion of xt > 0.5 is 0.500840. Meanwhile, in Fig. 3(b), the proportion of xt < 0.5 is 0.499583,

whereas the proportion of xt > 0.5 is 0.500417. These values are expected to make the frequency

distributions of 0 and 1 uniform when the random numbers are binarized.
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Fig. 2. Invariant measures of the logistic map for bifurcation parameters (a)
a = 4.0 and (b) a = −2.0. In these cases, responses are chaotic, and the
Lyapunov exponents are λ = ln 2.

Fig. 3. Frequency proportion of binary values of the logistic map for (a)
a = 4.0 and (b) a = −2.0.

In terms of the density function, we show that the frequencies of 0 and 1 are almost equal based on

a binarization of the response of the logistic map. The invariant measure of the response for a = 4.0

in the logistic map is calculated using

P (xt) =
1

π
√

xt(1 − xt)
. (3)

The product of xt and (1 − xt) appears in the square root of the denominator of Eq. (3), indicating

that the probability density P (xt) of the logistic map, which is an interval dynamical system of [0, 1],

has symmetry with xt = 0.5 as the center. Thus, if we binarize the response of the logistic map with

xt = 0.5 as the threshold, we can obtain a random number with an equal probability of occurrence.

On the other hand, because the numerical calculation precision is finite, the chaotic response of the
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logistic map cannot be reproduced in the numerical simulation. Therefore, we extended the logistic

map to an integer logistic map in decimal notation using [4]. The integer logistic map can be derived

from Eq. (1). The procedure for extending the logistic map to the integer logistic map is as follows.

First, multiplying the left term and the right term of Eq. (1) by 10N , we obtain

10N × xt+1 = 10N × axt(1 − xt). (4)

With Xt = 10N × xt, Eq. (4) is rewritten to

Xt+1 = aXt(10N − Xt) × 10−N . (5)

We use the floor function $ % to extract the integer part as follows:

Xt+1 = $aXt(10N − Xt)10−N%. (6)

In Eq. (6), Xt is the state value of the integer logistic map at time t, and N represents the numerical

precision.

We then explain how to make pseudorandom numbers from the integer logistic map. In this study,

the parameter a is set to 4.0 and −2.0, at which the Lyapunov exponent becomes ln 2 and chaotic

responses can be observed. We generate a time series from the integer logistic map (Eq. (6)) and

convert it into binary random numbers using Eq. (7):

X̃t =

{
0 (Xt ≤ θ),

1 (Xt > θ),
(7)

where θ is a threshold. When a = 4.0, the range of the state values of the logistic map (Eq. (1)) is

0 ≤ xt ≤ 1. Thus, in the case of an integer logistic map (Eq. (6)), the range is 0 ≤ Xt ≤ 10N . If

a = −2.0, the range of the integer logistic map is −0.5 × 10N ≤ Xt ≤ 1.5 × 10N . Thus, we set θ to

0.5 × 10N , which is the median of the distributions of state values of the integer logistic maps in case

that a = 4 or a = −2.

Figure 4 shows the results of generating chaotic random numbers from the response of the integer

logistic map (Eq. (7)). In Fig. 4, the size of each image is m × m pixels, where m = 800. The (i, j)th

pixel in Fig. 4(a)–(f) (i, j = 0, 1, · · · ,m − 1) corresponds to Xmi+j , where the (i, j)th pixel is colored

white if Xmi+j ≤ θ, and black otherwise. In Fig. 4, the upper row shows the generated random

numbers when a = 4.0, and the lower row shows them when a = −2.0. The numerical calculation

precision is set to N = 7, 15, and 20 from left to right.

Fig. 4. Examples of binary random number sequences displayed on two-
dimensional plane.
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When N = 7, the generated random numbers exhibit a regular pattern, as shown in Fig. 4(a) and

(d). On the other hand, when the precision of the numerical calculation is increased, the generated

random numbers seem to be more random. However, to verify their randomness, the obtained random

numbers have to be evaluated by a random number test method.

3. NIST SP 800-22
In this section, we describe the NIST test [18], which statistically evaluates whether a sequence of

numbers is really random or not. The NIST test consists of 15 test items, which are listed with their

respective test numbers, names, and descriptions in Table I. The NIST test in Table I is provided by

the National Institute of Standards and Technology (NIST). Each test item in Table I tests properties

required in random numbers.

Table I. Descriptions of 15 NIST test items [18].

No. Items Descriptions

1 Frequency Test Test whether the occurrence probabilities of 0 and 1 are close
to 1

2
.

2 Frequency Test within a Block For a given block length, test whether the occurrence prob-
abilities of 0 and 1 are close to 1

2
.

3 Cumulative Sums Test Convert the binary random numbers to (+1, −1) and test for
the maximum deviation from 0 of the random walk defined
by the cumulative sum.

4 Runs Test Test for the number of consecutive 1s (runs).

5 Test for Longest Run of Ones in a Block For a given block length, test for the longest runs.

6 Binary Matrix Rank Test Test for the ranks of sparse matrices across several columns.

7 Discrete Fourier Transform Test To investigate the periodicity, test for the height of the peak
due to discrete Fourier transformation of the sequence.

8 Non-overlapping Template Matching Test Test for the numbers of occurrences of bit string prepared
in advance, without overlap.

9 Overlapping Template Matching Test Test for the numbers of occurrences of bit string prepared
in advance, with overlap.

10 Maurer’s “Universal Statistical” Test Detect and test matching patterns within a sequence, to see
if they can be compressed.

11 Approximate Entropy Test Test for the frequencies of occurrence of patterns of a given
bit length.

12 Random Excursions Test Test for the total number of times K is visited by cumulative
sum random walks.

13 Random Excursions Variant Test Test for the sum of the number of visits to a specific state
with cumulative sum random walks.

14 Serial Test Test for the occurrence frequencies of all overlapping bit pat-
terns of a certain bit length.

15 Linear Complexity Test Test for the length of the linear feedback register to generate
a random number.

A random number sequence with a length of at least 1 Gbits is necessary to conduct the NIST

test. If the random number sequence has a length of 1 Gbits, it is then divided into shorter segments

with lengths of 1,000,000 (= 1 Mbits) each. Each of these 1,000 segments are then subjected to the

15 NIST test items. As a result, we obtain 1,000 p-values from each test.

The following two sub-tests are then conducted. In the first sub-test, the P -value, which indicates

the uniformity of distribution of the 1,000 p-values, is obtained. Meanwhile, in the second sub-test,

for each of the 1,000 p-values, we evaluate the probability that the p-value is greater than α (= 0.01),

where the significance level α is the probability that the random number sequence is not random in

the sense of each NIST item. A random number sequence is considered to have passed a certain test

item if and only if it passes the first and second sub-tests for that item.

On the other hand, the parameter rules of the NIST test are important for obtaining an appropriate

verification result according to the length of the random number sequence. Table II outlines the

parameters used in this study. The values of the parameters in Table II were determined based on

the method provided by NIST for setting the parameters [18].
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Table II. Parameters used in NIST test [18].

Parameters Values

Significance level α 0.01

Number of segments m 1,000

Frequency test within a block: Length of each block 16,384

Non-overlapping Template Matching Test: Length in bits of each template 9

Overlapping Template Matching Test: Length in bits of the template 9

Approximate Entropy Test: Length of each block 10

Serial Test: Length in bits of each block 16

Linear Complexity Test: Length in bits of a block 500

4. Experiments
In this study, we used the number of passed NIST test items, out of a total of 15 items, as an index of

the performance evaluation of the generated random numbers. In addition, the binary random number

sequences evaluated in this study were generated using 230 (= 1,073,741,824) responses obtained from

an integer logistic map after the first 100,000 responses were omitted as transient states.

Figure 5 shows the relationship between the number of passed NIST test items and the positive

Lyapunov exponent λ of the logistic map. The horizontal axis is for the Lyapunov exponent λ, whereas

the vertical axis represents the number of passed NIST test items. For the result shown, we had set

the initial value X0 = 0.0002 × 10N and the numerical calculation precision N = 20. Then, we set

the threshold θ to x̄ × 10N , where x̄ is the average value calculated by

x̄ =
1

230

230∑

t=1

xt. (8)

Figure 5 shows that the larger the value of λ, the larger the number of NIST test items that are passed,

indicating that the orbital instability of the random number generator affects the performance of the

generated random numbers. However, even when λ is positive, the number of passed NIST test

items is particularly large when a = 4.0 and a = −2.0, at which λ is maximized (λ = ln 2). From

these results, the performance of chaotic random numbers generated from the integer logistic map is

expected to improve only when a is 4.0 or −2.0.

Meanwhile, Fig. 6 shows the results of examining whether the number of passed NIST test items

changes between a = 4.0 and a = −2.0. The initial value was X0 = 0.0002 × 10N , and the numerical

Fig. 5. Relationship between positive Lyapunov exponents λ and the number
of passed NIST test items. The square marks denote the number of passed
NIST test items, and the cross marks denote the average value x̄.
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Fig. 6. The number of passed NIST test items for generated chaotic ran-
dom numbers with respect to numerical calculation precision. Two bifurcation
parameters were used: a = 4.0 (circles) and a = −2.0 (triangles).

calculation precision is in the range 6 ≤ N ≤ 155. Then, we set θ as 0.5 × 10N in the following

analysis. The horizontal axis represents N , whereas the vertical axis represents the number of NIST

test items that were passed. The results for a = 4.0 are shown as circles, whereas the results for

a = −2.0 are shown as triangles. According to Fig. 6, the number of passed NIST test items is likely

to be large when the numerical calculation precision is in the range N ≥ 20 for both a = 4.0 and

a = −2.0. To clarify the change in quality of generated random numbers with respect to the value of

a, we further investigated the ratio of the number of passed NIST test items to the total number of

items. The horizontal axis corresponds to the NIST test names listed in Table I, whereas the vertical

axis represents the percentage of 150 random numbers with different N that passed these NIST test

items. From Fig. 7, it can be seen that, for each test item, there is no difference in the distributions

of the percentage due to the difference between a = 4.0 and a = −2.0. In addition, it is clear that

both parameters occasionally fail in the Non-Overlapping Template Matching test, probably because

of the nature of the logistic map used as the source of the random numbers.

On the other hand, Fig. 8 shows the results of generating chaotic random numbers as the precision of

the numerical calculation is further increased. The horizontal axis represents the numerical calculation

precision N , whereas the vertical axis represents the number of passed NIST test items. Because there

was no difference in the performance of the random numbers generated when a = 4.0 and a = −2.0, we

performed numerical experiments focusing on a = 4.0. Figure 8 shows that the higher the numerical

precision N , the higher the performance of the generated chaotic random numbers.

However, when N = 455, the number of passed NIST test items dropped to 12. In addition,

there are many cases wherein one item was rejected. These results imply that there are other factors

than numerical calculation precision that may improve the number of passed NIST test items. If the

performance of the chaotic random number is degraded even if the numerical precision is large, the

initial value may be the cause.

Finally, we report the results of the investigation based on differences in the initial value X0. The

numerical calculation precision N was investigated in the range 6 ≤ N ≤ 30. We prepared 98 initial

values (X0) for each value of N , where we increased the value of X0 in increments of 0.005 from

0.005 × 10N to 0.495 × 10N . Because the response of the integer logistic map converges to a fixed

point when X0 = 0.25 × 10N , we excluded X0 = 0.25 × 10N in this experiment. We investigated

the performance of chaotic random numbers generated based on these values of N and X0. Figure 9

shows the results. The horizontal axis represents the numerical calculation precision N , whereas the

vertical axis represents the average number of passed NIST test items based on the initial values for

the 98 patterns. The error bars in Fig. 9 show the maximum and minimum numbers of NIST test

items that were passed, whereas the histograms show the standard deviation.
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Fig. 7. Proportion of generated random numbers that passed each NIST test
item for 150 values of N , with (a) a = 4.0 and (b) a = −2.0.

Fig. 8. The number of passed NIST test items when chaotic random numbers
are generated as numerical calculation precision is varied from 155 < N ≤ 1000.

In the range N ≤ 9, both the mean and standard deviation of the number of passed NIST test

items were zero. Therefore, in this case, it is difficult to generate high-performance chaotic random

numbers. On the other hand, when N = 19, the average number of passed NIST test items was high,

but the minimum value was 6. Such performance differences depend on the initial value, suggesting

that both the numerical calculation precision and the initial value are key factors that affect the

performance of chaotic random numbers.

In the range N ≥ 20, the average number of passed NIST test items was close to 15, and the standard

deviation did not exceed unity, which means that if N ≥ 20, the performance of pseudorandom
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Fig. 9. Performance evaluation of generated chaotic random numbers with
respect to numerical precision N and initial value X0.

numbers is high. Namely, to generate high-performance chaotic random numbers from the response

of the integer logistic map, the precision of the numerical calculations must be at least 20.

5. Conclusion
In this study, we investigated the performance of chaotic random numbers and the factors that affect

their performance improvement. To mitigate numerical calculation errors, we extended the logistic

map to an integer logistic map and used it as a random number generation source. The integer logistic

map allows calculations with arbitrary numerical precision, where the numerical precision is defined

as the number of digits used in the numerical calculations of the state of the integer logistic map. To

generate chaotic random numbers, we binarized the responses of the integer logistic map.

The performance of the generated chaotic random numbers was evaluated using NIST SP 800-22.

The results of the numerical experiments indicate that the precision of the numerical calculation is

a leading factor that affects the performance of the generated chaotic random numbers. In addition,

both the numerical calculation precision and the initial value were inferred to affect the performance

of the generated chaotic random numbers. In particular, it was suggested that the performance of the

chaotic random numbers could be stabilized if the number of digits used for the numerical calculations

was set to 20 or higher.

In this paper, we used the NIST test for evaluating the performance of pseudorandom numbers.

However, it is also important to introduce other test suites, such as TestU01 [20]. Then, it is an

important future work to verify the performance using these methods.
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Abstract: It has been reported that the activation of the Ca2+-permeable transient recep-

tor potential melastatin2 (TRPM2) channel enhances a pancreatic β-cell’s insulin secretion.

Further, it increases the resting potential, and prolongs the burst duration of the pancreatic

β-cell. However, the mechanism by which the TRPM2 channel activation enhances insulin se-

cretion is unknown. Therefore, in this paper, using a mathematical model that represents the

dynamics of the membrane potential, we investigate the reproducibility of the results obtained

from physiological experiments, and reveal the mechanism of enhancing insulin secretion. We

demonstrate that the TRPM2 channel activation prolongs the burst duration when the TRPM2

reversal potential is close to the value observed in the physiological experiments. This could

be a plausible theoretical explanation of the experimental value of the TRPM2 reversal po-

tential. In addition, we reveal that the TRPM2 channel activates the voltage-dependent and

Ca2+-sensitive channels with large conductance, thereby inducing insulin secretion.

Key Words: pancreatic β-cell, TRPM2 channel, insulin secretion
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1. Introduction
Insulin is secreted by the pancreatic β-cells in the islet of Langerhans. Insulin is a critical regulator of

metabolism so that pancreatic β-cell dysfunction leads to both type 1 and type 2 diabetes. In type 1

diabetes condition, the body no longer produces insulin, and in type 2 diabetes condition, the produced

insulin is not enough or does not work effectively. It is widely known that the membrane excitability

of the pancreatic β-cell leads to the insulin secretion [1]. Therefore, it is important to preserve the

membrane excitability of the pancreatic β-cell to prevent from insulin secretory dysfunction. However,

the detailed mechanism of how pancreatic β-cell dysfunction leads to the insulin secretory dysfunction

is still unknown [2, 3].

It is generally difficult to investigate the properties of ion channels in pancreatic β-cells. Then, sev-

eral mathematical models have been proposed to clarify these properties. Chay and Keizer proposed a

pioneering model of the pancreatic β-cells incorporating a Hodgkin-Huxley type gating mechanism for

Ca2+ and K+ channels [4]. Since then several models have been proposed including those of human

β-cells [5]. Although these models are simple and are able to partly reproduce experimental results of

the pancreatic β-cells, their ion channel constitutions are not sufficient. For example, the closure of

the adenosine triphosphate (ATP)-sensitive K+ (KATP) channels triggers the membrane depolariza-

tion of a pancreatic β-cell, and triggers insulin secretion. Riz et al. proposed a detail mathematical

model of the pancreatic β-cells incorporating 12 types of ion channels including KATP channel [6].

This model describes a detailed ion channel mechanism of the pancreatic β-cells, which enables us to

investigate the detailed membrane activation through ion channels. Therefore, we analyze the β-cell

activity based on this model [6] in this paper.

Although the dynamics of the membrane potential is mainly determined by the activity of the

KATP channels, these channels alone cannot evoke the membrane depolarization. The inward currents

through the transient receptor potential melastatin2 (TRPM2) channels are crucial for inducing the

membrane depolarization that follows the closure of the KATP channels [1]. The TRPM2 channel

is a Ca2+-permeable non-selective cation channel. It has been reported that the TRPM2 channel

activation enhances insulin secretion, and prolongs the burst duration of the Ca2+ concentration [7].

The dynamics of the membrane potential, including the TRPM2 current, has been expressed using

mathematical models [8, 9]. However, the TRPM2 conductance is not a quantitative value, and the

prolongment of the burst duration in the TRPM2 channel activation cannot be observed in these

models. Therefore, in this paper, we incorporated the TRPM2 current into the mathematical model

proposed by Riz et al. [6], and clarified effects of the TRPM2 channel on the membrane potential.

Our mathematical analysis reveals the mechanism of enhancing insulin secretion by the TRPM2

channel in pancreatic β-cells. We investigated the reproducibility of the results obtained following the

physiological experiments [7]. Furthermore, we revealed the mechanism through which the TRPM2

channel activation enhances the insulin secretion.

2. Methods
The TRPM2 current
The TRPM2 channel is Ca2+-permeable. The relationship between the membrane potential and the

TRPM2 current is linear. It is reported that in rat β-cells the TRPM2 channel activation enhances in-

sulin secretion, increases resting potential, and prolongs the duration of Ca2+ and inward currents [7].

In [7], if the TRPM2 channel is activated by its activator ex-4, the slope conductance and reversal

potential are 0.0823[nS] and −19.2[mV], respectively; otherwise, they are 0.0252[nS] and −4.4[mV],

respectively. Such tendency that the TRPM2 channel activation induces the increase of TRPM2 chan-

nel conductance and the decrease of the reversal potential of the TRPM2 channel is consistent with

other study [10]. In this paper, we set several values for the conductance and the reversal potential

of the TRPM2 channel to express several levels of TRPM2 activation.

We expressed the TRPM2 current ITRPM2 as follows:

ITRPM2 = gTRPM2(V (t) − VTRPM2), (1)

where V (t) is the membrane potential, and gTRPM2 and VTRPM2 are the TRPM2 conductance and
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reversal potential, respectively.

The dynamics of the membrane potential
We incorporated the TRPM2 current shown in Eq. (1) into the model that expresses the dynamics of

the membrane potential of a pancreatic β-cell by Riz et al. [6]. The Riz model has a small conductance

Ca2+-sensitive K+ (SK) channel, a large conductance Ca2+-sensitive K+ (BK) channel, a delayed

rectifier K+ (KV) channel, an ATP-sensitive K+ (KATP) channel, a Na+ channel, three voltage-

dependent calcium channels, an L-type Ca2+ (CaL) channel, a PQ-type Ca2+ (CaPQ) channel, a

T-type Ca2+ (CaT) channel, and a leak channel.

The dynamics of the membrane potential V (t) is expressed as follows:

Cm
dV (t)

dt
= −(IKATP + ISK + IBK + IKV + INa

+ ICaL + ICaPQ + ICaT + Ileak + ITRPM2),

(2)

where Cm is the membrane capacitance, variables IKATP, ISK, IBK, IKV, INa, ICaL, ICaPQ, ICaT, Ileak

and ITRPM2 are the currents of the KATP, SK, BK, KV, Na, CaL, CaPQ, CaT, leak, and TRPM2

channels.

The KATP channel closes as a result of an increase in the intracellular ATP concentration induced

by a glucose metabolism corresponding to the elevation of glucose concentration in the blood. The

closure of the KATP channel depolarizes the membrane potential, and triggers the insulin secretion

in a pancreatic β-cell. The KATP current IKATP is expressed as follows:

IKATP = gKATP
1

1 + [ATP]
(V (t) − VK), (3)

where [ATP] is a variable that mimics ATP levels, gKATP is a KATP conductance, and VK is a reversal

potential of the K+ channel.

The SK channel is one of the Ca2+-activated K+ channel, and its conductance is small. The SK

current ISK is expressed as follows:

ISK = gSK
[Ca2+]m(t)

5.2

KSK
5.2 + [Ca2+]m(t)

5.2 (V (t) − VK), (4)

where gSK is an SK channel conductance, a variable [Ca2+]m(t) is a submembrane Ca2+ concentration,

and KSK is a dissociation constant.

The BK channel is one of the voltage-dependent K+ channels, it is activated by the Ca2+ con-

centration. Therefore, we incorporated the TRPM2 current ITRPM2 into the BK current. The BK

current IBK is expressed as follows:

IBK = gBKmBK(−ICaL − ICaPQ − ICaT − ITRPM2 + BBK)(V (t) − VK), (5)

where gBK is a BK conductance, mBK is an activation variable of the BK channel, and BBK is the

basal Ca2+-independent activation of the BK channel.

The KV channel is the voltage-dependent K+ channel. The KV current IKV is expressed as follows:

IKV = gKVmKV(V (t) − VK), (6)

where gKV is a KV conductance, and mKV is an activation variable of the KV channel.

The flux of Ca2+ through the voltage-dependent Ca2+ channels regulates the intracellular signal

transductions, such as insulin secretion. The Riz model has three voltage-dependent Ca2+ channels:

CaL, CaPQ, and CaT. The CaL channel participates in the upstroke of action potential, and increases

the excitability of the pancreatic β-cell. The CaL channel has high voltage-dependence and large

conductance. The CaL current ICaL is expressed as follows:

ICaL = gCaLmCaL,∞(V )hCaL(V (t) − VCa), (7)
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where gCaL is a CaL conductance, mCaL,∞(V ) is an equilibrium activation variable, hCaL is an inac-

tivation variable, and VCa is a reversal potential of the Ca2+ channel.

The CaPQ channel is highly voltage-dependent, whose inhibition increases the spike frequency. The

CaPQ current ICaPQ is expressed as follows:

ICaPQ = gCaPQmCaPQ,∞(V )(V (t) − VCa), (8)

where gCaPQ is a CaPQ conductance, and mCaPQ,∞(V ) is an equilibrium activation variable.

The CaT channel has low voltage-dependence; it also has small conductance, compared to both the

CaL and CaPQ channels. The CaT current, ICaT, is expressed as follows:

ICaT = gCaTmCaT,∞(V )hCaT(V (t) − VCa), (9)

where gCaT is a CaT conductance, mCaT,∞(V ) is an equilibrium activation variable and hCaT is an

inactivation variable.

Blocking the Na+ channel reduces and prolongs the action potential amplitude. The Na+ current,

INa, is expressed as follows:

INa = gNamNa,∞(V )hNa(V (t) − VNa), (10)

where gNa is a Na conductance, mNa,∞(V ) is an equilibrium activation variable, hNa is an inactivation

variable, and VNa is a reversal potential of the Na+ channel.

The leak channel is always open. The leak current, Ileak, is expressed as follows:

Ileak = gleak(V (t) − Vleak), (11)

where gleak and Vleak are the leak conductance and reversal potential, respectively.

The submembrane Ca2+ concentration is changed due to the influx of Ca2+ currents. Therefore,

we incorporated the TRPM2 current into the dynamics of the submembrane Ca2+ concentration.

The submembrane Ca2+ concentration variable, [Ca2+]m(t), and the cytosolic Ca2+ concentration

variable, [Ca2+]c(t), are expressed as follows:

d[Ca2+]m(t)

dt
=fαCm(−ICaL − ICaPQ − ICaT − ITRPM2)/V olm

− f(V olc/V olm)[B([Ca2+]m(t) − [Ca2+]c(t))

+ JPMCA + JNCX],

(12)

and

d[Ca2+]c(t)

dt
= f [B([Ca2+]m(t) − [Ca2+]c(t)) − JSERCA + Jleak], (13)

where f is the free-to-total ratio of the Ca2+ concentration, α converts the currents to flux, V olm and

V olc are the volumes of the submembrane compartment and the bulk cytosol, B describes the Ca2+

flux from the submembrane compartment to the bulk cytosol, JPMCA and JNCX are the functions of

the flux through the plasma membrane Ca2+-ATPases (PMCA) and Na+-Ca2+ exchangers (NCX),

respectively. In Eq. (13), JSERCA is a function of the sarco/endoplasmic reticulum Ca2+-ATPase

(SERCA) pump-dependent sequestration of Ca2+ in the endoplasmic reticulum, and Jleak is a constant

of the leak flux from the endoplasmic reticulum to the cytosol.

In the original Riz model, there exist two more currents expressing the ligand-gated Cl− channel

current carried by GABAA receptor, and the human ether-a-go-go K+-channel current. However,

these channel currents are specific to human β-cells. In this paper, we excluded these human-specific

currents because our study is based on the experimental results of rat β-cells [7]. Table I shows the

parameter values used in the numerical experiments. The undescribed variables and parameter values

are the same as that of the Riz model [6].
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Table I. Parameter values used in the numerical experiments.

Cm = 1[pF] VK = −75[mV] gKATP = 0.13[nS] gSK = 0.1[nS]

gBK = 0.02[nS] gKV = 1[nS] VCa = 65[mV] gCaL = 0.3[nS]

gCaPQ = 0.17[nS] gCaT = 0.05[nS] VNa = 70[mV] gNa = 0.4[nS]

Vleak = −30[mV] gleak = 0.02[nS] KSK = 0.57[µM] f = 0.01

α = 5.18 × 10−2[µmol/pA/ms] V olm = 0.1[pL] V olc = 1.15[pL] B = 0.1[ms−1]

Jleak = 0.00094[µM/ms]

Firing patterns and definition of bursts
The model reproduces various firing patterns of the membrane potential (Fig. 1). Figure 1(a) reveals

that the parameters in Table I, except for gCaL = 0[nS] and gTRPM2 = 0[nS], are consistent with the

resting membrane potential. Figure 1(b) shows a firing followed by the resting state of the membrane

potential at the parameters in Table I, except gCaL = 0.283[nS] and gTRPM2 = 0[nS]. Figure 1(c) shows

continuous burst firings at the parameter gTRPM2 = 0[nS]. Figure 1(d) shows that persistent firings by

the membrane potential always correspond to the parameters in Table I, excluding gKATP = 0.01[nS],

gCaL = 0.07[nS], and gTRPM2 = 0[nS]. Normal insulin is secreted when there are action potential burst

firings [11].

Fig. 1. Various firing patterns of the membrane potential.

We numerically integrated the differential equations using the Euler method with the step size of

h = 0.01[ms]. When t0 and t1 were two consecutive times, t1 = t0 + h. If V (t1) − V (t0) < 0.05

was maintained for 5[s] or more, and the difference between the maximum and minimum membrane

potential was less than 20[mV], we determined that the membrane potential was in a resting state.

When the membrane potential was not in a resting state, we determined that it was in an active state.

When the active state was maintained for 5[s] or more, we determined it as a burst and its duration

is defined as burst duration. Thus, we determined that bursts fired continuously in active states of

the membrane potential, and did not fire at all in the resting states.

Using the above-mentioned condition, we investigated the burst duration, because it corresponds

to the duration of insulin secretion. A burst duration was defined as the first spike to the last spike

in a burst. When the membrane potential was kept in the resting state of the membrane potential

(Fig. 1(a)) or a firing followed the resting state of the membrane potential (Fig. 1(b)), the burst

duration was 0. In addition, when the membrane potential fired persistently (Fig. 1(d)), the burst

duration was equivalent to the observation time.
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3. Results

Reproducibility of the physiological experiments

The values of the TRPM2 conductance and reversal potential vary for every trial in the physiological

experiments [7]. Therefore, we investigated these effects on bursts by varying the TRPM2 conductance

and the reversal potential. The TRPM2 activation is represented by the increase in the TRPM2

conductance. In addition, longer bursts correspond to increased insulin secretion. Figure 2 shows the

resting membrane potential and burst duration per observation time when the TRPM2 conductance

gTRPM2 is increased from 0[nS] to 0.1[nS]. These conductance values are quantitatively close to the

physiological experiment [7]. In Fig. 2, the lines with filled circles show that VTRPM2 = −10[mV], lines

with open circles show that VTRPM2 = −20[mV], lines with crosses show that VTRPM2 = −30[mV],

lines with triangles show that VTRPM2 = −40[mV], and the lines with squares show that VTRPM2 =

−50[mV]. When the membrane potential shows no bursts or persistent firings, their durations per

observation time are 0 and 1, respectively.

Fig. 2. Variations in the resting membrane potential and the burst du-
ration when the TRPM2 conductance is increased. The lines with filled
circles show that VTRPM2 = −10[mV], lines with open circles show that
VTRPM2 = −20[mV], lines with crosses show that VTRPM2 = −30[mV], lines
with triangles show that VTRPM2 = −40[mV], and lines with squares show that
VTRPM2 = −50[mV].
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In Fig. 2(a), the resting potential increases at any reversal potential when the TRPM2 conductance

gTRPM2 is increased. This result is consistent with the physiological experiments [7]. When VTRPM2 =

−10[mV] (the line with filled circles), the membrane potential fires persistently, corresponding to

excessive insulin secretion at gTRPM2 > 0.077[nS]. For the same reason, the line with filled circles

peaks at 1 in Fig. 2(b). On the other hand, the line with squares (VTRPM2 = −50[mV]) reaches 0 at

gTRPM2 > 0.051[nS]. This corresponds to a lack of insulin secretion.

The physiological experiments [7] show that the TRPM2 activation prolongs the burst duration; the

TRPM2 conductance is 0.0823[nS] in the TRPM2 activated state. However, when VTRPM2 = −40[mV]

(the line with triangles), the burst duration is not directly proportional to gTRPM2 at gTRPM2 = 0.0823.

Further, when VTRPM2 = −30[mV] (the line with crosses), the burst duration does not increase at

gTRPM2 < 0.08[nS]. Therefore, it is assumed that the TRPM2 reversal potential is approximately

−20[mV]. This value is close to the value obtained in the physiological experiments −19.2[mV] under

the control condition wherein the TRPM2 channel is not activated [7].

As shown above, we confirmed that the TRPM2 reversal potential affects bursts. Here, we investi-

gated the effects of increased TRPM2 conductance gTRPM2 on the TRPM2 currents in Figs. 3(a)–(c).

Fig. 3. The TRPM2 currents ITRPM2 when the TRPM2 conductance gTRPM2

is increased. Orange lines show that gTRPM2 = 0.02[nS], blue lines show that
gTRPM2 = 0.035[nS], and black lines show that gTRPM2 = 0.08[nS].

506

Ikeguchi Laboratory 2021(p. 65 / 170)



In Fig. 3(a), the burst duration is prolonged, and the influx of the TRPM2 current is directly pro-

portional to the TRPM2 conductance. Increasing the influx of the TRPM2 current increases the

membrane potential, and shortens the quiescent duration.

As shown in Fig. 3(b), although the burst duration is long when VTRPM2 = −20[mV], the TRPM2

currents persistently burst. A comparison of Fig. 3(a) and 3(b) reveals that the influx of the TRPM2

current decreases when the TRPM2 reversal potential is low. This contributes to lengthen the burst

duration.

The TRPM2 reversal potential is directly proportional to the influx of the TRPM2 current, and

inversely proportional to the efflux. The efflux of the TRPM2 current corresponds to a low membrane

potential and firing difficulties. In Fig. 3(c), the relationship between the conductance and bursting

duration is reversed compared to Fig. 3(a) and (b), because the low reversal potential VTRPM2 =

−50[mV] induces the efflux of the TRPM2 current increase as the TRPM2 conductance increases.

Effects of TRPM2 channel on Ca2+ concentration and channel currents
The results of the TRPM2 reversal potential in our model were consistent with the physiological

experiment [7] as shown in the previous section. In this section, we investigated the mechanism

underlying enhancing insulin secretion by activating the TRPM2 channel.

The cytosolic Ca2+ concentration increases while the membrane potential exhibits bursts [12]; the

amount of insulin secretion may be inferred from the amplitude and duration of its concentration.

Therefore, the amount of insulin secretion corresponds to its area of concentration.

Figures 4 and 5 show time series of the membrane potential V and the cytosolic Ca2+ concentration

when the TRPM2 channel is blocked and under the control condition. Figures 4(a) and 5(a) represent

time series when the closure of the TRPM2 channel, gTRPM2 = 0[nS], and the control condition,

where gTRPM2 = 0.0252[nS] [7] in Figs. 4(b) and 5(b). The TRPM2 reversal potential VTRPM2 is set

to −20[mV], because the value is optimal for replicating the physiological experiments as shown in

the previous section.

Figures 4 and 5 show that the timing of the burst is consistent with the increase in the cytosolic

Ca2+ concentration, which is consistent with the physiological paper [12]. In Fig. 5, the line under

the TRPM2 control condition (Fig. 5(b)) rises faster, and returns more slowly to the resting state

Fig. 4. Time series of the membrane potential under the TRPM2 channel
block and control condition. (a) The line denotes that the TRPM2 channel
is blocked, i.e., gTRPM2 = 0[nS]. (b) The line denotes the control condition,
where the TRPM2 is represented as gTRPM2 = 0.0252[nS].

Fig. 5. Time series of the cytosolic Ca2+ concentration under the TRPM2
channel block and control condition. (a) The line denotes that the TRPM2
channel is blocked, i.e., gTRPM2 = 0[nS]. (b) The line denotes the control
condition, where the TRPM2 is represented as gTRPM2 = 0.0252[nS].
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than the voltage in Fig. 4. In addition, the resting Ca2+ concentration rises, and the amplitude

increases. These results indicate that insulin secretion can be increased by activating the TRPM2

channel. To compare these results quantitatively, we calculated the area S1 of the cytosolic Ca2+

concentration that represents the amount of insulin secretion in Fig. 6. The area, S1, is calculated

using
∫ t2
t1

([
Ca2+

]
c
(t) − [Ca2+

]
Res

)
dt, where t1 and t2 are the start and end time of the active state

and [Ca2+]Res is the average resting Ca2+ concentration. The resting state of the cytosolic Ca2+

concentration is described as when the value of 0.999 < [Ca2+]c(t+1)/[Ca2+]c(t) < 1.001 is maintained

for 5[s] or more. In addition, the active state is defined as when the cytosolic concentration is not in

the resting state. Figure 6 shows that the area of cytosolic concentration under the TRPM2 channel

control condition was approximately three times as large as it was when the TRPM2 channel is

blocked.

Fig. 6. The areas of [Ca2+]c(t) that denote the amount of insulin secretion.

Figure 6 shows that the TRPM2 channel increased the area of the cytosolic Ca2+ concentration

during insulin secretion. It is also important to investigate whether channels other than the TRPM2

channel regulate insulin secretion. We then calculated the areas S2 of the currents of the other

channels during the active states using S2 =
∫ t2
t1

I(t)dt, where t1 and t2 are the start and end time of

the active states, and I(t) is a target channel current. The definition of the active state is the same

as that of the membrane potential. In Fig. 7, the black boxes represent the condition under which

the TRPM2 channel is blocked, and white boxes represent the control condition. The calculation

conditions are the same as in Fig. 4. The outward and inward currents are represented by the rise

and fall of the lines, respectively. Figure 7(a) shows the area S2 of the currents of all the channels,

I(t) = IKATP + ISK + IBK + IKV + INa + ICaL + ICaPQ + ICaT + Ileak + ITRPM2. In Fig. 7(b)–7(k),

the results obtained from calculating the areas S2 of the individual channel current. In Fig. 7(b),

I(t) = ITRPM2, in Fig. 7(c), I(t) = ICaL, in Fig. 7(d), I(t) = ICaPQ, in Fig. 7(e), I(t) = ICaT, in

Fig. 7(f), I(t) = ISK, in Fig. 7(g), I(t) = IBK, in Fig. 7(h), I(t) = IKATP, in Fig. 7(i), I(t) = IKV, in

Fig. 7(j), I(t) = INa and in Fig. 7(k), I(t) = Ileak.

In Fig. 7(a), the inward currents are increased by activating the TRPM2 channel. Increasing the

inward currents induces the membrane depolarization to initiate the insulin secretion. In addition,

S2 of each channel current is shown in Fig. 7(b)–(k).

Figure 7(b)–(e) show results obtained from calculating S2 of Ca2+ currents. These currents are

negative because of the inward currents. All the inward Ca2+ currents increase when the TRPM2

channel is under the control condition. Specifically, activating the TRPM2 channel increases the

inward CaL and CaPQ currents (Fig. 7(c) and (d)). This is because the CaL and CaPQ channels

are voltage-dependent; thus, these channels are activated when the membrane potential is increased

by the activation of the TRPM2 channel. The increases in these inward currents exceed that in

the TRPM2 current. This indicates that the TRPM2 channel contributes to enhancing the insulin

secretion by increasing the CaL and CaPQ currents.

Figure 7(f)–(i) show the calculation results obtained for S2 of K+ currents. These currents are

positive, because of the outward currents. All the outward K+ currents increased when the TRPM2
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Fig. 7. The areas S2 of channel currents during the active states. In (a),
I(t) = IKATP + ISK + IBK + IKV + INa + ICaL + ICaPQ + ICaT + Ileak + ITRPM2,
in (b), I(t) = ITRPM2, in (c), I(t) = ICaL, in (d), I(t) = ICaPQ, in (e),
I(t) = ICaT, in (f), I(t) = ISK, in (g), I(t) = IBK, in (h), I(t) = IKATP, in (i),
I(t) = IKV, in (j), I(t) = INa, and in (k), I(t) = Ileak.

channel was under the control condition. The outward KV current, in particular, increased as a result

of the TRPM2 channel activation (Fig. 7(i)). This is because the increase in the membrane potential

due to the TRPM2 activation activates the voltage-dependent KV channel. Furthermore, the BK

channel is activated by the Ca2+ currents that are increased by the TRPM2 channel activation.

Thus, the outward BK current is increased by the TRPM2 channel activation (Fig. 7(g)).

Figure 7(j) and (k) show the calculation results of S2 of Na+ current and leak current. Both

inward currents are increased slightly by the TRPM2 channel activation. These results reveal that

the TRPM2 channel increases the inward currents. Specifically, the TRPM2 channel activates the
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voltage-dependent and Ca2+-sensitive channels with large conductance, and these activation increases

the cytosolic Ca2+ concentration. This increase in the cytosolic Ca2+ concentration leads to the

increase of inward currents, then contributes to the membrane activation and prolongment of the

burst duration. Consequently, insulin secretion is induced by the TRPM2 channel activation.

4. Conclusion
The activation of the TRPM2 channel has been reported to enhance insulin secretion, and prolong

the burst duration in the pancreatic β-cell [7]. In this paper, we incorporated the TRPM2 current

into the mathematical model proposed by Riz et al. [6], and investigated the reproducibility of the

experimental result [7] and effects of the TRPM2 channel on the membrane potential.

The results of the numerical experiments showed that the activation of the TRPM2 channel pro-

longs the burst duration when the TRPM2 reversal potential is close to the value observed in the

physiological experiments. These results support the relevance of the physiological experiments, and

confirm the effects of the TRPM2 channel on insulin secretion. This also indicates that the value of

the TRPM2 reversal potential is optimal in terms of efficient insulin secretion.

Furthermore, we investigated the effects of the TRPM2 channel on the other channel’s currents.

It was revealed that the TRPM2 channel increases the inward currents by activating the voltage-

dependent Ca2+-sensitive channels with large conductance; this activation increases the cytosolic

Ca2+ concentration. These results imply that this is the mechanism through which insulin secretion

is increased by the TRPM2 channel activation.

We have constructed a mathematical model including the TRPM2 channel. The effects and rela-

tionship between multiple ion channels in the pancreatic β-cells are still physiologically unknown in

detail. It is an important future issue to investigate the dynamics of our model by detailed analyses

such as a bifurcation analysis.

Pancreas consists of hundred millions of β cells and they are connected via gap-junctional connec-

tions. It may be beneficial to construct a network of our proposed model for understanding overall

network dynamics of the pancreas. In addition, our theoretical investigation contributes to a new

treatment for diabetes by activating TRPM2 channel. There exist several drugs such as calmodulin

and ex-4, which are known as a TRPM2 channel activator [13]. Using our model, we can design and

control the timing and the duration of drug perturbation for diabetes.

Finally, our model of TRPM2 channel is a simple conductance model, so that it can also be in-

corporated into neural models. Recently it has been reported that the TRPM2 channel could be a

therapeutic target for treating a wide variety of brain diseases, including Alzheimer’s disease, neuro-

pathic pain, bipolar disorder, and Parkinson’s disease [14]. It would be a future problem to investigate

the effects of TRPM2 channel to treatments for such diseases.
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Emotions are hubs in a network of colexification

1Mitsuki Fukuya 1Tomoko Matsumoto 2Yutaka Shimada 1Tohru Ikeguchi
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Studies on emotions from the viewpoint of languages have
been conducted [1]. They classified concepts of emotions by
analyzing a network of colexification.

Multiple concepts in polysemous words are related to colex-
ification. For example, a Spanish word “malo” expresses two
concepts; “BAD” and “SEVERE.” These concepts are per-
ceived as conceptually similar, colexified by “malo,” and re-
lated as colexification. This is the reason why colexifications
are useful for addressing issues about semantic structure[2]. To
analyze such colexification, we can use CLICS3[3] database,
which aggregates colexifications in 208 language families and
3, 061 languages[4, 5].

In Ref. [1], networks are created by assigning a concept to
a vertex and a colexification to an edge and weights of edges
are defined in the created network as the number of languages
that colexify two concepts which are connected by an edge.
Figure 1 shows how to create a network. In Fig. 1, red lines are
colexification, and blue ovals are concepts.

Figure 1: An example of creating a network

In Ref. [1], random walk was applied for a created network
to reveal communities of concepts that have many colexifica-
tion. Random walk is a procedure of moving from one specific
node to another specific node through the edges of a network
in n steps. Using the random walk, we obtain the transition
probability matrix on a network at n steps Pn. In the case of
Fig. 1, “SEVERE” and “UGLY” are easy to reach each other
through “BAD” by the random walk, then the transition prob-
ability between “SEVERE” and “UGLY” is high. Therefore,
concepts that are clustered closely together in a network will
have high transition probabilities, which reveal communities in
a network.

The transition probability matrix at one step (n = 1) is de-
fined as Pij = Aij/

∑N
k=1 Aik where Pij is the (i, j)th entry

of P , Aij is the (i, j)th entry of the weighted adjacency matrix
of a network A, and N is the number of vertices.

In Ref. [1], a new weighted adjacency matrix B(n) was
dedined as B(n) =

∑n
s=1 P s. Moreover, a new matrix B

(n)
E

is defined by choosing only the vertices of 24 typical emotional
concepts in B(n). They only analyzed the network of B

(5)
E to

research a network which has a minimal influence of colexifi-

cation with non-emotional concepts[1]. This is because n = 5

is the minimum number of steps that B
(n)
E becomes a complete

graph. As the result, their network has some similarity-based
communities of emotional concepts.

On the other hand, first, we increased the number of steps
of the random walk to investigate a network which has a max-
imum influence of colexification with non-emotional concepts.
Next, we defined Pn

E by choosing the vertices of 25 typical
emotional concepts by not integrating “HAPPY” and “HAPPI-
NESS” which were integrated as “HAPPY” in Ref. [1]. This
is because we create an accurate network from concepts in
CLICS3. Finally, we created a new network whose weighted
adjacency matrix is Pn

E using language data in CLICS3 to re-
veal the influence of increasing the number of steps. Figure
2 shows networks of Pn

E at n steps (top). and distributions of
weights of edges at n steps (bottom).

Figure 2: Networks and distributions of weights of edges at
step n

Fig. 2 shows qualitatively that weights of edges converge
as the number of steps increases. The bottom of Fig. 2 also
shows that every edge directed to a vertex has the same weight.
Furthermore, the weights of edges directed to specific vertices
(“GOOD”, “WANT”, “BAD”, and “LOVE”) were large. Then
results indicate that networks increasing the number of steps of
the random walk clarified existence of hubs rather than com-
munities.

In this study, we increased the number of steps of the random
walk for a network of colexification and analyzed the network.
From the results, we show that emotions are hubs in colexifica-
tion networks.
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Abstract

In studies on emotions from a perspective of natural language
processing, an investigation of basic emotions is receiving in-
creased attention. In this study, we investigated the basic emo-
tions from a perspective of colexification of emotional concepts
by discovering hubs in a network of colexification. Colexifica-
tion is a phenomenon in which a word possesses multiple con-
cepts and these concepts tend to be perceived as conceptually
connected. A network of colexification is created from colexifi-
cation in many languages by assigning a concept to a vertex and
colexification to an edge. We analyzed a network of colexifi-
cation consisting of vertices to which concepts of emotions are
assigned by defining hubs in this network as basic emotions.
As a result, we found four basic emotions: “GOOD,” “WANT,”
“BAD,” and “LOVE.”

1. Introduction

Investigations of basic emotions have been conducted from
various viewpoints. For example, C. Darwin studied basic emo-
tions from a perspective of evolutionary biology [1]. P. Ekman
also analyzed the basic emotions from a perspective of psychol-
ogy [2].

In recent years, from a perspective of natural language pro-
cessing, an investigation of emotions using colexification is re-
ceiving increased attention [5]. Colexification is a phenomenon
in which a word possesses multiple concepts [3]. Multiple con-
cepts which are colexified tend to be perceived as conceptually
connected [3, 4]. For example, in Spanish, the word “malo”
means two concepts, “bad” and “severe,” and thus these two
concepts are colexified each other in Spanish. Then a network
of colexification is created by assigning a concept to a vertex
and colexification to an edge. In a previous study [5], emo-
tions are classified into several groups by discovering commu-
nities in the network of colexification. Although basic emotions
have been defined from perspectives of evolutionary biology
and psychology [1, 2], the previous study [5] did not discuss
basic emotions from the perspective of the network of colexifi-
cation.

In this study, we identified hubs in a network of colexifi-
cation consisting of concepts of emotions and their colexifica-
tions in various languages. We then defined emotional concepts
corresponding to hubs as basic emotions because the concepts
corresponding to hubs and many other emotional concepts are
colexified, namely conceptually connected with each other, in
many languages. As a result, we found that four emotional con-
cepts, “GOOD,” “WANT,” “BAD,” and “LOVE,” are hubs in a
network of colexification, and these concepts are basic emo-
tions.

2. How to create a network of colexification

In a network of colexification, vertices represent concepts
and two vertices are connected by a weighted edge when their
corresponding concepts are colexified in one or more lan-
guages. The weights of the edges connecting vertices i and
j are denoted by Wij , and Wij is the number of languages
in which two concepts corresponding to vertices i and j are
colexified. Figure 1 shows an example of creating a net-
work of colexification from concepts “BAD”, “SEVERE”, and
“UGRY” which are colexified in Spanish, French, and Russian.

Figure 1: How to create a network of colexification.

In Fig. 1, no edges are drawn between “SEVERE” and
“UGLY,” however, both of these concepts and “BAD” are
colexified in these three languages. Therefore, “SEVERE”
and “UGLY” are also considered to have an indirect connec-
tion through colexification associated with “BAD.” To quantify
such an indirect relationship and clarify relationships between
distant vertices, we apply random walk to a network of colexi-
fication.

In our random walk model, random walkers move along
edges based on the transition probability matrix P = (Pij),
where Pij is the probability that a random walker on vertex i
moves to vertex j. In a network of colexification with N ver-
tices, P is defined as Pij = Wij/

∑N
s=1 Wis. Then, the transi-

tion probability matrix after n steps is Pn in this model.

In the previous study [5], the following procedure was ap-
plied to create a network of colexification.

1. Create a network of colexification from data of CLICS3

[4].

2. Calculate a transition probability matrix Pn for n =
1, . . . , 5.

3. Generate a network, denoted by GB(n) , whose weighted
adjacency matrix B(n) is defined by B(n) =

∑n
s=1 P s.

4. Create an emotional colexification network GC(n) whose
weighted adjacency matrix is C(n) by extracting vertices
corresponding to typical emotional concepts and edges
connecting them from the network GB(n) (Fig. 2).
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Figure 2: Extracting emotional concepts in a network of colex-
ification.

CLICS3 [4] is a database of colexification in 3, 061 lan-
guages. Several studies using features of colexification are
based on CLICS3 [6, 7]. In CLICS3, concepts are tagged
according to their attributes, and emotional concepts are also
tagged with “Emotions and values.” In the previous study [5],
24 emotional concepts are selected as typical emotional con-
cepts which are tagged with “Emotions and values” in CLICS3

according to previous studies about emotions [8–17]. Thus, the
size of the weighted adjacency matrix C(n) is 24 × 24.

When the number of steps in the random walk n is five, the
network GC(5) becomes a complete graph for the first time.
In other words, the minimum value of n satisfying C

(n)
ij > 0

for any pair of vertices i and j is five. In the previous study
[5], emotional concepts are classified into several groups by
detecting communities of the emotional colexification network
GC(5) . However, basic emotions are not taken into account.

3. Methods

In this study, we investigated vertices that are hubs in an
emotional colexification network to detect basic emotions from
a perspective of colexification. In an unweighted network, a
hub is a vertex with a large number of edges. In this study, the
emotional colexification network is a directed weighted net-
work, and thus we defined a hub as a vertex whose sum of
weights of in-coming edges is large. This is because a weight
of an edge in an emotional colexification network is related to
the number of languages in which the concepts corresponding
to vertices at both ends of the edge are colexified. Then, we
created an emotional colexification network and investigated
vertices which are hubs.

Let us discribe the (i, j)th element of Pn by∑NW

s1=1,s1 !=i,j

∑NW

s2=1 · · · ∑NW

sn=1 Pis1
Ps1s2

· · · Psnj , which
is the probability that a random walker moves from vertex i
to vertex j through paths of length n − 1. Thus, when n = 5,
the edge weight between vertices i and j in the network GB(n)

reflects the effect of indirect connections through other vertices
on paths with length at most n − 1. To take into account the
effect of long paths between two vertices, we increased the
number of steps n in the random walk to 103.

We created an emotional colexification network GQ(n) using
the following procedure.

1. Create a network of colexification using data from
CLICS3, and defining this network as GW and the num-
ber of vertices in GW as NW .

2. Calculate Pn for n = 103, and generating a directed

weighted network GP n whose weighted adjacency matrix
is Pn.

3. Create a directed weighted network GQ(n) whose
weighted adjacency matrix is Q(n) by extracting the ver-
tices corresponding to typical emotional concepts and
edges connecting from the network GP n .

When increasing the number of steps n in the random walk,
the values of elements in Pn become small. In the previous
study [5], the value of the (i, j)th element of C(n), namely
the edge weight, is dominantaly determined by the (i, j)th el-
ements of Pn with small values of n. Thus, the values of Pn

with large values of n have little influence on the edge weights
in a network GC(n) . Then, to take into account the values of
elements in Pn with large values of n, we create the emotional
colexification network GQ(n) from the network GP n .

We used 25 typical emotional concepts to create an emo-
tional colexification network. In the previous study [5], two
concepts “HAPPY” and “HAPPINESS” were treated as a sin-
gle concept. However, we treated them as distinct concepts be-
cause increasing the number of steps in the random walk may
detect differences in the vertices assigned to these concepts.

In this study, we investigated weights of edges in the net-
works GQ(n) as n = 1, 5, 102, and 103.

4. Results

Distributions of weights of edges in the networks GQ(n) as
n = 1, 5, 102, and 103 are shown in Fig. 3.

Figure 3 shows that weights of edges in the emotional colexi-
fication networks are likely to converge to a constant value as n
increases and edges with the same weights exist in the networks
GQ(102) and GQ(103) . We found that all edges with the same
weight were directed to the same vertex. We also confirmed
that edges with significantly large weights are directed to four
vertices: “GOOD,” “WANT,” “BAD,” and “LOVE.” Namely,
these four vertices are considered to be hubs in the emotional
colexification network.

Then, we defined a strength of in-coming edges of a vertex
whose index is i, denoted by In

(n)
i , as follows:

In
(n)
i =

N
Q(n)∑

j=1,j !=i

Q
(n)
ij , (1)

where NQ(n) is the number of vertices in GQ(n) . We also de-
fined the rank of vertex whose index is i in decending order of
In

(n)
i , denoted by ri, and a rate of change in In

(n)
i , denoted by

θi, as follows:

θi =
In

(n)
i

In
(n)
h

, (2)

where a vertex h is the vertex whose rank rh satisfies rh =
ri + 1.

The middle two columns in Table 1 show the values of
In

(103)
i and θi of vertices in the emotional colexification net-

work GQ(103) .
From Table 1, the four concepts, “GOOD,” “WANT,”

“BAD,” and “LOVE” have the largest values of In
(103)
i and

In
(103)
i of “LOVE” is 1.80 times larger than that of “FEAR

(FRIGHT).” These results indicate that these four vertices
stronger have in-coming weights. Then, we concluded that
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these four vertices corresponding to emotional concepts are
hubs in the emotional colexification network. We call these
four concepts hub concepts. Then, we defined these hub con-
cepts as basic emotions from the perspective of colexification.

Figure 3: Distributions of weights of edges when n = 1, 5, 102,
and 103.

We also researched relationships between hubs in the emo-
tional colexification network GQ(103) and the network of colex-
ification GW . Then, we generated an unweighted colexification
network, defining its adjacent matrix A as follows:

Aij =

{
1 (Wij #= 0)
0 (Wij = 0)

. (3)

Using the adjacent matrix A, the degree ki of vertex i in the
network of colexification GW is defined by

ki =

NW∑

j=1

Aij . (4)

Moreover, the strength gi of vertex i in the network of colexifi-
cation GW is defined as

gi =

NW∑

j=1

Wij . (5)

We showed the results of ki and gi (i = 1, . . . , 25) in the two
right columns of Table 1. We then compared the values of
In

(103)
i with those of ki and gi.

Table 1: ri, In
(103)
i , and θi in the network GQ(103) , and ki and

gi in the network GW .

ri vertex In
(103)
i θi ki gi

1 GOOD 4.49 × 10−2 1.17 126 420
2 WANT 3.81 × 10−2 1.07 156 356
3 BAD 3.55 × 10−2 1.57 72 332
4 LOVE 2.25 × 10−2 1.80 96 211
5 FEAR (FRIGHT) 1.25 × 10−2 1.03 42 117
6 GRIEF 1.21 × 10−2 1.16 35 113
7 LIKE 1.04 × 10−2 1.00 27 97
8 HAPPY 1.03 × 10−2 1.13 61 97
9 HATE 9.10 × 10−3 1.01 59 85

10 DESIRE 8.99 × 10−3 1.13 51 84
11 ANGER 7.92 × 10−3 1.07 46 74
12 REGRET 7.38 × 10−3 1.04 31 69
13 HOPE 7.06 × 10−3 1.13 25 66
14 ANXIETY 6.21 × 10−3 1.16 19 58
15 SHAME 5.35 × 10−3 1.31 43 50
16 PITY 4.06 × 10−3 1.11 13 38
17 ENVY 3.64 × 10−3 1.00 13 34
18 PROUD 3.64 × 10−3 1.89 20 34
19 SURPRISED 1.92 × 10−3 1.12 13 18
20 SAD 1.71 × 10−3 1.23 9 16
21 HAPPINESS 1.39 × 10−3 1.85 6 13
22 MERRY 7.49 × 10−4 1.75 7 7
23 JOY 4.28 × 10−4 1.33 1 4
24 WORRY 3.21 × 10−4 3.00 3 3
25 GLOOMY 1.07 × 10−4 1 1

Focusing on the four hub concepts “GOOD,” “WANT,”
“BAD,” and “LOVE” in Table 1, we found that ki and gi of
these four vertices are higher than those of other vertices, but
the rank order of ki is different from that of gi: for In

(103)
i <

In
(103)
j at any pairs of vertices (i, j), gi always satisfied gi < gj

but ki does not satisfiy ki < kj . Therefore, the values of gi are

related to those of In
(103)
i of a network of colexification. This

implies that hub concepts are likely related to the number of
languages in which hub concepts are colexified with other con-
cepts.

5. Conclusion

In this study, we created a network based on colexification
and investigated hubs in the network to define basic emotions
from a perspective of colexification. We also increased the
number of steps in the random walk which is applied to a net-
work of colexification and investigated indirect relationships
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between emotional concepts via non-emotional concepts. As
a result, we confirmed that the vertices corresponding to the
following emotional concepts are hubs: “GOOD,” “WANT,”
“BAD,” and “LOVE.” We also found that hub concepts in a
network of colexification tend to be colexified with other con-
cepts in many languages. In this sense, these four emotional
concepts are basic emotions.

The four basic emotions that we discussed here are differ-
ent from basic emotions in other fields; C. Darwin gave ba-
sic emotions as “SAD,” “HAPPY,” “ANGER,” “CONTEMPT,”
“HATE,” “FEAR,” and “SURPRISED”, and P. Ekman gave ba-
sic emotions as “ANGER,” “FEAR,” “DISGUST,” “SAD,” and
“ENJOY”. Therefore, it implied that the basic emotions from
a perspective of colexification are different from those in other
fields. However, B. Spinoza gave basic emotions from a per-
spective of ethics: “PLEASURE,” “SAD,” and “DESIRE” [18].
Although no emotion corresponds to “WANT” in the basic
emotions given by C. Darwin and P. Ekman, the basic emotions
given by B. Spinoza include the emotion “DESIRE” which
may correspond to “WANT” in our case. Therefore, the ba-
sic emotions from a perspective of colexification in this study
are closely related to the basic emotions defined by B. Spinoza
from a perspective of ethics.
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Abstract—In this study, we investigated the similari-
ties between inter-point distance distributions on original
and reconstructed attractors, by varying the reconstruction
parameters for reconstructing a dynamical system using a
time-delay coordinate system. The results show that the
product of the reconstruction dimension and the time-delay
should be constant to obtain high similarity.

1. Introduction
The goals of time series analysis include understanding

characteristics of systems, generating appropriate models,
predicting time series accurately, or controlling systems ef-
fectively, from time series data. In particular, understand-
ing the characteristics of systems is of paramount impor-
tance. In nonlinear time series analysis, it is known that an
attractor of the dynamical system can be reconstructed only
from observed time series, even when all the state variables
of the system cannot be observed, through a time-delay co-
ordinate system [1, 2]. When using the time-delay coordi-
nate system, attractors cannot be properly reconstructed if
we fail to set appropriate reconstruction parameter values.
In particular, it is not easy to set appropriate reconstruc-
tion parameters when finite data length is only available
as in the real world. If the attractor is reconstructed with
appropriate parameter values, the reconstructed attractor is
expected to be similar in geometric structure to the original
attractor. The geometric structure of the attractor is closely
related to the fractal dimension, and a method of estimat-
ing the fractal dimension using the inter-point distance dis-
tribution on an attractor has been proposed [3]. Thus, this
paper focuses on the inter-point distance distribution on the
attractor as a geometric feature and investigates the dissim-
ilarity between the inter-point distance distributions on at-
tractors using the Jensen–Shannon (JS) divergence [4].

2. Evaluation procedures and methods
In this study, the Lorenz equations [5] are used as an ex-

ample of a chaotic dynamical system. First, we normalize
the three variables xt, yt and zt of the Lorenz equations to
the range [0, 1]. For example, the variable xt is normalized
by x̂t = (xt − xmin) / (xmax − xmin), where x̂t is the normal-
ized xt and xmax and xmin are the maximum and minimum
values of xt. The variables yt and zt are normalized in the
same manner. We define a point at time t on the normalized
Lorenz attractor as v(t) = (x̂t, ŷt, ẑt). Then, we transform
the normalized time series x̂t into the time-delay coordi-
nate system: x(t) = (x̂t, x̂t+τ, · · · , x̂t+(m−1)τ), where m is
the reconstruction dimension and τ is the time-delay. Let
dv(i, j) be the inter-point distance between points v(i) and

v( j) on the normalized original attractor, and dx(i, j) be the
inter-point distance between points x(i) and x( j) on the nor-
malized reconstructed attractor. We calculated dv(i, j) and
dx(i, j) for every pair i and j and normalized the distances
such that the mean and variance of the distances would
be zero and unity. Then, we generate the inter-point dis-
tance distributions Pv and Px from the normalized inter-
point distances. Finally, we calculate the JS divergence
DJS(Pv, Px) between inter-point distance distributions Pv
and Px. The same procedure is applied to the variables y
and z to calculate DJS(Pv, Py) and DJS(Pv, Pz).

3. Numerical experiments
We calculated the JS divergence when the reconstruc-

tion dimension m and the time-delay τ were varied in the
range of 1 ≤ m ≤ 20 and 1 ≤ τ ≤ 20. The Lorenz
equations were solved using the fourth order Runge-Kutta
method with a step size of 0.01. We used 5,000 data
points after removing 100,000 data points as transient
states. The result for the variable xt is shown in Fig. 1.
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Figure 1: JS divergence between
inter-point distance distributions of
the original and reconstructed
Lorenz attractors (variable x).

Figure 1 shows that
as the reconstruction
dimension increases,
the JS divergence
is minimized with
a small time-delay.
By contrast, as the
reconstruction di-
mension decreases,
the JS divergence
is minimized with a
large time-delay. This
is because the trajec-
tories on attractors
unfolded even in low dimensions when the time-delay is
large. This result reveals that the reconstruction parameter
values that minimize the JS divergence followed a curve
where the products of the reconstruction dimension m and
the time-delay τ are constant.
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Grant Numbers JP17K00348, JP20H00596, JP21H03508,
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Abstract—In this study, we investigated how the event
generation of bicycles rented and returned in a bike sharing
system behaves using real usage history data as a point pro-
cess. As a result, it is suggested that the event generation
of bicycles rented and returned follows a Poisson process
when we restricted the usage history to working days from
8:00-20:59.
1. Introduction

In bike sharing system (BSSs), when many bicycles are
used, the number of bicycles at each port becomes unbal-
anced. To overcome this problem, capacited vehicles need
to relocate the bicycles at each port. Thus, we have al-
ready proposed a method for finding optimal tours of vehi-
cles in short time [1]. To investigate the performance of the
proposed method [1], we generated original benchmark in-
stances with randomly placed ports in the numerical experi-
ments. However, it is important to built realistic benchmark
instances from actual usage history of rented and returned
bicycles to realize effective strategies for rebalancing bicy-
cles in real BSSs. Thus, in this study, we conducted statis-
tical analysis of usage history data of bicycles of four BSSs
(Boston, Washington D.C., New York and Chicago).
2. Statistical Analysis

To analyze how the temporal patterns of events of rented
and returned bicycles at each port behave, we treat the us-
age history data as a point process in this study. The data in-
clude time stumps when a bicycle was rented and returned
with the IDs of ports. Then, we defined the generation of
an event as the time when a bicycle is rented or returned.
We analyzed two point processes, rented and returned, sep-
arately. To analyze these point process data, we used raster
plots and coefficient of variation (CV).

In this article, we only show results of New York BSS
[2]. Figure 1 shows the raster plot of rented bicycles in
New York from 1st to 7th August 2019. The horizontal
axis shows time in minutes and the vertical axis shows the
port ID (the total number of ports is 794). From Fig. 1,
we can see a periodic pattern, which indicates that many
bicycles are used during the daytime and few bicycles are
used during the midnight.

Next, we calculate inter event interval (IEI) from rental
and return timings. Using the IEI, we calculated coefficient
of variation, CV = σ/x̄, where σ is the standard deviation
of IEI and x̄ is the mean of IEI. If CV = 0, IEI is regular,
and if CV = 1, IEI follows the Poisson process. Figure 2
shows a result of CV of rented bicycles on August 2019 in
New York. The horizontal axis shows the port ID and the
vertical axis shows the CV values. In Fig. 2, the red line
shows CV of rented bicycles using all the data (31 days) of
August 2019. If we use all the data of August 2019, the CV
value is larger than unity. From Fig. 1, users rarely rent a

Figure 1: Rater plot representation of timings of rented bi-
cycles of New York. The black points represent that the
bicycles are rented.

Figure 2: CV values of rented and returned bicycles on
August 2019 in New York. We have removed ports which
have only one IEI.

bicycle at midnight. Then, we calculated the CV values by
removing events from 21:00-7:59 and weekends. In these
cases, we used the edge-connecting method (CN) [3] to ob-
tain the IEI. The black line shows CV of rented bicycles
calculated from IEI of working days from 8:00-20:59. The
blue line shows CV of returned bicycles calculated from
IEI of working days from 8:00-20:59. As a result, the CV
values take values near to unity at almost ports. These re-
sults indicate that events generation of bicycles rented and
returned follow the Poisson process.
3. Conclusion

In this study, to determine how the temporal patterns of
rented and returned bicycles of BSSs exhibit, we used a
raster plot and the coefficient of variation to analyze real
usage history of BSSs. From the result of raster plot, we
can see a periodic pattern, which indicates that many bicy-
cles are used during the daytime and few bicycles are used
during the midnight. Then, from the results of the coef-
ficient of variation, it is suggested that the temporal pat-
terns of bicycles rented and returned of working days from
8:00-20:59 follow a Poisson process. This research is par-
tially supported by the JSPS Grant-in-Aids for Scientific
Research (No. JP20H000596 and JP21H03514).
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Abstract—In recent years, information diffusion on
static networks is well discussed. We have already reported
that the contact order of vertices with high eigenvector
centralities affects information diffusion on the temporal
networks. In this paper, in addition to the eigenvector
centrality, we introduced closeness and betweenness cen-
tralities and defined a synthetic centrality by integrating
these three centralities. We then investigated the relation-
ship between the contact order of vertices with high syn-
thetic centralities and information diffusion on temporal
networks. As a result, we found that if contacts with high
synthetic centralities occurs more frequently in the early
term, the information spreads more widely in case that
the information is influential and the decay of interest is
strong.

1. Introduction
Many researches on information diffusion have been re-

ported. These researches are mainly applied to static net-
works [1–3]. However, the real world is not static but dy-
namic, which means that we have to analyze not only static
networks but also temporal networks (TN) whose structure
changes dynamically. We have already reported that the
contact order of vertices with high eigenvector centralities
affect information diffusion on the TNs [3]. However, many
centralities other than the eigenvector centrality can also
be important measures on information diffusion. In this
paper, we define a synthetic centrality as the average of
three centralities: eigenvector, closeness, and betweenness
centralities. We then hypothesize that if contacts of ver-
tices with high synthetic centralities occur more frequently
in the early term or late term of information diffusion, the
information spreads more widely. To validate this hypoth-
esis, we produce surrogate networks that have high syn-
thetic centralities in the early term or the late term, and
compared the final diffusion rates of the original temporal
network and those of surrogate networks.

2. Numerical Experiments
We obtain TNs by transforming a face-to-face contact

data sets taken at a high school in France [4, 5]. Let us
describe the (i, j)th component of the adjacency matrix of
the TNs at time t as Aij(t). If there is a contact between
two vertices (people) i and j at time t, Aij(t) = Aji(t) = 1,
otherwise Aij(t) = Aji(t) = 0. These contacts are recorded
every 20 seconds. Then, we use the model of information
diffusion proposed in Ref. [3]. We define the interest level
on information of vertex i as xi(t). It follows: xi(t+ 1) =
gi(τ, t)xi(t) + αH(xi(t) − θi)

∑

j∈Gi(t)

F (xj(t)− θj), where

F (x) is the step function; Gi(t) is the set of adjacent ver-
tices of vertex i at time t; θi is the threshold of vertex i
and follows a truncated normal distribution with an aver-
age µ = 0.5 and a variance σ2 = 0.04 which lies within the
range [0, 1]; α is the influence of information; gi(τ, t) = τ ,
if t − t∗i ≡ 0 (mod 3600), otherwise gi(τ, t) = 1 and t∗i
is the timing when vertex i first receives the information;
τ(τ < 1) is a decay coefficient; and H(x) = 0, if x ≥ 0,
otherwise H(x) = 1.

Next, we define a synthetic centrality of vertex i as
Zi = (Ei + Ci + Bi)/3, where Ei is the eigenvector cen-
trality [6], Ci is the closeness centrality [7], and Bi is the
betweenness centrality [8] of vertex i. Note that we cal-
culated Ei, Ci and Bi on the static network in which all
contacts are merged. We normalized them [6–8] in the
range of [0, 1]. We define the synthetic centrality of con-
tact (i, j) as Zmax

ij = max{Zi, Zj}. Then, we define con-
tacts with high Zmax

ij as influential contacts in informa-
tion diffusion, because these contacts include vertices with
high Zmax

ij which can play an important role in informa-
tion diffusion. To make surrogate networks, we sort all
contacts except the first contact in the descending order or
the ascending order. We define the final diffusion rate S as
the fraction of the number of vertices whose interest level
reaches the threshold once before the diffusion ends. Sub-
sequently, we evaluate S using the proposed model on the
original TN and its surrogate networks by changing α when
τ = 0.95 and 0.99. We define the first contact as (i∗, j∗)
and set the initial interest level of vertex i∗ as xi∗(0) = 1
to start the diffusion. The results are shown in Fig. 1.
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Figure 1: Relationship between α and S on the original TNs and
their surrogate networks. (a)τ = 0.95 and (b)τ = 0.99.

From Fig. 1, we found that S obtained from the surrogate
networks whose contacts are sorted in descending order is
higher than that of the original TN, where α ≥ 0.03 and
τ = 0.95.

3. Conclusion
In this paper, to investigate how network centralities of

vertices on a temporal network affect the information dif-
fusion, we compared the final diffusion rate of the original
temporal network and its surrogate networks. The results
suggest that if contacts are sorted in the descending order
of the synthetic centrality, the information spreads more
widely, if the information is influential (α ≥ 0.03) and the
decay of interest is strong (τ = 0.95). This research is par-
tially supported by the JSPS Grantin-Aids for Scientific
Research (Nos. JP17K00348, JP20H00596, JP21H03508
and JP21H03514).
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Abstract—Recent researches on languages based on
complex network theory have revealed structural features
of various word co-occurrence networks (WCNs) created
from text documents written in different languages. The
WCN consists of vertices that correspond to words (mor-
phemes) and edges that connect n consecutive words in a
sentence, based on n-gram. Most of researches used WCNs
transformed with n = 2 (bigram). However, it is not suf-
ficient to investigate structural features of the WCNs only
in case that n = 2. In this study, we investigated structural
features of WCNs created from the New Testament of the
Christian Bible for nine languages, when n is increased.
The result shows that language analysis with WCNs cre-
ated as n increases is an essential way to reveal structural
features of multiple languages.

1. Introduction
There are about 6, 800 different languages in the world,

and various studies have been conducted. Recent re-
searches on word co-occurrence networks (WCNs) have
revealed commonalities and differences in their structures
among multiple languages [1]–[3]. In WCN, n consecutive
words are connected to each other. We have already inves-
tigated the structural features of WCNs transformed from
the New Testament of the Christian Bible [4] when n = 2
(bigram). However, there is an issue that WCNs can cover
only a part of syntactic dependency relations [5] if n = 2.
Therefore, in this study, we investigated structural features
of three different WCNs constructed by connecting n con-
secutive words (n = 2, 3, 4), namely, bigram, trigram and
quadrigram.

2. Method for transforming documents into word co-
occurrence networks

We used the New Testament of the Christian Bible trans-
lated into nine languages [4]. The reasons why we used
these documents are two folds: (i) the content of these doc-
uments is the same, and (ii) these documents are translated
into many different languages. First, we applied a morpho-
logical analysis to the documents to divide a sentence into a
prototype of words and obtained their part-of-speech (PoS).
Then, we treated the pair of the prototype and its PoS as a
vertex. Next, we created unweighted and undirected WCNs
with n = 2, 3 and 4. In WCN, n vertices are connected with
each other if their corresponding words are consecutive in
at least one sentence. Note that the duplication of words or
connections between words are not allowed, and symbols
are excluded. Figure 1 shows an example of transforming
the documents into WCN. In Fig. 1, the upper part of the
vertices expresses a prototype of the word, and the lower
part of the vertices expresses the PoS tag [6].

3. Results
We calculated the clustering coefficient (C) [7] and the

average path length (L) [7] of WCNs. Figure 2 shows the
results of the relation between C and L for the WCNs.

Figure 1: An example of transforming documents into WCNs.

ɹɹɹɹɹɹɹ
ɹɹɹɹɹ

ɹɹɹɹɹɹɹ
ɹɹɹɹɹ

ɹɹɹɹɹɹɹ
ɹɹɹɹɹ

Figure 2: Relation between C and L. (a) n = 2, (b) n = 3 and
(c) n = 4. !, ©, " and # express the Gospels of Matthew, Mark,
Luke and John, respectively.

In Fig. 2(a) and (b), the values of C increase for all lan-
guages when n increases from n = 2 to n = 3. However,
the values of C remain almost unchanged when n increases
from n = 3 to n = 4 in Fig. 2(b) and (c). On the other
hand, the values of L approach unity for all languages as n
increases in Fig. 2, because words that are not connected
when n = 2 are connected as n increases. As a result, the
number of shortcuts in the WCNs increases. In addition,
Fig. 2 shows that the increasing rates of C and L vary
across languages as n increases. For example, from Fig.
2(a) and (b), we can see that the value of C of Japanese
(red) increases from 0.4 to 1.2 and the value of L increases
from 1.04 to 1.0. The increasing rate of C in Japanese is 3.0
and that of L is 0.96. On the other hand, the value of C of
English (blue) increases from 1.0 to 1.2 and the value of L
increases from 0.99 to 1.0. The increasing rate of C in En-
glish is 1.2 and that of L is 1.01. Therefore, we could reveal
hidden structural features of WCNs by using the increasing
rates of C and L as n increases.
4. Conclusion

In this study, we constructed WCNs by connecting n
consecutive words and analyzed structural features of the
WCNs by increasing n. As a result, we found that the
structural features of the WCNs changed differently as n
increases, depending on the language.

This research is partially supported by the JSPS Grant-
in-Aids for Scientific Research (Nos. JP18K12701, JP20H
00596, JP21H03514 and JP21H03508).
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Abstract—It is widely acknowledged that neurons show
irregular responses with periodic inputs. In this study, we
numerically analyzed responses of the Izhikevich neuron
model to sinusoidal inputs. Evaluating the diversity index
of inter spike intervals (ISIs), we discovered that sinusoidal
inputs can produce irregular responses of the Izhikevich
neuron model.

1. Introduction
It is experimentally shown that real neurons exhibit

irregular responses such as chaotic responses or quasi-
periodic responses under periodic stimuli such as sinu-
soidal inputs [1][2]. In Ref. [3], responses of the Izhikevich
neuron model [4] to sinusoidal inputs were studied and var-
ious mode-locked states were observed. In this study, we
used the Izhikevich neuron model with a parameter set of
a regular spiking (RS) neuron and analyzed whether sinu-
soidal inputs can produce non-periodic responses.

2. Experiments
In this study, the Izhikevich neuron model were stimu-

lated by a periodic input current defined as I(t) = IDC +
IAC = IDC + A sin (2π/T )t, where IDC is a constant part and
IAC is a periodic part. We set IDC = 10 and changed the
amplitude A in a range of 0 ≤ A ≤ 10 and the period T in a
range of 1 ≤ T ≤ 2000.

To evaluate the response of the Izhikevich neuron model,
we used the diversity index of inter spike intervals (ISIs),
which is defined as R = m/n [5], where m and n represent
the number of the kinds of ISIs and the total number of
ISIs, respectively. In this study, if the ith and the jth ISIs
are equal to two decimal places, these ISIs are defined to
be the same. Then, R → 0 means a periodic response and
R→ 1 implies an irregular, possibly a chaotic response.

Figure 1 shows the diversity indices of ISIs by chang-
ing the amplitude and the period of the sinusoidal inputs.
The color bar represents the diversity index of ISIs. In Fig.
1, the region where the diversity indices are close to zero
corresponds to periodic responses and the region where
the diversity indices are close to unity corresponds to ir-
regular responses. When the period T is relatively small,
amplitudes less than six can result in periodic responses.
However, as T increases, the boundary between periodic
responses and irregular responses in Fig. 1 converges to
the amplitude A = 6.

Figure 2 shows an example of trajectories of the model.
Figure 2(a) corresponds to a periodic response and Fig.
2(b) corresponds to an irregular response. In Fig. 2(a),
when A is greater than six, the v-nullcline intersects with
the u-nullcline if the sinusoidal input takes the minimum
value (I(t) = IDC − A). In contrast, in Fig. 2(b), when A
is less than six, the v-nullcline does not intersect with the
u-nullcline. When the amplitude A = 6, the v-nullcline
is tangent to the u-nullcline at the minimum value of I(t).

These characteristics could play a crucial role in producing
irregular responses of the Izhikevich neuron model stimu-
lated by the sinusoidal inputs.

Figure 1: Diversity indices of ISIs in case that the ampli-
tude A and period T changed.
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Figure 2: Trajectories induced by the sinusoidal inputs of
(a) a 9-period response (A = 7.5, T = 200) and (b) an
irregular response (A = 2.5, T = 200).

3. Conclusion
In this study, we evaluated responses of the Izhikevich

neuron model with sinusoidal inputs by the diversity in-
dex of ISIs. As a result of numerical experiments, even
if the parameters of the Izhikevich neuron model is set
to RS parameters, irregular responses can be observed if
the two nullclines do not intersect. The diversity index
of ISIs is a simple method for distinguishing periodic re-
sponses and irregular responses. Therefore, one of the
important future issues is to determine whether irregular
responses are chaotic or not in a rigorous way. This re-
search is partially supported by the JSPS Grant-in-Aids for
Scientific Research (No. JP17K00348, JP20H000596 and
JP21H03514).
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Abstract  Spontaneous pupil size fluctuations in humans and 

mouse models are noninvasively measured data that can be used 

for early detection of neurodevelopmental spectrum disorders. 

While highly valuable in such applied studies, pupillometry 

dynamics and dynamical characteristics have not been fully 

investigated, although their understanding may potentially lead 

to the discovery of new information, which cannot be readily 

uncovered by conventional methods. Properties of pupillometry 

dynamics, such as determinism, were previously investigated for 

healthy human subjects; however, the dynamical characteristics 

of pupillometry data in mouse models, and whether they are 

similar to those of human subjects, remain largely unknown. 

Therefore, it is necessary to establish a thorough understanding 

of the dynamical properties of mouse pupillometry dynamics 

and to clarify whether it is similar to that of humans. In this 

study, dynamical pupillometry characteristics from 115 wild-

type mouse datasets were investigated by methods of nonlinear 

time series analysis. Results clearly demonstrated a strong 

underlying determinism in the investigated data. Additionally, 

the ����!�� �����
����� ��������
�� rate and predictability were 

estimated. 

I. INTRODUCTION 

Spontaneous pupil size fluctuations are controlled by the 
autonomous nervous system. Even under constant conditions 
pupil size fluctuates and produces complex, seemingly random 
dynamics [1,2]. Pupil size fluctuations can be used to track 
changes in mental states and behavioral performance [3]. 
Pupillometry data of both human subjects and animal models 
have been utilized in numerous applied studies [1-6], including 
those on neurodevelopmental disorders [4,5]. This makes a 
thorough understanding of the dynamics of pupillometry an 
essential task.  

The activity of the brain is highly fluctuating even at the 
resting state. This intrinsic brain fluctuation may influence the 
control system of the pupil to produce spontaneous pupillary 
fluctuations in the time series waveform that possesses a great 
complexity. Yet, while there are numerous applied studies 
involving pupil size fluctuations, there seem to be few that 
investigate its dynamics and properties in detail. In [1,2] 
pupillometry dynamics from healthy human subjects was 
investigated by methods of nonlinear time series analysis, 
which have been found useful in numerous studies on the 
dynamics of complex biological signals [7]. In [1,2] the 
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applied analysis included the time-delay-reconstruction 
method, the method of surrogate data, and calculation of 
correlation dimension, the largest Lyapunov exponent, 
recurrence plot, recurrence rates and determinism, which are 
recurrence plot quantification analysis measures. As a result, 
the determinism of the !��%-!2� !.&�'� ,.�#��-,9� data was 
reported in both studies, and, additionally, in [2] its dynamics 
was claimed to be deterministic chaos.  

Spontaneous oscillations of pupil size in mouse models 
have been taken as a noninvasive biomarker to address such 
important and challenging problem as the early detection of 
neurodevelopmental disorders like autism [5]. Full 
understanding of the underlying pupillometry dynamics and 
the extent to which their properties are similar across species 
may provide new valuable information that could not be 
uncovered by previously applied analysis methods, potentially 
yielding better results in existing studies. While some attention 
has been paid to human pupillometry dynamics as above, 
practically no studies have investigated the pupillometry 
dynamics of mice, which can be experimentally manipulated 
in preclinical models. Thus, a detailed investigation of mouse 
pupillometry dynamical characteristics is needed.  

Pupillometry data from wild-type (WT) mice are used as a 
control for comparison with diseased mouse models [5]. So, in 
this study, we aimed to confirm whether the WT mouse 
pupillometry data have dynamical characteristics similar to 
those of healthy human subjects, whose dynamics were found 
to be deterministic and even claimed to be chaotic [1,2]. 
Presence of 8determinism9 implies that the dynamical system 
is determined by a certain rule and its evolution is defined by 
the current state and past information, making it one of the 
defining properties of deterministic chaos. However, it is a 
very challenging task to prove that experimentally measured 
pupillometric data have chaotic dynamics. So, in this study, 
besides the determinism criterion, we estimated two more 
important properties of complex dynamical systems, namely 
trajectory divergence and predictability, which can provide a 
clue on the underlying pupillometry dynamics. The presence 
of trajectory divergence as well as the possibility to obtain 
short-term predictions, i.e. forecast process state in short-time 
(but not long-time) evolution, are important properties of a 
chaotic dynamical system. Thus, the determinism, trajectory 
divergence, and predictability of collected WT data [5] were 
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carefully tested by multiple methods of nonlinear time series 
analysis.   

II. MATERIALS AND METHODS  

A. Data 

Here, spontaneous pupillary fluctuation data recorded by 
an infrared camera with 50 Hz sampling frequency from 115 
WT mice were used. Awake mice were head-fixed but freely 
moving on a circular treadmill under dim light conditions 
(50 lux) to allow pupil fluctuations [5]. Pupil size data were 
collected over 30-minute periods by an infrared camera aimed 
at the right eye. Data included a variety of age groups from 
postnatal day P20 to P369. Animal care and experimental 
procedures were performed in accordance with protocols 
�))+(/��� �2� -!�� �(,-('� �!"%�+�'9,� �(,)"-�%� 
',-"-.-"('�%�
Animal Care and Use Committee [5]. Detailed information on 
the experimental procedure can be found in [5]. 

Data were preprocessed by a low-pass filter with a 
passband frequency of 6 Hz before the analysis. An example 
of the resulting pupillometry time series is shown in Fig. 1. 

B. Analysis 

Methods of nonlinear time series analysis were applied to 
the WT mouse pupillometry data to unveil its dynamical 
properties. Most of the methods of nonlinear time series 
analysis require complete state-space information of the 
process dynamics. However, for the experimentally measured 
data often only a single variable observation is all that is 
available. The method of time-delay reconstruction [7] allows 
one to obtain possible dynamics of the process in m-
dimensional phase space based on single variable observation, 
x(t). Therefore, first, the possible dynamics was reconstructed 
in the phase space by the time-delay embedding technique.  

To avoid reliance on a single measure to test pupillometry 
dynamics properties, multiple tests were applied to the 
reconstructed trajectory. The Wayland test translation error 
(WTE) [8], which allows to estimate determinism of the data 
as well as provides an estimate on the level of the noise present 
in the data, was calculated. Then, the recurrence plot (RP) 
method [9], which utilizes neighborhood relations to visualize 
m-dimensional system dynamics as a 2-dimensional binary 
image, was applied. Depending on the typ�� (�� ,2,-�&9,�
dynamics RP has a unique pattern that qualitatively 
characterizes a dynamical system. As the RP provides only 
qualitative characteristics of investigated data, the recurrence 
quantification analysis (RQA) [9] was performed. RQA 
quantifies underlying structures in RP, and, therefore, allows 
one to go beyond RP image-based qualitative results. Then the 
largest Lyapunov exponent (LLE), which provides qualitative 
and quantitative characteristics of the dynamical system, was 
calculated. Qualitatively, a positive LLE implies the presence 
of trajectory divergence and is recognized as a hallmark of 
chaos. Quantitatively the value of the LLE measures the 
trajectories divergence rate. As the LLE reflects important 
properties of a dynamical system, it is one of the methods of 
nonlinear time series analysis frequently used in applied 
studies. In this study, the LLEs were calculated by the 
Rosenstein et al. method [10]. Finally, the deterministic 
'('%"'��+� )+��"�-"('�&�-!(��0�,� �))%"��� -(� �,-"&�-�� ��-�9,�
predictability. Presence of the short-term predictability can be 
recognized as a sign of data determinism [7]. Additionally, the 

method of surrogate data [11] was applied to the LLE and 
prediction results to address the issue of the noise 
contamination in the experimental data. 

 

Figure 1. An example of preprocessed wild-type mouse spontaneous 
pupillary fluctuations time series. 

III. RESULTS 

A. Time-Delay Reconstruction 

The time-delay-reconstructed trajectory was calculated for 
all datasets. The dimension necessary for the reconstruction 
was estimated by the false nearest neighbors method [7]. The 
minimum embedding dimension was estimated as m=4 for 22 
datasets and as m=3 for the rest of the datasets; therefore, the 
reconstruction dimension was chosen as m=4 for further 
calculations. The value of time delay, :� applied in time-delay 
reconstruction was chosen as the time when the time series 
autocorrelation function falls below (1-1/e). Figure 2 
demonstrates an example of the time-delay-reconstructed 
trajectory corresponding to the time series shown in Fig. 1. 

B. Wayland Test Translation Error (WTE) 

Figure 3 demonstrates the distribution of WTEs calculated 
for all datasets. The WTE values close to 0 indicate strong 
underlying determinism in the data. In contrast, a stochastic 
process, such as colored noise, produces a WTE value close to 
0.5 [12], and an uncorrelated random process, such as white 
noise, produces a WTE value close to 1. Although there is no 
clear WTE-value boundary between deterministic and 
stochastic processes, in previous studies it was discussed 
[12,13] that WTE values significantly larger than 0, but less 
than 0.5 can be produced by a deterministic process with a 
considerable level of noise contamination.  

 

Figure 2. An example of pupillometry time-delay-reconstructed trajectory 
in the 4-dimensional phase space. 

 

Figure 3.  Distribution of the Wayland test translation error values for 115 
wild-type mouse pupillometry datasets. 
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C. Recurrence Plot (RP) and Recurrence Quantification 

Analysis (RQA) 

In this study, the calculated RP size was 10000x10000 
points. The threshold, which is a parameter required for RP 
calculation, was chosen as 5% of the size of the trajectory 
reconstructed in the phase space. To obtain quantitative 
measures of the pupillometry dynamical characteristics, RQA 
[9] was conducted on obtained RPs. In this study, the 
following RQA measures were calculated: determinism 
(DET), maximal diagonal line length (Lmax), average diagonal 
line length (L), and entropy (ENTR). Obtained results are 
summarized in Table 1. 

TABLE I.  SUMMARY OF THE RECURRENCE QUANTIFICATION 

ANALYSIS RESULTS 

Stats 
RQA measure 

DET L Lmax ENTR 

min 0.736 4.167 28 1.807 

max 0.997 59.931 9499 3.801 

mean 0.966 23.630 3036.435 2.937 

deviation 0.040 11.982 2647.737 0.425 

D. Largest Lyapunov Exponent (LLE) 

The distribution of calculated for all data LLEs is shown in 
Fig. 4 (blue bars). As seen in Fig. 4, all the LLEs are positive, 
however, the presence of noise cannot be overlooked as a 
factor that can cause overestimation of the LLE value. To 
address the problem of noise in experimental data the method 
of surrogate data was applied to verify the results of the LLEs 
calculation. For each pupillometry time series 100 Fourier 
transform phase-randomized surrogates [11] were generated, 
and its LLEs were calculated. Then it was tested whether or 
not the original time series LLE is within its ,.++( �-�,9���	,�
distribution. Figure 4 demonstrates the distribution of 100 
surrogate data LLEs (yellow bars with dashed line border) and 
the LLE value (red diamond-shaped mark) of the original time 
series (shown in Fig. 1) to which these surrogates correspond. 

 

Figure 4. Results of the Lyapunov exponent estimation. Distribution of 
the largest Lyapunov exponents for 115 wild-type mouse pupillometry 
datasets (blue bars), the value of the largest Lyapunov exponent of the dataset 
number 1 (red diamond-shaped mark), and the distribution of the largest 
Lyapunov exponents calculated for the 100 phase-randomized surrogates 
corresponding to the dataset number 1 (yellow bars with dashed line outline). 

E. Deterministic Nonlinear Prediction 

Investigated data predictability was estimated by the 

deterministic nonlinear prediction method. The correlation 

coefficient (CC) between original and predicted data for the 

time series in Fig. 1 is shown in Fig. 5 (red dashed line), where 

the prediction step indicates how many data points ahead 

system state is predicted, and each step corresponds to the 

physical time equal to the sampling step. The distribution of 

the CC for the 10 steps prediction for all data is shown in Fig. 

6. Similarly to the LLE results, the phase-randomized 

surrogate data were used to test noise influence on the 

prediction performance. The CC curves characterizing 

predictability for 50 surrogate time series are shown in Fig. 5 

(black solid lines).  

 
Figure 5. Deterministic nonlinear prediction results. The correlation 

coefficient between original and predicted data for the original pupillometry 
time series (red dash-dotted line) and for its 50 surrogates (black solid lines). 

 
Figure 6. Distribution of the correlation coefficient for 10-steps forward 

prediction for 115 wild-type mouse pupillometry datasets.  

IV. DISCUSSION 

The conducted analysis aimed to test different properties 
of WT mouse spontaneous pupillary fluctuation dynamics [5], 
in order to clarify whether these properties are similar to those 
of healthy human subjects reported previously to be 
deterministic and chaotic [1,2]. First, the minimum embedding 
dimension 4 offering an estimate of the number of variables in 
the dynamical system involved in the creation of pupillometry 
dynamics 4 was estimated as 4, which might reflect, for 
example, the number of major neuromodulatory systems 
(ACh, NE, DA, 5HT) affecting process dynamics. The 4-
dimensional time-delay-reconstructed trajectories calculated 
for all datasets demonstrated the presence of a certain structure 
which implies the existence of an attractor. Based on the 
obtained trajectories, methods of nonlinear time series analysis 
were applied to the collected data. 

One of the primary goals of this study was to demonstrate 
that similar to human subjects, mouse pupillometry dynamics 
are deterministic. Pupillometry dynamics are extremely 
complex, possibly due to interaction with intricate fluctuations 
produced by the brain. At the same time, experimental data 
tend to contain a certain amount of noise of unknown nature, 
which could be almost indistinguishable from the process 
dynamics. Therefore, rather than relying on a single test, 
multiple methods are preferable to test the da-�9,��2'�&"��%�
properties. We diagnosed the determinism of pupillometry 
dynamics using three methods: the ��2%�'��-�,-�����9,��	��
calculation, and short-term predictability estimation. The 
WTE values close to 0 (Fig. 3), DET values close to 1 (Table 
1), and presence of short-term predictability (Fig. 5 and 6) 
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identified strong underlying determinism in the data. 
However, as seen in Fig. 3 and Table 1, calculated values for 
several datasets were larger than 0.1 and less than 0.9 for WTE 
and DET, respectively. This means that a certain amount of 
noise is likely to be mixed in the data. The presence of 
observational noise is almost unavoidable for experimental 
data. At the same time, the biological system itself may 
produce a system or dynamic noise. Distinguishing types of 
noise and its levels mixed into the data is highly challenging, 
but an increase in the WTE value is expected to reflect an 
overall increase in the noise level [12,13]. Therefore, we can 
conclude that we are dealing with noise-contaminated 
deterministic data. Additionally, it is worth mentioning that 
while the presence of dynamical noise makes dynamics 
analysis more complicated, once extracted from the signal, 
dynamical noise may provide important information itself.   

As the next step, the LLE was calculated to clarify the 
trajectories divergence rate. As seen from the distribution in 
Fig. 4, all LLEs were positive, however, their values were 
rather small. Positive LLE value is traditionally recognized as 
an indicator of deterministic chaos; however, data length 
limitations, imperfection of existing LLE estimation 
algorithms, as well as presence of noise in the data may lead 
to misestimation of the LLE. Trajectory divergence is also 
%"'$���-(�-!�����9,��max measure, which is the inverse of the 
divergence. On average, large Lmax (Table 1) indicates small 
divergence in the investigated data, which is consistent with 
the obtained LLE values. Several datasets demonstrated low 
Lmax values. Taking into account that the same datasets have 
higher WTE and lower DET values, low Lmax values are likely 
due to the effect of noise in the data, as the noise disturbance 
of the trajectory leads to misidentification of the neighborhood 
and the RP diagonal line interruption.  

Taking into account the noise contamination issue, to 
verify the reliability of the obtained LLE results, the method 
of surrogate data was applied. When there is a clear separation 
between the results corresponding to the original time series 
and the surrogate data results, or if the original results lie 
within less than 5% of the surrogate results distribution, we 
can assume reliability of the obtained results despite the 
presence of noise. However, the comparison of the results of 
the LLE estimation with the distribution of corresponding 
surrogate data LLEs demonstrated that the original time series 
LLE was placed close to an inconclusive 5% of surrogate 
LLEs distribution. This indicates that there might be a 
significant influence of noise on the data in the LLE 
calculation results, thus leaving open the question whether the 
calculated positive LLEs can be treated as an indicator of 
deterministic chaos in the data. 

Another calculated RQA measure is the average diagonal 
line length, L, which can be interpreted as the mean prediction 
time. As seen in Table 1, data predictability was recognized as 
relatively low, which is consistent with the results of the 
deterministic nonlinear prediction shown in Fig. 5. 
Additionally, high ENTR values seen in Table 1 indicated the 
high complexity of the system, as well as its low predictability 
[9, 14]. Taking into account the results of the surrogate data 
method application, a fast decrease in prediction quality with 
time is likely to be caused by the presence of noise in the 
experimental data.  

V. CONCLUSION 

This study aimed to investigate properties of WT mouse 

spontaneous pupillary fluctuation dynamics by the methods 

of nonlinear time series analysis. Results clearly indicated 

strong underlying determinism in the data, which, however, 

was altered in several datasets by a considerable amount of 

noise. As pupillometry dynamics of human subjects is 

recognized to be deterministic [1,2], we can assume 

determinism of spontaneous pupillary fluctuations regardless 

of species. The presence of determinism is essential for 

further applied studies on pupillary data. 

Additionally, predictability and trajectory divergence rates 

were also investigated. Although the obtained characteristics 

were similar to those of time series produced by chaotic 

dynamics, results of surrogate data method application 

indicated that the effect of noise in the data cannot be 

overlooked, and further careful investigation of WT mouse 

pupillometry data is required.   
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1 ͸͡Ίʹ
ྻܥ࣌ʹਫ਼౓ߴΑΓɼ༷ʑͳ෼໺Ͱʹ্޲ଌٕज़ͷ؍

σʔλΛ؍ଌͰ͖ΔΑ͏ʹͳ͍ͬͯΔɽ࣌ྻܥղੳͷ໨
ඪͱͯ͠ɼ࣌ྻܥσʔλ͔ΒγεςϜͷཧղɼྑ͍Ϟσ
ϧͷੜ੒ɼਖ਼֬ͳ༧ଌɼޮՌతͳ੍ޚͳͲ͕͋Δɽಛʹ
γεςϜͷಛੑΛཧղ͢Δ͜ͱ͸ɼ࠷΋ॏཁͰ͋Δɽඇ
ઢྻܥ࣌ܗղੳͰ͸ɼ஗Ԇ࠲ඪܥΛ༻͍Δ͜ͱͰɼγε
ςϜͷશঢ়ଶม਺Λ؍ଌͰ͖ͳ͍ঢ়گͰ΋ɼγεςϜ
ͷྗֶతͳৼΔ෣͍Λߏ࠶੒Ͱ͖Δ͜ͱ͕஌ΒΕ͍ͯ
Δ [1, 2]ɽ͔͠͠ɼੈ࣮ݱքͰ͸ɼ༗ݶ௕ɼ༗ݶਫ਼౓ͷ
σʔλ͔͠؍ଌͰ͖ͳ͍͜ͱ͕ҰൠతͰ͋Γɼ஗Ԇ࠲ඪ
ɼݩ੒࣍ߏ࠶੒͢ΔͨΊʹ͸ɼߏ࠶ΛܥΑͬͯྗֶʹܥ
஗Ε࣌ؒΛద੾ʹઃఆ͢Δඞཁ͕͋Δɽ
΋͠ద੾ͳύϥϝʔλʹΑͬͯྗֶܥͷΞτϥΫλΛ

ͷΞτϥΫݩ੒ΞτϥΫλ͸ߏ࠶੒Ͱ͖͍ͯΕ͹ɼߏ࠶
λͱزԿֶతͳߏ଄͕ྨ͢ࣅΔ͜ͱ͕ظ଴͞ΕΔɽ·ͨɼ
ΞτϥΫλͷ 2఺ؒڑ཭෼෍Λ༻͍ͨϑϥΫλϧ࣍ݩਪ
ఆͷख๏΋ఏҊ͞Ε͍ͯΔ [3]ɽͦ͜ͰຊߘͰ͸ɼΞτϥ
ΫλͷزԿֶతͳಛ௃ͱͯ͠ 2఺ؒڑ཭෼෍ʹண໨͠ɼ
ΞτϥΫλߏ࠶੒ʹ͓͚Δ࠷దͳߏ࠶੒࣍ݩɼ஗Ε࣌ؒ
ͷਪఆํ๏Λݕ౼͢ΔɽຊߘͰ͸ɼΞτϥΫλͷ 2఺ؒ
౓Λࣅ཭෼෍ͷྨڑ JS৘ใྔ [4]Λ༻͍ͯධՁ͢Δɽ

2 ධՁखॱ͓Αͼख๏
ຊߘͰ͸ΧΦεྗֶܥͷҰྫͱͯ͠ Lorenzํఔࣜ [5]

Λ༻͍ͨɽ·ͣɼLorenzΞτϥΫλͷ xt, yt, ztΛ [0, 1]

ͷൣғʹਖ਼نԽ͢Δɽ͜͜ͰɼLorenzํఔࣜͷୈҰม਺
xtͷਖ਼نԽ͸ɼx̂t = (xt −xmin) / (xmax −xmin)Ͱ͏ߦɽ
x̂t͸ਖ਼نԽͨ͠ xtɼxmax, xmin͸ xtͷ࠷େ஋ɼ࠷খ஋
Ͱ͋Δɽม਺ yt, zt΋ಉ༷ͷํ๏Ͱਖ਼نԽ͠ɼਖ਼نԽ͠
ͨLorenzΞτϥΫλ্ͷ఺Λ v(t) = (x̂t, ŷt, ẑt)ͱఆٛ
͢Δɽ࣍ʹɼਖ਼نԽͨ࣌͠ྻܥ x̂tΛ஗Ԇ࠲ඪܥ: x(t) =

(x̂t, x̂t+τ , · · · , x̂t+(m−1)τ )ʹม͢׵Δɽm͸ߏ࠶੒࣍
ɼτݩ ͸஗Ε࣌ؒͰ͋Δɽ͜͜Ͱɼਖ਼نԽ LorenzΞτ
ϥΫλ্ͷ఺ v(t)ɼਖ਼نԽߏ࠶੒ΞτϥΫλ্ͷ఺ x(t)

ͷશͯͷϖΞ i, j ʹରͯ͠ 2 ఺ؒڑ཭ d(v(i), v(j))ɼ
d(x(i), x(j))Λࢉग़͠ɼฏۉ 0ɼ෼ࢄ 1ͱͳΔΑ͏ʹඪ
४Խ͢Δɽ͜ ͜Ͱɼඪ४Խͨ͠ 2఺ؒڑ཭͔Β 2఺ؒڑ཭
෼෍Pv, PxΛੜ੒͢Δɽޙ࠷ʹɼ2఺ؒڑ཭෼෍Pv, Px

ؒͷ JS৘ใྔDJS(Pv, Px)Λ͢ࢉܭΔɽಉ༷ͷखॱΛ
ม਺ y, zʹରͯ͠΋͍ߦɼDJS(Pv, Py), DJS(Pv, Pz)

Λ͢ࢉܭΔɽ

3 ਺஋࣮ݧ
mͱ஗Ε࣌ؒݩ੒࣍ߏ࠶ τ Λ 1 ≤ m ≤ 20ɼ1 ≤ τ ≤

20ͷൣғͰมԽͤͨ͞ࡍͷ JS৘ใྔΛٻΊͨɽLorenz

ํఔࣜΛࠁΈ෯ 0.01ͷ Runge-Kutta๏Ͱղ͖ɼա౉ঢ়
ଶͱͯ͠ 100,000఺আ֎͠ɼࠁΈ෯ 0.1͝ͱʹαϯϓϦ
ϯάͨ͠σʔλΛ 1,000఺༻͍ͨɽม਺ xʹର͢Δ݁Ռ
Λਤ 1ʹࣔ͢ɽ

ਤ 1 mͱ஗Ε࣌ؒݩ੒࣍ߏ࠶ τ ΛมԽͤͨ͞ࡍͷ JS৘ใ
ྔ (ม਺ x)

ਤ 1ΑΓɼͲͷม਺ʹ͓͍ͯ΋ τ ͕খ͍͞৔߹ʹ JS

৘ใྔ͕ൺֱతେ͖͍஋ͱͳ͍ͬͯΔɽ͜Ε͸ɼτ ͕খ
͍͞৔߹ɼߏ࠶੒ΞτϥΫλ্ͷ఺͕ॏͳͬͯ͠·͏ͨ
ΊͰ͋ΔɽҰํɼຒΊࠐΈఆཧ [2]ʹΑΕ͹ɼΞτϥΫ
λͷϑϥΫλϧ࣍ݩ D0 ʹର͠ɼຒΊࠐΈͱͳΔ mͷ
े෼৚݅͸ m > 2D0 Ͱ͋ΔɽLorenzΞτϥΫλͰ͸
D0 ≈ 2.06 [3]Ͱ͋ΔͨΊɼm > 2D0 ≈ 4.12ͰຒΊࠐΈ
ͱͳΔɽ͔͠͠ɼࠓճ͸σʔλ௕͕ 1,000ͱൺֱతগͳ
͍ͨΊɼm = 2, 3Ͱ JS৘ใྔ͕࠷গͱͳͬͨͱ͑ߟΒ
ΕΔɽ

4 ·ͱΊ
ຊߘͰ͸ɼLorenzΞτϥΫλͱͦͷߏ࠶੒ΞτϥΫ

λͷ 2఺ؒڑ཭෼෍ؒͷྨੑࣅΛ JS৘ใྔΛ༻͍ͯධ
Ձ͢Δ͜ͱͰɼద੾ͳߏ࠶੒ύϥϝʔλ͕ਪఆՄೳ͔Λ
ɽͦͷ݁Ռɼൺֱత୹͍σʔλ௕Ͱ͸ɼཧ࿦తͨ͠౼ݕ
ʹຒΊࠐΈ͕อূ͞ΕΔߏ࠶੒࣍ݩΑΓ΋খ͍࣍͞ݩ
ͰΞτϥΫλͷ 2఺ؒڑ཭෼෍͕ྨ͢ࣅΔ͜ͱ͕Θ͔ͬ
ͨɽຊڀݚͷҰ෦͸ɼJSPSՊݚඅ (No. JP18K18125,

JP20H00596, JP21H03514)ͷԉॿΛड͚ͯߦΘΕͨɽ
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1 ·͕͖͑
όΠΫγΣΞϦϯάγεςϜͰੜ͡Δࣗసंͷաෆ଍
Λௐ੔͢ΔͨΊʹɼmultiple-Vehicle Bike Sharing Sys-
tem Routing Problem (mBSSRP) ΛఏҊ͠ɼෳ਺ͷࣗ
సंճऩं͕୹࣌ؒͰޮ཰తʹ࠶഑ஔۀ࡞Λͨ͏ߦΊ
ͷ८ճܦ࿏ΛٻΊΔ͜ͱ͕Ͱ͖Δൃݟతղ๏ͷ։ൃΛ
Δ͍ͯͬߦ [1]ɽmBSSRPͰ͸ճऩंʹ੍ؒ࣌ݶͱ༰ྔ
੍໿͕͋ΔͨΊɼҰ෦ͷ໰୊ྫʹର࣮ͯ͠ߦՄೳղ͕ಘ
ΒΕͳ͍৔߹͕͋ͬͨɽͦ͜Ͱզʑ͸ɼճऩं͕༰ྔͱ
࣌ؒͷ੍໿Λҧ൓͢Δ࣮ߦෆՄղʹ΋ભҠ͕Մೳͳ໰୊
(multiple-Vehicle Bike Sharing System Routing Prob-
lem with Soft constraints, mBSSRP-S)ΛఏҊͨ͠ɽ਺
஋࣮ݧͷ݁Ռɼ࣌ؒͱ༰ྔʹؔ͢Δ੍໿͕͍͠ݫ໰୊
ઃఆʹରͯ͠͸ɼmBSSRP-S Λղ͖ mBSSRP ͷ࣮ߦ
ՄೳղΛಘΔઓུ͕୹͍८ճ࿏ΛಘΒΕͨ [2]ɽຊߘͰ
͸ɼ੍ؒ࣌ݶͷ੍໿͕ແ͍৔߹ʹ΋ɼmBSSRP-SΛղ
͖mBSSRPͷ࣮ߦՄೳղΛಘΔઓུ͸༗ޮͰ͋Δ͔Λ
ௐࠪͨ͠ɽ

2 ෳ਺ͷࣗసंճऩंΛ༻͍ͨࣗసं࠶഑ஔ໰୊
mBSSRP ͱ mBSSRP-S Ͱ͸ɼ1 ͭͷσϙͱࣗసं
͕௒ա·ͨ͸ෆ଍͍ͯ͠Δෳ਺ͷϙʔτ͕༩͑ΒΕΔɽ
mBSSRPͰ͸ɼ༰ྔ੍໿ͱ੍࣌ؒ໿ͷ͋Δෳ਺ͷճऩ
ं͕ɼσϙΛग़ൃޙɼ௒ա͍ͯ͠ΔϙʔτͰࣗసंΛճ
ऩ͠ɼෆ଍͍ͯ͠ΔϙʔτʹࣗసंΛิॆɼ࠶ͼσϙʹ
໭Δͱ͖ͷճऩंͷ૯Ҡಈ࣌ؒΛ࠷খԽ͢Δ͜ͱ͕໨త
Ͱ͋ΔɽmBSSRP-SͰ͸ɼ༰ྔͱ࣌ؒʹؔ͢Δ੍໿͕
औΓআ͔Εɼ͜ΕΒͷҧ൓ྔ͕໨తؔ਺ʹՃ͑ΒΕΔɽ
ຊߘͷ໰୊ઃఆͰ͸ɼ੍͕ؒ࣌ݶແ͍ͨΊ mBSSRP-S
ͷ໨తؔ਺͸ɼT (t) + P (t) × β(t) Ͱ͋ΔɽT (t)͸ tΠ
λϨʔγϣϯ໨ͷճऩंͷ૯Ҡಈ࣌ؒΛࣔ͠ɼmBSSRP
ͷ໨తؔ਺Ͱ͋ΔɽP (t)͸ɼtΠλϨʔγϣϯ໨ʹճऩɾ
ิॆͰ͖ͳ͔ͬͨࣗసं୆਺Λࣔ͢ɽβ(t)͸ tΠλϨʔ
γϣϯ໨ͷॏΈ܎਺Ͱ͋Δɽtճ໨ͷ୳ࡧͰ༰ྔ੍໿Λ
ҧ൓ͨ͠৔߹ɼt + 1ճ໨ͷ୳ࡧͰ͸ɼβ(t + 1) = λβ(t)
ͱͳΓɼҧ൓͠ͳ͔ͬͨ৔߹͸ɼβ(t + 1) = µβ(t)ͱͳ
Δ [3]ɽ

3 mBSSRPͱmBSSRP-Sʹର͢Δλϒʔαʔν
๏Λ༻͍ͨղ๏

mBSSRPͱmBSSRP-Sͷ༏ΕͨۙࣅղΛٻΊΔͨΊ
ʹɼλϒʔαʔν๏Λ༻͍ͯہॴ୳ࡧ๏Λ੍͢ޚΔɽλ
ϒʔαʔν๏Ͱ͸ɼۙ๣ղΛੜ੒͠ɼۙ๣ղͷதͰ࠷΋
ྑ͍ղʹભҠ͢Δૢ࡞ΛܾΊΒΕͨճ਺܁Γฦ͢ɽ͞Β
ʹɼ࠶ͼಉ͡ղʹભҠ͢Δ͜ͱΛ๷͙ͨΊʹɼաڈͷ୳
͹ΕΔϦετʹ௥Ճ͢ΔɽຊݺཤྺΛλϒʔϦετͱࡧ
͍ͯ༺Ͱ͸ɼۙ๣ղΛCROSS-exchangeͱOr-optΛߘ
ੜ੒͢ΔɽCROSS-exchangeͱ͸ɼ͋Δ८ճ࿏ͷ෦෼ॱ

ྻΛଞͷ෦෼ॱྻͱަ͢׵Δૢ࡞Ͱ͋ΔɽOr-optͱ͸ɼ
͋Δ८ճ࿏ͷ࿈ଓ͢Δ κϙʔτҎԼͷ෦෼ॱྻΛଞͷ८
ճ࿏ͷϙʔτʹૠೖ͢Δૢ࡞Ͱ͋ΔɽCROSS-exchange
·ͨ͸ Or-opt͕࣮͞ߦΕΔͱɼަ͞׵Εͨ෦෼ॱྻͷ
࢝఺ͷ૊Έ߹Θ͕ͤλϒʔϦετʹ௥Ճ͞ΕɼͦΕΒΛ
࢝఺ͱ͢Δૢ࡞͸Ұఆ͞ࢭېؒظΕΔɽ

4 ਺஋࣮ݧɾ݁Ռ
จݙ [4]Ͱެ։͞Ε͍ͯΔϙʔτ਺͕ 90ͷϝΩγί
γςΟʔͷ࣮σʔλʹର͠ੑೳධՁΛͨͬߦɽ֤ϙʔτ
ͷաෆ଍୆਺͸ −17 ∼ +17ɼ࢖༻Մೳͳճऩं୆਺͸
20୆ɼ֤ճऩंͷ࠷େੵࡌ༰ྔ͸ 17୆ɼߦࢼճ਺͸ 50
ճɼλϒʔςχϡΞ͸ 100, 150, 200, 250ɼλϒʔαʔν
๏ͷ܁Γฦ͠ճ਺ 5,000ɼOr-optͰૠೖՄೳͳϙʔτ਺
κ = 30ɼॏΈ܎਺ͷύϥϝʔλ஋͸ β(0) = 1ɼλ = 1.07ɼ
µ = 0.3ͱઃఆͯ͠਺஋࣮ݧΛͨͬߦɽද Ռ݁ݧ࣮ʹ1
Λࣔ͢ɽද 1 ͸จݙ [5]Ͱใ͞ࠂΕ͍ͯΔ෼ࢬΧοτ๏
Λ࢖༻ͨ͠ͱ͖ͷԼք͔Βͷࠩޡ཰Λ͍ࣔͯ͠Δɽද 1
ΑΓɼmBSSRP-SΛղ͘͜ͱͰ୹͍८ճ࿏ΛಘΒΕͯ
͍Δ͜ͱ͕Θ͔Δɽ

ද 1 จݙ [5]Ͱࣔ͞Ε͍ͯΔԼք͔Βͷࠩޡ཰ [%].

mBSSRP mBSSRP-S
λϒʔ
ςχϡΞ ฏۉ ྑ࠷ ѱ࠷ ฏۉ ྑ࠷ ѱ࠷

100 10.76 6.08 15.58 7.82 5.34 15.99
150 9.44 6.34 14.16 6.99 4.37 8.98
200 7.61 5.23 10.72 6.76 4.77 10.17
250 7.23 4.67 10.12 6.31 4.12 8.31

5 ·ͱΊ
ຊߘͰ͸ɼ࣮σʔλʹର੍ͯ࣌ؒ͠໿ͷͳ͍ mB-

SSRP ͱ mBSSRP-S Λղ͍ͨͱ͖ͷੑೳൺֱΛͬߦ
ͨɽ਺஋࣮ݧͷ݁Ռɼ࣮ߦෆՄೳղ΁΋ભҠ͕Մೳͳ
mBSSRP-S͸ɼ੍ؒ࣌ݶͷ੍໿͕ͳ͍৔߹ʹରͯ͠΋
༗ޮͰ͋Δ͜ͱ͕Θ͔ͬͨɽͳ͓ɼຊڀݚ͸ JSPS Պ
අݚ (No. JP17K00348, JP19K04907, JP20H000596,
JP21H03514)ͷԉॿΛड͚ͯߦΘΕͨɽ
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時間窓付き配送計画問題の枝候補削減手法
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あらまし 時間窓つき配送計画問題は，現実の配送サービスを数理モデル化した組合せ最適化問題である．時間窓
付き配送計画問題を含む多くの組合せ最適化問題はNP 困難であり，最適解を現実的な時間で求めることは難しい
ことが知られている．そのため，短い時間で良い解を見つける発見的解法の研究が盛んに行われている．発見的解
法で解を探索する際に，明らかに性能の悪い解まで考慮をすると計算時間を浪費する．そこで，最適解に含まれるこ
とが期待される解の構成要素 (枝)をあらかじめ求めておき，探索する枝候補を削減することで，発見的解法の解探
索性能を維持しつつ計算時間を削減することが期待される．最も研究されている組合せ最適化問題の一つである巡
回セールスマン問題では，このような枝候補の削減により短時間で良い解を求められることがすでに示されている．
本稿では，時間窓付き配送計画問題に対して枝候補の削減手法を提案し，削減の有無による発見的解法の性能の変
化について調査した結果を報告する．数値実験の結果，時間窓つき配送計画問題においても枝候補の削減により解
の性能を維持しつつ，計算時間を大幅に削減できることがわかった．
キーワード 組合せ最適化，時間窓つき配送計画問題，枝候補

Edge candidate reduction method for Vehicle Routing Problem with Time
Windows

Masayoshi TOSA† and Tohru IKEGUCHI†,††

† Department of Information and Computer Technology, Graduate School of Engineering,
Tokyo University of Science

6–3–1 Niĳuku, Katsushika-ku, Tokyo, 125–8585 Japan
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Tokyo University of Science
6–3–1 Niĳuku Katsushika–ku, Tokyo, 125–8585 Japan
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Abstract Vehicle Routing Problem with Time Windows (VRPTW) is one of the combinatorial optimization problems based on
a mathematical model of a real delivery service. Many combinatorial optimization problems, including VRPTW, are known to be
NP–hard and it is difficult to find the optimal solution in a realistic time. Therefore, researches on heuristic methods for finding
a good solution in a short time have been actively conducted. When searching for a solution by the heuristic methods, they wastes
computation time if they take into account solutions with obviously poor performance. To avoid solutions with poor performance,
one of the possible methods is to reduce the number of edge candidates by looking for edges that are estimated to be included in
the optimal solution. In the traveling salesman problem, which is one of the most studied combinatorial optimization problems,
it has already been shown that a good solution can be obtained in a shorter time by reducing the number of edge candidates. In
this paper, we report the results of edge candidates reduction for VRPTW. Numerical experiments show that the reduction of edge
candidates can significantly reduce the computation time while maintaining the performance of the solution.
Key words combinatorial optimization, VRPTW, edge candidates
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1. ま え が き
現在研究が活発に行われている組合せ最適化問題の多く
は NP 困難であることが知られている．NP 困難な問題は
P ≠ NP 予想の元において現代の計算機を用いて最適解を多
項式時間で求めることが難しいと考えられており，現実的な
時間で最適解を求めることは困難である．そのため，工学的な
観点からは最適解を厳密に求める手法と同様に，最適解に近い
良い解を短い時間で求める手法も非常に重要である．このよ
うな解法は発見的解法と呼ばれ，様々な最適化問題において研
究がなされている．最も研究されている組合せ最適化問題の
1つである巡回セールスマン問題 (Traveling Salesman Problem,
TSP)では，解の構成要素 (以下，枝)の単純な入れ替え操作の
みで高性能な解を求めることができる 2-opt法や Lin-Kernighan
heuristic (LK法) [1]など，様々な発見的解法が現在も研究され
続けている．さらに，タブーサーチを用いた解探索手法 [2]，
カオスニューロダイナミクスを用いた手法 [3] [4] [5] [6]など，
メタヒューリスティック解法を応用することで効率よく解を
求めるアプローチも存在する．
現在提案されている発見的解法の多くは，枝の入れ替え操
作を繰り返し行い現在の解をより良い解に更新することで解
を求める．しかし，問題の中に存在する多くの枝は高性能な
解には明らかに含まれないような悪い枝である．入れ替え操
作を行う枝の組を探す際，すべてのパターンを対象とするこ
とは，悪い枝を含む解を計算することを意味する．すなわち，
全ての枝を探索することで無駄な計算を繰り返すこととなり，
高性能な発見的解法を用いても多くの計算時間を必要とする．
そのため，発見的解法を用いる前に最適解を構成すると推測
される枝をあらかじめ求めておき，枝の入れ替えを行う候補
(以下，枝候補)を少なくすることが有効である．

TSP の最も簡単な枝候補の削減手法として，座標の近い
都市同士との枝のみを枝候補とする手法が用いられてい
る [3] [4] [5] [6]．また，最小全域木を用いた枝候補の削減手法
をにより LK法の計算時間や解性能を改良した Lin-Kernighan-
Helsgaun heuristic (LKH法) [7]，メタヒューリスティック解法の
一つである Partial OPtimization Metaheuristic under Special Inten-
sification Conditions (POPMUSIC) [8] を用いた高速な枝候補生
成手法 [9]が提案されている．我々も，POPMUSICを用いた枝
候補削減手法を改良し，発見的解法の計算時間をより短縮で
きる枝候補削減手法を提案している [10] [11]．
NP困難な組合せ最適化問題の 1つに，時間窓付き配送計画
問題 (Vehicle Routing Problem with Time Windows以下，VRPTW)
がある．VRPTWは，配送車の積載容量と顧客の宅配受付可能
時間の制約を伴った，配送車台数とトラックの総移動距離を
最小化する問題である．VRPTWは，現実の宅配サービスを元
に考案された問題であり，宅配サービスの需要が増加した近
年非常に注目を集めている．VRPTWでも貪欲法を応用した解
法 [12]，単純な枝の削除操作と挿入操作を繰り返す解法 [13]な
ど，様々な発見的解法がすでに提案されている．また，遺伝的
アルゴリズムを応用した解法 [14] [15]，カオスニューロダイナ

ミクスを用いた手法 [16]などのメタヒューリスティックアル
ゴリズムを用いた解法も研究されている．さらに問題の定式
化についても調査されており，制約条件を緩和することでよ
り効率的に解探索する研究も存在する [17]．

VRPTWでは様々な発見的解法が研究されている一方で，発
見的解法で探索する枝候補の削減手法については，ほとんど
検討がなされていない．そこで本報告では，VRPTWの問題に
適用可能な枝候補の削減手法を提案する．その際，枝候補削
減手法の性能を調査するために，VRPTWの研究で広く用いら
れている Solomonのベンチマーク問題集 [12]にあるインスタ
ンスと同じ性質を持つ，よりサイズの大きいインスタンスを
作成することで検討を行った．作成したインスタンスを用い
て数値実験を行った結果，枝候補を削減しても発見的解法に
おける解の性能に与える影響は小さいことがわかった．また，
顧客数の大きい問題を発見的解法で解く際に，枝候補を削減
することで計算時間を大幅に削減できることがわかった．

2. 時間窓付き配送計画問題 (VRPTW)

時間窓付き配送計画問題 (Vehicle Routing Problem with Time
Window, VRPTW) は，時間制約のある配送計画問題である．
VRPTW の目的は，積載量に制限のある配送車を複数台用い
て，与えられた顧客全てに荷物を輸送するための最も効率的
なルートを見つけることである．

VRPTW は，配送車の集合 !，頂点の集合 "，有向グラフ
# = (", $) で定義される．配送車に個体差はなく，全て同じ
積載量，移動速度を持つ．頂点集合 " は，%人の顧客の集合
& と出発デポと帰還デポの合計 % + 2個の頂点の集合である．
" = {0, 1, 2, · · · , %, % + 1}のうち，0は出発デポ，% + 1は帰還デ
ポ，1, 2, · · · , %は顧客を表す．枝集合 $ は，デポと顧客や顧客
同士の有向の経路の集合を表している．ただし，帰還デポ %+1
が始点の枝や出発デポ 0が終点の枝は存在しない．それぞれの
枝 (', () ∈ $ (' ≠ () には，移動距離 )! " と移動時間 *! " = )! " + +!
(+! は顧客 'が荷物を受け取るために必要な時間)の情報が与え
られる．
配送車の集合 ! に含まれる配送車は積載制限 , を持ち，顧

客集合 & の顧客 'は需要 -! と時間窓 [.! , /!]を持つ．顧客 'を
訪れる配送車は時刻 /! までに顧客 'に到着しなければならず，
時刻 .! までに到着した場合は .! まで待機して顧客に荷物の受け渡しをしなければならない．なお，,, .! , /! , -! , )! " , *! " は非負数であり，)! " , *! " は三角不等式を満たす．

VRPTW では、2 種類の決定変数 0! "# , 1!# が存在する．枝
(', () ∈ $ (' ≠ () と，配送車の集合 ! に含まれる配送車 2 に対
して，0! "# は式 (1)で定義される．

0! "# =




1 配送車 2 が頂点 ' から ( に直接向かう
0 配送車 2 が頂点 ' から ( に直接向かわない (1)

この決定変数 0! "# を用いて，VRPTWの目的関数は式 (2)で定
義される．

minimize
∑
#∈$

∑
!∈%

∑
"∈%

)! "0! "# (2)
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決定変数 1!# は，顧客 'が配送車 2 から荷物を受け取る時刻を
示す．配送車 2 が顧客 'に荷物を受け渡さない場合，すなわち
0! "# = 0 ( ( ∈ "\{0, '}) のとき，1!# の値は意味を持たない．

VRPTWの目的は，以下の条件を満たす配送車の経路の総移
動距離を最小化することである．

• 各顧客 ' ∈ & にちょうど 1度だけ訪れ，荷物の受け渡し
を行う．

• 配送車の積載容量を超えない．
• すべての配送車は出発デポ 0から出発し，帰還デポ %+1

に帰還する．
• 顧客の時間窓の間に荷物の受け渡しを行う．

これらの制約は，式 (3)∼(9)で表される．各変数を表 1に示す．
式 (3)は，顧客を 1度だけ訪問することを表す．式 (4)は配送
車がその容量までしか荷物を運べないことを表す．また，式
(5)，(6)，(7)は，それぞれの配送車が出発デポを出発すること，
顧客に到着した後に別の目的地に向けて出発すること，すべて
の配送車が最後に帰還デポに到着することを表す．式 (8)は，
訪れる顧客の順番と受け渡し開始の時刻に矛盾が生じてはい
けないことを表す．また，式 (9)は配送車が顧客の時間窓の範
囲内に受け渡しをすることを表す．なお，使用しない配送車 2

の決定変数は 00,&+1,# = 1とし，空の配送路を走行するものと
して定式化される．

∑
#∈$

∑
"∈%

0! "# = 1 ∀' ∈ " (3)

∑
!∈%

-!
∑
"∈%

0! "# ≤ , ∀2 ∈ ! (4)

∑
"∈%

00 "# = 1 ∀2 ∈ ! (5)

∑
!∈%

0!ℎ# −
∑
"∈%

0ℎ "# = 0 ∀ℎ ∈ &,∀2 ∈ ! (6)

∑
!∈%

0!,&+1,# = 1 ∀2 ∈ ! (7)

0! "# (1!# + *! " − 1 "# ) ≤ 0 ∀', ( ∈ ",∀2 ∈ ! (8)

.! ≤ 1!# ≤ /! ∀' ∈ ",∀2 ∈ ! (9)

3. VRPTWのインスタンス
VRPTW の研究で一般的に広く用いられている Solomonの

ベンチマーク問題集 [12]のインスタンスは，計算機を用いて
数値的に作成されたものである．インスタンス R101の顧客と
デポの配置を図 1に示す．インスタンス R101～R112は以下
のように作成されている．

• 顧客は二次元平面上に配置されており，それぞれの顧
客 ' の座標 (4!( , 4!)) は 0 < 4!( < 70, 0 < 4!) < 80の一様整数
乱数で与えられる．

• 出発デポと帰還デポの座標 (40( , 40)), (4&+1 ( , 4&+1 ))は同じ座標 (35, 35) に存在する．
• 頂点 ', ( 間の移動距離 )! " は，2頂点間のユークリッド

距離で与えられる．

表 1 各変数の説明
変数 説明
!, " , # 変数のインデックス
$ 配送車の集合
* 顧客の集合
% 顧客とデポの集合
& 顧客の数
+! " 頂点 !, " 間の移動距離
,! 顧客 ! の受け渡しにかかる時間
-! " 頂点 ! から " までにかかる時間 (-! " = +! " + ,!)
. 配送車の積載制限
/! 顧客 ! の需要量

0! , 1! 顧客 ! の時間窓の始点，終点
(! "# 配送車 # が頂点 ! から " に直接向かうか
2!# 顧客 ! が配送車 # から荷物を受けとる時刻

図 1 インスタンス R101 [12] の顧客とデポの配置 (紫点: 顧客，緑点:
デポ)

• 顧客 ' の荷物の受け渡しにかかる時間 +! の値は全て 10
で統一されている．

• 配送車の積載制限は , = 250．
• 宅配の時間帯は 0 ∼ 230の間で与えられる．
• 各顧客 'の需要量 -! は 0 < -! < 45の一様乱数で与えら

れる．
• 顧客の数 %は全て 100．

R101～R112 で異なる点は，時間窓の割り当て方法である．
R101～R112に対する割り当て方法を表 2に示す．表の顧客の
タイプを表 3に示す．

Solomonのベンチマーク問題の多くは最適解が判明してお
り様々な論文で用いられている一方で，枝候補の性能を調査
するためには顧客数が少なすぎるという問題がある．そこで
本稿では，Solomonのベンチマーク問題集のインスタンスと同
様の作成手法で顧客数 % = 200 ∼ 1, 000の新しいインスタンス
を，各時間窓の割り当て方法ごとに作成した．

4. 枝候補の削減手法
VRPTWの問題を構成する全ての枝の集合 $ には %2 + % + 1

本の枝が存在する．この中で最適解に含まれる枝の本数は高々
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表 2 それぞれのインスタンスの特徴
インスタンス 詳細

R101 全ての顧客がタイプ 1
R102 タイプ 1 が 75%，タイプ 4 が 25%
R103 タイプ 1 が 50%，タイプ 4 が 50%
R104 タイプ 1 が 25%，タイプ 4 が 75%
R105 全ての顧客がタイプ 2
R106 タイプ 2 が 75%，タイプ 4 が 25%
R107 タイプ 2 が 50%，タイプ 4 が 50%
R108 タイプ 2 が 25%，タイプ 4 が 75%
R109 全ての顧客がタイプ 3[35:85]
R110 全ての顧客がタイプ 3[20:150]
R111 全ての顧客がタイプ 3[15:195]
R112 全ての顧客がタイプ 3[70:170]

表 3 顧客の時間窓のタイプ一覧
タイプ 詳細

1 時間窓の長さが 10 の顧客
2 時間窓の長さが 30 の顧客
3 時間窓の長さが TWmin ∼ TWmax の顧客

([TWmin : TWmax] と表記)
4 いつ届けても良い顧客

2%本であり，少なくとも %2 − % + 2本以上の枝は最適解に含ま
れない余分な枝である．これら全ての枝を発見的解法で探索
すると，多くの計算時間を余分な解の探索に浪費してしまう
こととなる．そのため，発見的解法を用いて解を求める前に
あらかじめ最適解に含まれると推測される枝を抽出しておく
ことで，明らかに悪い解への遷移を回避できるため，発見的解
法の計算時間を削減することができる．
枝候補に含まれる枝の本数が少ないほど，発見的解法での計
算時間は削減することができる．一方で，枝候補に含まれる最
適解の枝本数が少ないと，発見的解法で良い解まで無視してし
まうことになり，良い解を得られなくなる．すなわち，枝候補
には最適解に含まれる枝を残しつつ不要な枝のみを削減する
ことが重要である．このことは，発見的解法だけでなく探索を
行う枝候補を削減する手法も重要であることを意味している．

VRPTWにおいて最適解に含まれると推測される良い枝の最
も重要な特徴の 1つは頂点間の距離が短いこと，すなわち )! "が小さいことである．これは，TSPなどの他の組合せ最適化
問題にも共通している．しかし，配送時間が関与する VRPTW
では単なる顧客との距離だけではなく，顧客同士の時間窓の
関係性，すなわち時間的距離も重要であることが推測される．
そこで，頂点間の物理的な距離に加えて時間的距離を考慮し
た頂点 ', ( 間の距離指標 5! " を式 (10)のように定義する．

5! " = 61)! " + 62 (. " − /! − *! " ) + 63 (/ " − .! − *! " ) (10)

61 + 62 + 63 = 1, 61 > 0, 62 > 0, 63 > 0

距離指標 5! " は，3つの指標を 61, 62, 63 で重み付して計算される．61 で重み付けされている )! " は物理的な距離の重みを表している．62 で重み付けされている . " − /! − *! " は，到達

点 ( の時間窓の開始時刻から出発点 'の時間窓の終了時刻と移
動にかかる時間を引いたものである．これは，頂点 'から ( に
直接向かった際に頂点 ( で待機しなければならない最短の時
間である．待機しなければならない時間が短いほど，頂点 ', (

間の距離は近い．また，63 で重み付けされている / " − .! − *! "は，到達点 ( の時間窓の終了時刻から出発点 'の時間窓の開始
時刻と移動にかかる時間を引いたものである．これは，頂点 '

から頂点 ( に直接向かう際にどれだけ時間の余裕があるかを
表している．この値が大きいほど頂点 'から頂点 ( に直接行く
必要性は薄いため，頂点 ', ( 間の距離は遠い．
距離指標 5! " を用いて，全ての枝集合 $ の中から優れている

と推測される枝候補 $ ′を作成する．手順は以下の通りである．
（ 1） 枝候補 $ ′ = {7}とする．
（ 2） ある顧客 'からの距離指標 5! " が小さい順に顧客 ( を

8 個選び，それぞれとの有向枝 (', () を $ ′に追加する．
（ 3） 手順 (2)を全ての顧客 ' について行う．
（ 4） 出発デポ 0からの距離指標 50 " が小さい順に顧客 ( を

8 ′個選び，それぞれとの有向枝 (0, () を $ ′に追加する．
（ 5） 帰還デポ % + 1からの距離指標 5 " ,&+1 が小さい順に顧客 ( を 8 ′ 個選び，それぞれとの有向枝 ( ( , % + 1) を $ ′ に追加
する．

5. 数 値 実 験
5. 1 距離指標 !! " の適切なパラメータの調査
Solomonのベンチマーク問題集 [12]の 100顧客問題に対し

て枝候補 $ ′ の作成を行い，距離指標 5! " の適切なパラメータ 61, 62, 63 の調査を行った．数値実験の結果を図 2に示す．
ヒートマップの横軸はパラメータ 61 を，縦軸はパラメータ
62 を表している．63 は 61, 62 が定まれば，61 + 62 + 63 = 1よ
り一意に定まる．また，カラーバーは $ ′に含まれる最適解を
構成する枝の本数を表している．最適解に含まれる枝が多い
ほど，その候補は良い．また，各頂点から枝候補に加える枝の
本数 8, 8 ′はそれぞれ 8 = 5, 8 ′ = 20に設定した．
この数値実験の結果から，61 + 62 の値が大きいほど最適解に含まれる枝が多くなることがわかる．また，61 の値が大きいほどより最適解の枝が多くなることもわかる．これらの結

果から，61 = 1, 62 = 63 = 0のときに最も良い枝候補 $ ′ が得
られることが判明した．62, 63 は時間的距離の重みであることから，枝候補を作成する際に時間要素の考慮は不要である．
そこで，以降の数値実験では 61 = 1, 62 = 63 = 0として枝候補
の作成を行う．

5. 2 適切な枝本数 ", " ′の推定
Solomonのベンチマーク問題集を元に作成したサイズの大き

いインスタンスを用いて，枝候補 $ ′を作成する際に用いる顧
客からの枝の本数 8 とデポからの枝の本数 8 ′ について調査を
行った．実験に使用したアルゴリズムは，最近傍構築法 [12]と
3-opt法 [14]である．最近傍構築法で作成された初期解を，削
減した枝候補 $ ′ を用いた 3-opt法で解の更新を行った．R101
と同じ時間窓の割り振りを行った 500顧客問題に対して数値
実験を行った結果を図 3に示す．図の横軸は顧客数 %を基準
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図 2 距離指標のパラメータ 31, 32, 33 と枝候補の性能の関係性

とした顧客からの枝本数 8 の割合 8/% × 100(%) を，縦軸はデ
ポからの枝本数 8 ′の割合 8 ′/% × 100(%) を表している．カラー
バーは計算時間と，誤差率を表している．計算時間，誤差率
共に小さいほどその枝候補 $ ′は良い枝候補である．なお，作
成した問題は最適解を算出することが困難であるため，上記の
方法で作成された解の中で最も目的関数の小さい解を既知最
良解とし，その解との誤差率を計算した．
計算時間を見ると，顧客からの枝本数 8 が増えるほど計算時
間も増加していることがわかる．また，誤差率を確認すると
顧客からの枝本数 8 の割合が 20%を超えた領域ではほとんど
変化していないことがわかる．これらの結果は，顧客からの
枝本数を削減することで解の性能を維持しながら計算時間を
大幅に削減できることを示すものである．
一方で，デポからの枝本数 8 ′に着目すると，8 ′の値は計算時
間にほとんど影響を与えていないことがわかる．一方で，誤差
率は顧客からの枝本数 8 の割合が 10 ∼ 15%程度である場合，
8 ′ の値が大きいことで誤差率が少し改善されていることがわ
かる．このことから，デポからの枝は削減する必要はなく，全
てのデポとの枝を削減された枝候補 $ ′に加えるべきであるこ
とがわかった．

5. 3 枝候補削減の有無による発見的解法の性能の変化
Solomon のベンチマーク問題を元に作成したサイズの大き
いインスタンスについて，全ての枝集合 $ を用いて発見的解
法を実行した場合と，削減した枝候補 $ ′を用いて発見的解法
を実行した場合の計算時間と誤差率の比較を行った．使用した
発見的解法は，5. 2節の数値実験で用いた方法と同様に，最近
傍構築法で作成した解を 3-opt法で解の更新を行った．枝候補
の削減手法で用いた枝の本数 8, 8 ′ はそれぞれ 8 = 0.2 × %, 8 ′ = %

である．R101と同じ時間窓の割り振りで作成した問題を用い
た場合の数値計算の結果を図 4に示す．横軸はインスタンス
の顧客数を表しており，縦軸は計算時間，誤差率を表す．ま
た，緑線は枝候補の削減を行わなかった場合を，紫線は枝候補
の削減を行った場合を表している．
計算時間の推移に着目すると，枝候補の削減を行わない場
合は，顧客数が増えるほど，計算時間が二次関数的に増加して
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(a) 計算時間
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(b) 誤差率
図 3 枝候補 4′ の枝本数と発見的解法の関係性

いることがわかる．特に，1,000顧客問題では 2,500秒以上か
かることが分かる．一方で，枝候補を削減することで 1,000顧
客問題であっても計算時間を 200秒程度に抑えられているこ
とがわかる．このことから，枝候補を削減することで計算時
間を大幅に減らすことができることがわかった．一方，誤差
率の推移について着目すると，枝候補を削減した方が誤差率
は多少増加してしまうことがわかる．しかし，削減された計
算時間と比較すると増加率は少ない．これらのことから，枝
候補の削減を行うことで，少ない誤差率の増加で計算時間を
大幅に削減できることがわかった．

6. ま と め
本稿では，VRPTWにおける枝候補の削減手法について提案

し，枝候補の性能調査を行った結果について報告した．Solomon
のベンチマーク問題集を用いた数値実験を行った結果，時間
情報を含めずに枝候補の削減を行うことでより効率的な枝候
補の削減が実現できることがわかった．次に，Solomonのベ
ンチマーク問題集を元に作成した顧客数の大きいインスタン
スを用いて数値実験を行った．その結果，顧客からの枝は大
幅に削減することで枝候補の性能が向上する一方で，デポか
らの枝の本数は削減するべきではないことが判明した．また，
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(b) 誤差率
図 4 枝候補削減の有無による計算時間と誤差率の比較

枝候補の削減の有無による発見的解法の性能の比較を行った．
数値実験の結果，誤差率は変化しなかった一方で，計算時間は
大幅に削減されたことがわかった．特に，顧客数の大きい問
題において枝候補の削減が計算時間の短縮に貢献しているこ
とが明らかになった．
謝辞 本研究の一部は JSPS科研費 JP20H000596, JP21H03514
の助成を受けて行われた．
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あらまし 本稿では，マーク付点過程に対する力学系再構成の手法を，人の指先から計測した光電脈波 (PPG)のデー
タに対して適用した．具体的には，指先から計測した光電脈波の時系列データの極大値もしくは極大・極小値を抽出
することでマーク付点過程を生成した．生成したマーク付点過程のイベント間隔時系列とマーク時系列，もしくはイ
ベント間隔時系列，マーク時系列のみからアトラクタを再構成し，計測した PPGの時系列から再構成したアトラクタ
と比較した．その結果，元の PPG時系列から再構成したアトラクタの再帰構造はマーク付点過程から再構成したア
トラクタに保持されていることが定性的に確認できた．また，再構成アトラクタの 2点間距離分布間の類似度を JS
divergenceにより評価した．その結果，マーク付点過程から再構成した 6種類のアトラクタと元の時系列から再構成
したアトラクタの 2点間距離分布間の類似度に特徴的な傾向は存在しなかった．
キーワード 力学系再構成，埋め込み，遅延座標系，マーク付点過程，2点間距離分布，Jensen-Shannon divergence

Reconstructing dynamical system from marked point processes and its
application to real world data

Kazuya SAWADA†, Nina SVIRIDOVA†,††, Yutaka SHIMADA†††, and Tohru IKEGUCHI†,††

† Department of Information and Computer Technology, Graduate school of Engineering,
Tokyo University of Science

Niĳuku 6–3–1, Katsushika-ku, Tokyo, 125–8585, Japan
†† Department of Information and Computer Technology, Faculty of Engineering, Tokyo University of Science

††† Department of Information and Computer Sciences, Graduate School of Science and Engineering,
Saitama University

255 Shimo-Okubo, Sakura-ku, Saitama-shi, Saitama 338–8570, Japan
E-mail: †sawada@hisenkei.net

Abstract In this report, we applied the method of reconstructing dynamical system for the marked point process to the human
photoplethysmogram (PPG) measured from a finger. In particular, we generated a marked point process by extracting the
maxima or maxima and minima of the photoplethysmographic pulse wave time series. Then, we reconstruct an attractor from
the time series of inter-event interval and marked value of the generated marked point process, or only from the time series
of inter-event interval and marked value, and compared with the attractor reconstructed from measured PPG time series. As
a result, it was qualitatively confirmed that the recurrence structure of the attractor reconstructed from the original PPG time
series was retained in the attractor reconstructed from the marked point process. However, no clear trends were found in the
similarity between the inter-point distance distributions of the six attractors reconstructed from the marked point process and
those reconstructed from the original time series evaluated by the JS divergence between the inter-point distance distributions
on the attractor reconstructed from the original PPG data and attractors reconstructed from the marked point processes.
Key words Reconstructing dynamical system，embedding，delay-coordinate system，marked point process, inter-point
distance distribution，Jensen-Shannon divergence
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1. は じ め に
我々の身の回りには，様々な点過程データが存在する．例え
ば，神経細胞から得られるスパイク列や地震データ，経済デー
タなどはその典型である．また，イベント発生時刻に何らかの
情報が付与されたマーク付点過程も実世界に偏在する．地震
データの場合は，地震発生時刻にマグニチュード，緯度・経度
情報が付与され，株式取引データの場合は，取引時間に取引量
などの情報が付与されている．これまで我々は，非線形力学系
の数理モデルから得られた時系列の極大値を抽出することで生
成したマーク付点過程を解析する手法を提案している．具体的
には，生成したマーク付点過程から再構成したアトラクタが元
の非線形力学系の幾何学的特徴であるアトラクタ上の 2点間距
離分布を概ね保持することを報告した [1]．このような性質は，
観測した時系列データの時空間解像度が低い場合でも元の力学
系の特徴を一部再構成できることを示唆するものである．この
ように，時空間解像度が低い時系列データからでも元の力学系
の特徴を捉えられる場合，工学応用上有用となる．例えば，近
年普及しているウェアラブルデバイスなどで計測される光電脈
波 (Photoplethysmography，以下 PPG)のデータなどから健康状
態をモニタリングするために，脈波の特徴を明らかにする研
究は盛んに行われているが [2], [3]，どの程度の時空間解像度の
データを計測すれば健康状態のモニタリングに十分となるかな
どは明らかでない．もし低い時空間解像度での健康状態のモニ
タリングが可能となれば，データの処理時間の減少などによる
実時間処理装置の開発にも繋がるため重要である．
そこで本稿では，PPGの実データに対し，極大値抽出して得
たマーク付点過程と実際に計測された PPG の時系列データか
らそれぞれアトラクタを再構成し，これらのアトラクタ上の 2
点間距離分布の類似度を Jensen–Shannon (JS) divergence [4] に
より評価した．マーク付点過程からアトラクタを再構成する際
には，マーク付点過程のイベント間隔 (IEI)とマーク値を用い
る場合，IEIのみ用いる場合，マークのみ用いる場合の 3パター
ンで再構成した．また，極大値抽出のみではなく，極大値と極
小値を抽出した場合についても同様の実験を行なった．

2. 使用データ
本稿では，指先脈波のデータを計測し，解析に使用した．指
先脈波のデータは，パルスオキシメータ (東京デバイセズ汎用
心拍センサ IWS920開発キット「パルス・ラボ」 [5])を用いて
非侵襲に計測した．その際，「東京理科大学人を対象とする医
学研究の実施及び倫理に関する規定」に従い，実験手順などを
被験者に十分説明し，同意を得たのちに計測を行なった．光電
脈波の計測原理は，赤色や赤外線などの LED光を用いて心拍
によって色が変化した指先を透過した光の変化を反対側の受光
素子により受け取り，脈波の変動を計測する．本稿では，被験
者は健康な 22歳の女性で，約 5分間計測し，解析した結果を
報告する．

3. 手 法
まず，本稿で用いた極大値抽出によるマーク付点過程の生

成 [6]について述べる．極大値を抽出することでマーク付点過
程を生成する模式図を図 1に示す．図 1に示すように，任意の

図 1 連続時系列の極大値を抽出してマーク付点過程を生成する模式図

時系列信号の !番目の極大値の時刻をイベント発生時刻 " (!) と
定義し，極大値をマーク情報 # (!) と定義することで，マーク
付点過程を生成する．このとき !番目のイベント発生間隔 (IEI)
は，$ (!) = " (! + 1) − " (!) で定義される．また，極小値を抽出
する際も同様の方法でマーク付点過程を生成した．
次に，遅延座標系を用いた力学系の再構成について説明する．

観測時系列 %(")を式 (1)のように遅延座標系へ変換することで，
仮に力学系の全変数を観測できない場合でも力学系を再構成で
きることが既に示されている [7], [8]．
!(") = (%("), %(" + &), %(" + 2&), · · · , %(" + (' − 1)&)) (1)

式 (1)において，' は再構成次元，& は時間遅れである．また，
多変数が同時計測された時系列データからも力学系の再構成は
可能である．我々は既に，マーク付点過程をイベント間隔 (IEI)
時系列とマーク時系列の 2次元時系列とみなし，力学系を再構
成する方法を提案している [1]．具体的には，式 (2)でマーク付
点過程から力学系を再構成する．

! (!) = (" (!) , # (!) , · · · , " (! + ($ − 1)%) , # (! + ($ − 1)%)) (2)

ここで，式 (2)において，& は遅れ時間で，2' が再構成次元と
なる．
本稿では，観測した PPG の時系列データから再構成したア

トラクタとその極大値・極小値を抽出して生成したマーク付点
過程から再構成したアトラクタの幾何学的特徴が類似している
かを評価する．アトラクタの幾何学的特徴を定量的に評価する
ためのよく知られた指標としてフラクタル次元がある．また，
フラクタル次元を推定するための手法として 2点間距離分布を
用いる手法も提案されている [9]．我々も既に，アトラクタ上の
2点間距離分布の類似度の評価によりアトラクタの類似度を評
価する手法を提案している．具体的には，アトラクタ上の 2点
間距離分布間の JS divergenceによりアトラクタの類似度を評価
する．

4. 数 値 実 験
本稿では，計測した PPGの時間解像度を 1/10とした時系列
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図 2 (a) & (!) の時系列波形 (サブサンプル後)と (b)極大値抽出により得られたマーク付点過程，

(c) 極大値と極小値抽出により得られたマーク付点過程

データ ((") を解析対象とした．計測した時系列データをサブ
サンプルした理由は，ノイズによる影響を低減するためである．
計測の際のサンプリング間隔は 1/409.6秒であるため，((") は
10/409.6 秒でサンプリングされている．((") の時系列波形と
((") の極大値を抽出して生成したマーク付点過程，極大値・極
小値を抽出して生成したマーク付点過程を図 2に示す．図 2か
ら，マーク付点過程はサブサンプルした PPG波形の大まかな変
動を捉えていることが確認できる．
次に，((") とその極大値を抽出して生成したマーク付点過程
の IEI時系列とマーク時系列，IEI時系列のみ，マーク時系列の
みから再構成したアトラクタを図 3に示す．ここで，((") から
アトラクタを再構成する際には & = 3，それ以外の場合は & = 1
とした．図 3より，((") から再構成したアトラクタはカオス的
振舞いを示すことが確認できる．また，図 3(b)∼(d)を見ると，
マーク付点過程への変換による時空間解像度の低下に起因して
再構成アトラクタは滑らかな軌道を描かないが，((") が有する
再帰構造を保持していることが確認できた．
また，((") の時系列の極大・極小値を抽出して生成したマー
ク付点過程の IEI時系列とマーク時系列，IEI時系列のみ，マー
ク時系列のみから再構成したアトラクタを図 4に示す．ここで
も，遅れ時間は & = 1とした．図 4(a)∼(c)を見ると，図 3(b)∼(d)
と同様に，((") から再構成したアトラクタの再帰構造を保持し
ていることが確認できた．
最後に，サブサンプルした PPGの時系列から再構成したアト
ラクタと極大値もしくは極大・極小値を抽出して生成したマー
ク付点過程から再構成したアトラクタの幾何学的な類似度を提
案手法により比較した．再構成次元を 2から 20の範囲で 2刻
みで変化させた場合の ((") から再構成したアトラクタとマー
ク付点過程から再構成したアトラクタの 2点間距離分布間の JS
divergenceの結果を図 5に示す．図 5から，JS divergenceの値
は全ての場合で 0.1 以下と比較的低い値であることがわかる．
一方，再構成次元の変化による JS divergence，すなわちアトラ
クタの類似度の変化に明らかな傾向は見られない．また，IEI

とマーク時系列を両方使用した場合，IEI時系列のみを使用し
た場合，マーク時系列のみを使用した場合，再構成次元の変化
により JS divergenceの大小関係が入れ替わっている．これらの
結果より，マーク付点過程からどのようにアトラクタを再構成
しても，元の力学系の特徴を保持していることが示唆される．

5. ま と め
本稿では，指先から計測した光電脈波の時系列に対して，極

大値・極小値を抽出してマーク付点過程を生成した．その後，
生成したマーク付点過程の IEIとマーク時系列の 2次元時系列，
IEI時系列，マーク時系列の 1次元時系列のみからアトラクタ
を再構成した．その結果，定性的には，元の PPGの時系列に内
在する再帰構造を保持していることが確認できた．また，マー
ク付点過程からそれぞれ再構成した 6つのアトラクタと計測し
た PPGの時系列から再構成したアトラクタの 2点間距離分布
の類似度を JS divergenceにより評価した．その結果，再構成次
元の変化によってそれぞれ 6つの再構成アトラクタと元の PPG
時系列の再構成アトラクタの類似度は変動するが高い値を有す
ること，またどのようにマーク付点過程を構成するかには大き
く依存しないことが明らかとなった．今後の課題として，2点
間距離分布以外の非線形力学系としての特徴量を比較検討する
ことなどが挙げられる．
謝辞 本研究の一部は，JSPS 科研費（Nos. JP19K14589,

JP20H00596, JP21H03508, JP21H03514）の援助を受けて行わ
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図 4 (a) & (!) から極大・極小値抽出により生成したマーク付点過程の
IEI時系列とマーク値時系列から再構成したアトラクタ，(b) & (!)
から極大・極小値抽出により生成したマーク付点過程の IEI時系
列から再構成したアトラクタ，(c) & (!) から極大・極小値抽出に
より生成したマーク付点過程のマーク値時系列から再構成したア
トラクタ
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たアトラクタの 2点間距離分布間の JS divergence．青色は IEIと
マーク時系列から再構成したアトラクタの結果，赤色は IEI時系
列から再構成したアトラクタの結果，緑色はマーク時系列から再
構成したアトラクタの結果である．実線は極大値のみ抽出して生
成したマーク付点過程の結果，点線は極大・極小値を抽出して生
成したマーク付点過程の結果である．
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あらまし バイクシェアリングシステムでは，各ポートでの自転車の貸出，返却ができない状況の発生を最小限にす
るために，自転車回収車がポートを訪問し，自転車の再配置作業を行う必要がある．我々は既に，この再配置作業を
短時間で行う発見的解法の開発に取り組んできた．その際，ポートを決められた範囲内にランダムに配置し，さらに，
各ポートにおける自転車の過不足台数もランダムに設定したオリジナルのベンチマーク問題に対して数値実験を行い，
提案解法の性能を評価した．しかし，実際のバイクシェアリングシステムにおける再配置作業の効率的な戦略は，実
際の履歴情報から得られる現実的なポート配置や利用状況を再配置に組み込むことが重要である．そこで本報告では，
ボストン，ワシントン D.C.,ニューヨーク，シカゴにおける実際のバイクシェアリングシステムの利用パターンの季節
的な変化について，ラスタプロット，変動係数，局所変動係数を用いて解析した結果を報告する．数値実験の結果，季
節によって自転車の使用台数は変化するが，貸出と返却される自転車のイベントの発生パターンの統計的特性は 1年
を通してほぼ変化しないこと，変動係数の値は 1より大きく，局所変動係数の値は 1に近い値をとることを確認した．
キーワード バイクシェアリングシステム，点過程，変動係数，局所変動係数
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Abstract In Bicycle Shairng System (BSS), it is necessary for vehicles to visit ports and relocate bicycles to reduce the
situation where bicycles cannot be rented or returned at ports. To restore the bicycles in a short time, we developed heuristic
methods which can find a near optimal solution in a short time. In the numerical experiments, we have evaluated the perfor-
mance of the proposed method by producing original benchmark instances with randomly distributed ports and randomly set
the number of bicycles. However, an efficient strategy of repositioning operation in a real BSS should be based on realistic port
locations and actual usage history data. Therefore, in this study, we report the results of the analysis of the seasonal variation
of the actual BSS usage history in Boston, Washington, D.C., New York, and Chicago using raster plots, the coefficient of
variation, and the local variation. The results of the numerical experiments show that the value of the coefficient of variation
of the pattern of rented and returned bicycles timing was greater than unity and the value of the local variation was close to
unity throughout the year for all cities.
Key words bicycle sharing system, point process, coefficient of variation, local variation
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1. ま え が き
バイクシェアリングシステムとは，街中に複数のポートと自
転車が設置され，利用者は自転車を借りたポートとは異なる
ポートに自転車を返却することが可能なシステムである 1．バ
イクシェアリングシステムは，従来の公共交通機関よりも利便
性が高い交通システムの 1 つとしてだけでなく，交通渋滞緩
和，排気ガス削減などの観点からも注目されている．例えば，
文献 [3]では中国の上海の一部の地域を対象に，バイクシェア
リングシステムの導入により排気ガスがどれくらい削減可能か
が推定されている．数値解析の結果，2016年は 8,358トンのガ
ソリンの節約，25,240トンの CO2 の削減，64トンの NOxの削
減が見込めることが報告されている．また，文献 [4]では，ワ
シントン D.C.の公共交通機関の閉鎖がバイクシェアリングシ
ステムの需要に与える影響について調査が行われている．実験
の結果，公共交通機関が閉鎖された場合，バイクシェアリング
システムは補助的な交通手段として利用されることが報告され
ている．2004年において，バイクシェアリングシステムは，世
界の 13都市でのみ導入がされていたが，IoT技術の発展に伴い
2014年には 855都市で導入が進んでいる [1]．
バイクシェアリングシステムは，好きな時間に好きなポート
で自転車の貸出，返却が可能であるというメリットがある一方，
自転車が一方向ばかりに利用されてしまうと自転車を借りるこ
とができないポート，自転車を返却できないポートが発生する．
この問題を解決するため，実際のバイクシェアリングシステム
では自転車回収車を用いて自転車が超過しているポートで自転
車を回収し，自転車が不足しているポートに自転車を補充する
再配置作業が行われている．この回収車の効率的な巡回経路を
求めることは組合せ最適化問題の一種であり，短時間で高性能
な解を探索するアルゴリズムの開発に関する研究は盛んに行
われている [5], [6]．我々も，複数の自転車回収車の効率的な自
転車再配置経路を決定するために multiple-Vehicle Bike Sharing
System Routing Problem (mBSSRP) を提案し，この問題に対す
る発見的解法を提案した [7]．しかし，mBSSRP には回収車の
容量制約や制限時間制約など厳しい制約条件があるため，一
部の問題例に対して実行可能解が得られないという課題があっ
た．そこで我々は，mBSSRPの一部の制約条件を取り除き，そ
れらの違反量を目的関数に加えた multiple-Vehicle Bike Sharing
System Routing Problem with Soft constraints (mBSSRP-S)と，こ
の問題に対する解法を提案した [8]．しかし，mBSSRP-Sでは，
mBSSRPの実行可能解のみならず，実行不可能解へも遷移しな
がら解探索を行うため，ポート数が増加するにつれて計算時間
が増加する問題があった．そこで我々はさらに，mBSSRP-Sの
解の性能を維持しながら計算時間を削減する方法も提案してい
る [9]．
これらの研究 [7]～[9]において我々は，ポートが予め定めら

（注1）：本研究で対象とするバイクシェアリングシステムはポート間で自転車の
乗り降りが可能であるシステムであるが，中国では，ポートがなく自由に好きな
場所で自転車の乗り降りが可能なバイクシェアリングシステムも実施されてい
る [2]．

れた範囲内にランダムに配置されたオリジナルのベンチマー
ク問題例を用いて，提案手法の性能を評価した．しかし，実際
のバイクシェアリングシステムにおける再配置作業の効果的な
戦略を開発するためには，実際の履歴情報から得られる現実的
なポート配置と利用状況を再配置作業に組み込む必要がある．
一方，近年では，世界中のバイクシェアリングシステムの利

用履歴情報や各ポートの利用可能な自転車台数がリアルタイム
に公開されており，これらのデータを用いて，実際の利用履歴
の解析や自転車の需要予測に関する研究も行われている．例え
ば，J. Froehlich et al. [12]らは，スペインのバルセロナで行われ
ている Bicing のデータ [13] (13 週間分の平日のデータを使用)
と階層的クラスタリング手法を用いて自転車の利用パターンを
解析している．数値実験の結果，370ポートを 3つの行動クラ
スタを持つ 6つのクラスタに分類した．また，A. Kaltenbrunner
et al. [14]らも，Bicingのデータ (約 400のポートを対象に 7週
間分の平日と週末のデータ)を使用し，自転車の利用パターンを
解析した．その結果，平日と週末では自転車の利用パターンが
異なることを明らかにした．さらに，400ポートの中から 4つ
のポートについて，1時間あたりの自転車の利用台数の変化を
調査している．その結果，ポートによって自転車の利用パター
ンは大きく異なることを報告している．一方，G. McKenzie [15]
はワシントン D.C. [16]で実施されているスクータシェアとバイ
クシェアリングシステムの利用パターンの比較を行っている．
調査の結果，平日は，2つのピーク (朝夕の通勤の時間帯)，週末
は，夕方の 5時に利用が増加する傾向があることを報告した．
我々も既に，ボストン [17]，ワシントンD.C. [16]，ニューヨー

ク [18]，シカゴ [19]の 8月の 1ヶ月分のデータに対し，自転車
の貸出と返却が行われた時間をイベント発生とする点過程とし
て扱い，各ポートの自転車の貸出と返却のイベント発生パター
ンがどのように振る舞うかを，ラスタプロット，変動係数，局所
変動係数を用いて調査した [10], [11]．数値実験の結果，平日と
週末，日中 (8:00–20:59)と終日のパターンはほぼ同じであるこ
とを確認した．しかし，これまでの利用履歴解析の研究 [10]～
[12], [14], [15]では，実際の利用履歴データの一部の期間のみに
対する解析に留まっている．
一方，H. Kim [20]は，季節的な変化と PM (particulate matter)

レベルが韓国のソウルで実施されているバイクシェアリングシ
ステム [21] の利用に与える影響について調査を行った．実験
の結果，PMレベルが高くなる冬と春は自転車の利用時間が短
くなる傾向があることを報告している．これは，バイクシェア
リングシステムの利用パターンは，一部の期間のみの平日と週
末だけでなく，季節によっても変動することを示唆するもので
ある．そこで本報告では，4 つの都市 (ボストン，ワシントン
D.C., ニューヨーク，シカゴ) についてラスタプロット，変動
係数，局所変動係数を用いて自転車の貸出と返却タイミングパ
ターンの統計的特性と季節変化の関係について調査する．数値
実験の結果，季節によって自転車の貸出台数は変化するが，貸
出，返却タイミングの特徴は，全ての都市について 1年を通し
てほぼ変化しないこと，変動係数の値は 1より大きく，局所変
動係数の値は 1に近い値をとることを確認した．
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2. 統計的な解析
本研究では，2019年のボストン [17]，ワシントン D.C. [16]，
ニューヨーク [18]，2017年のシカゴ [19]の実際の利用履歴デー
タを使用する．利用履歴データには，自転車が貸し出された
日，返却された日，貸出された時間，返却された時間，貸出さ
れたポート ID，返却されたポート ID，利用者の種類が含まれ
ている．
本研究では，自転車の貸出と返却が行われた時間を点過程と
して扱い，各ポートにおける自転車の貸出と返却のイベントの
時間的なパターンがどのように振る舞うか調査を行った．点過
程データを解析するために，我々はラスタプロット，変動係数
(!! )，局所変動係数 ("! )を使用する．!! と "! を求めるた
めに，inter-event-intervals (IEIs)を求める．1つのポートにつき
貸出と返却の 2種類の点過程が存在する．まず，#番目のポート
で自転車の貸出または返却が発生した時間を $"，次にそのポー
トで自転車の貸出または返却が発生した時間を $"+1 とする．次
に，貸出または返却の # 番目の IEIを %" = $"+1 − $" と定義する
と，IEIを用いて，!!，"! は以下の式で表される．

!! =

√
1

#−1
∑#
"=1 (%" − %̄)2

%̄
(1)

"! =
1

(& − 1)
#−1∑
"=1

3(%" − %"+1)2

(%" + %"+1)2 (2)

ただし，&は IEIの数を示し，%̄ = (1/&)∑#
"=1 %" である.

!! は全ての IEIの変動を示し，!! = 0であれば，自転車の
貸出と返却のパターンは規則的に発生している．一方，IEIが
ポアソン過程の場合，!! = 1となる，また，"! とは，局所的
な変動を測る指標である．"! = 0であれば，自転車の貸出と返
却のパターンの IEIは規則的に発生し，"! = 1であれば，IEI
がポアソン過程となる．

3. 数 値 実 験
はじめに，月ごとの自転車の利用回数を図 1に示す．横軸は
月，縦軸は利用回数を示す．図 1より，全てのバイクシェアリ
ングシステムについて，7, 8, 9月の自転車の利用は多く，1, 2,
12月の自転車の利用は少ない傾向にあることがわかる．本研究
で対象とした都市は日本と同じように北半球に位置し，四季の
ある都市である．そのため，気温の高い季節は自転車の利用が
多く，気温が低い冬は自転車の利用が少ない傾向になったと考
えられる．また，ニューヨークにおけるバイクシェアリングシ
ステムの利用数は他の都市に比べて 3.8倍 ∼13.8倍の利用があ
ることも明らかになった．
次に，各季節の第一水曜日 (平日) と第一土曜日 (週末) の貸
出ラスタプロットを図 2に示す．本研究では，ニューヨークの
貸出の結果のみを示しているが，他の都市，また，ニューヨー
クを含む全都市における自転車が返却されたタイミングのラス
タプロットも貸出の結果と同様であった．横軸は時間 (分) を
示し，縦軸はポート IDを示している．図 2より，どの季節も

図 1 月ごとの自転車の利用回数．
平日 週末

春

(4月)

夏

(8月)

秋

(11月)

冬

(2月)

12 230 186 12 230 186

図 2 ニューヨークのバイクシェアリングシステムの貸出された自転車
のラスタプロット.

平日は通勤の時間帯に多くの自転車が利用され (午前と夕方に
ピークを持つ)，休日はピークを持たないパターンがあることが
わかる．また，平日，週末ともに夜間の利用はほとんどない．
なお，平日の夏 (8月)のみ夕方のピークが存在しないが，この
日は午後から雨が降ったためである．
図 3 は季節ごとの平日と週末の利用履歴を使用し，全ての

ポートについて !! を求めた結果である．横軸は !! 値，縦軸
はその頻度を示している．青色の棒は全ての時間帯を使用した
場合の !! である．図 3では，IEI数が 1つ以下のポートは使
用していない．図 3の '$ は !! 値の平均を示す．図 3より，
1日全ての時間帯を利用した場合，全ての都市の全ての季節に
ついて !! 値の平均は 1よりも大きい値をとっている．図 2よ
り，深夜の自転車の利用はほどんと存在していない．そこで，
21:00 から 7:59 までのイベントを削除して !! の値を算出し
た．オレンジ色の棒が，日中 (8:00–20:59)だけのイベントの IEI
から求めた !! の結果を示している．利用されていない時間を
削減することにより全ての季節でボストンの !! 値 (オレンジ
色の棒)の平均は 1に近づいているが，他の都市の !! 値の平
均は 1より大きい結果となった．
バイクシェアリングシステムにおける自転車の利用は通勤時
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μC = 3.75
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μC = 2.21

μC = 1.74
μC = 1.19

μC = 1.53
μC = 1.98

μC = 2.05
μC = 3.85

μC = 1.67
μC = 2.35

μC = 1.75
μC = 1.30

μC = 1.52
μC = 1.76

μC = 2.02
μC = 3.13

μC = 1.50
μC = 1.70

μC = 1.69
μC = 1.39

μC = 1.52
μC = 1.77

μC = 1.98
μC = 2.99

μC = 1.34
μC = 1.49

μC = 1.66
μC = 1.26

μC = 1.59
μC = 1.77

μC = 2.00
μC = 2.85

μC = 1.46
μC = 1.62

μC = 1.36
μC = 1.11

μC = 1.42
μC = 1.65

μC = 1.83
μC = 2.73

μC = 1.63
μC = 1.87

図 3 季節ごとの平日と週末の利用履歴を使用し，貸出された自転車の IEI から求めた $! 値.
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図 4 季節ごとの平日と週末の利用履歴を使用し，貸出された自転車の IEI から求めた %! 値.
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間帯に多く，深夜はあまり利用されない特性がある．このよう
に，イベント発生間隔の変動が大きい場合，!! 値の結果にも影
響を与える可能性がある [22], [23]．そこで，イベントの発生す
る間隔が変動しても IEIの特性を抽出できる局所変動係数 ("! )
を使用する．
図 4 は季節ごとの平日と週末の "! の結果である．横軸は

"! の値，縦軸は頻度を示しており，青色の棒は，全ての時間
(24h)を使用した場合，オレンジ色の棒は日中 (8:00–20:59)のみ
を使用した結果である．図 4の '% は "! 値の平均を示す．図
4には，貸出のみの結果を示したが，返却された結果も貸出と
同様であった．図 4より，全てのバイクシェアリングシステム
について，平日と週末の日中の "! (オレンジ色の棒)と 24時間
の "! (青色の棒)の平均は !! に比べて 1に近づいている．ま
た，平日と週末の差は見られない．さらに，それぞれの都市の
季節ごとの差も見られない．これらの結果から，4つの都市に
おける自転車の貸出と返却イベントの発生パターンの統計的特
性は，全ての季節について，平日と週末，日中だけを使用した
場合 (8:00–20:59)と全ての時間を使用した場合 (24h)で同じ傾
向であること，変動係数の値は 1より大きく，局所変動係数の
値は 1に近い値をとることを確認した．　

4. ま と め
本稿では，アメリカのボストン，ワシントン D.C.,ニューヨー
ク，シカゴの実際のバイクシェアリングシステムの利用履歴の
季節的な変化についてラスタプロット，変動係数，局所変動係
数を用いて解析した結果を報告した．ラスタプロットの結果か
らは，平日は通勤の時間帯に多くの自転車が利用され，休日は
ピークを持たないパターンがあることがわかった．平日，週末
ともに夜間の利用はほとんどなく，季節間での差は見られな
かった．次に，変動係数の結果から，1日全ての時間帯を利用し
た場合，全てのバイクシェアリングシステムの全ての季節につ
いて変動係数の値の平均値は 1よりも大きい値をとること，日
中 (8:00–20:59)のみの時間を使用した場合は，季節間の差はな
かったが，ボストンの変動係数の平均値は 1に近づくこと，他
の都市の場合，変動係数の値の平均値は 1より大きいことが分
かった．最後に局所変動係数を求めた結果からも，季節間の差
は見られなく，平日と週末の日中 (8:00–20:59)のみを用いた場
合と全ての時間を用いた場合 (24h)の局所変動係数の平均値は
ともに 1に近づいており，平日と週末の差も見られなかった．
したがって，季節によって使用される自転車台数は変化するが，
貸出と返却される自転車のイベントの発生パターンの統計的特
性は，1年を通してほぼ変化せず，平日と週末，日中だけを使
用した場合 (8:00–20:59)と全ての時間を使用した場合 (24h)で
同じ傾向であり，変動係数の値は 1より大きく，局所変動係数
の値は 1に近い値をとることを確認した．
謝辞 本研究は JSPS科研費 JP20H000596, JP21H03514の助
成を受けたものである．
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あらまし 本稿では，遅延座標系を用いた力学系再構成の際の適切なパラメータ選択について検討している．具体的
には，再構成次元と時間遅れを網羅的に変化させ，真のアトラクタと再構成アトラクタ上の 2点間距離分布間の距離を
Jensen-Shannon (JS) divergenceを用いて計算した．その結果，再構成次元と時間遅れの積を小さい任意定数値に保つこ
とで，JS divergenceが最小化することがわかった．加えて，再構成アトラクタ上の 2点間距離分布のエントロピーを
計算した．その結果，JS divergenceを最小化する再構成次元と時間遅れの組み合わせとエントロピーを最大化する再
構成次元と時間遅れの組み合わせが概ね対応することがわかった．
キーワード 力学系再構成，埋め込み，遅延座標系，2点間距離分布，Jensen-Shannon divergence，エントロピー

A study on estimating appropriate parameters of state space reconstruction
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Abstract In this report, we investigated appropriate parameter values for reconstructing a dynamical system using delay–
coordinate systems. In particular, we calculated the distances between the inter-point distance distributions of the actual and
reconstructed attractors through the Jensen-Shannon (JS) divergence by varying the reconstruction dimension and time-delay
exhaustively. As a result, we found that the JS divergence is minimized when the product of the reconstruction dimension and
the time-delay keeps a small constant value. In addition, we calculated the entropy of the inter-point distance distribution on the
reconstructed attractor. As a result, we found that the combinations of reconstruction dimension and time-delay that minimize
JS divergence roughly correspond to the combinations of reconstruction dimension and time-delay that maximize entropy.
Key words Reconstructing dynamical system，embedding，delay-coordinate system，inter-point distance distribution，
Jensen-Shannon divergence，entropy

1. は じ め に
時系列解析では，観測時系列からシステムの特性を理解する
こと，適切なモデルを構築すること，時系列を高精度に予測す
ること，システムを効果的に制御することなどが求められる．
特に，システムの特性を詳細に理解することは，適切なモデル

の構築，高精度な予測，システムの効果的な制御の成否を決め
る上で最も重要である．
非線形時系列解析においては，力学系の全ての状態変数を観
測できない場合でも，観測時系列に対し，時間遅延座標系を用
いることで力学系のアトラクタを再構成できることが広く知ら
れており，再構成の変換が埋め込みとなることは理論的にも示
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されている [1], [2]．このように，遅延座標系による力学系の再
構成は非線形時系列解析の基盤技術となっている．
遅延座標系への変換による力学系再構成は，再構成の際の遅
れ時間値が力学系からの観測時系列の周期倍でないかつ再構成
次元が真の力学系のボックスカウント次元の 2倍以上であれば
埋め込みが保証される [2]．この埋め込み定理は，十分な長さの
データが観測されているなど理想的な条件下でのみ保証される
が，現実世界の観測時系列は比較的短い時間のみ観測される場
合もある．したがって，実際の解析の場面では，適切な再構成
パラメータを選択し，可能な限り良い状態空間を再構成するこ
とが肝要である．
適切なパラメータを用いてアトラクタを再構成すると，再構
成アトラクタの幾何学的特徴は未知の力学系の背後にある実
際のアトラクタと類似することが期待される．アトラクタの
幾何学的特徴は，フラクタル次元の一つである相関次元により
定量化される．また，アトラクタ上の 2 点間距離分布を用い
て相関次元を推定することができる [3]．そこで本稿ではまず，
幾何学的特徴としてアトラクタ上の 2点間距離分布に着目し，
Jensen-Shannon (JS) divergence [4]を用いて，真のアトラクタと
再構成アトラクタ上の 2点間距離分布の類似性を最大化する再
構成パラメータ値を検討した．その結果，再構成次元と時間遅
延の積が小さい定数値であれば，実際のアトラクタと再構成ア
トラクタ上の 2点間距離分布は類似することがわかった．埋め
込み窓と呼ばれる再構成次元と時間遅延の積を一定に保つこと
が重要であることは以前から議論されており [5]～[15]，本報告
で得たこの結果は，これらの結果と対応している．実際，埋め
込み窓を固定することで，相関次元推定の性能が向上すること
も報告されている [9]．
また，実際の時系列解析の場面では，真のアトラクタの情報
は未知であるため，再構アトラクタの情報のみを用いて適切な
再構成パラメータを選択する必要がある．そこで，再構成パラ
メータを変化させた際の再構成アトラクタ上の 2点間距離分布
のエントロピーを計算し，真のアトラクタと再構成アトラクタ
の 2点間距離分布間の JS divergenceの値が最小になる再構成パ
ラメータの範囲でエントロピーがどのような値を取るか調査し
た．その結果，真のアトラクタと再構成アトラクタの 2点間距
離分布間の JS divergenceの値を最小化する再構成パラメータの
範囲は再構成アトラクタ上の 2点間距離分布のエントロピーを
最大化する範囲と概ね対応することがわかった．

2. 手 法
観測時系列に対して，時間遅延座標系を用いた力学系再構成
手法は非線形時系列解析において最も広く用いられている．具
体的には，観測時系列を !! (1 ≤ " ≤ #) とすると，式 (1)のよう
に時間遅延ベクトルを構成することで，力学系を再構成する．
! (") = {!! , !!+" , . . . , !!+(#−1)" } (1)

ここで，$ は再構成次元，% は時間遅れ値である．十分長い時
系列が観測され，真の力学系の次元に対して十分大きな次元 $

で再構成する場合には，式 (1)のような遅延座標系への変換は，

埋め込みとなることが Takens によって理論的に保証されてい
る [1]．一方，現実的な時系列解析の場面では，観測時系列の長
さには制限がある場合がほとんどであり，状態空間内のデータ
点数は # − ($ − 1)% であるため，特に有限長のデータに対して
は，可能な限り小さい $ と % で適切な状態空間を構成するこ
とが重要である．また，観測時系列のサンプリングレートに対
して極端に小さい % を選択すると，状態空間内のデータ点は不
適切に相関が高くなり，極端に大きい % を選択すると，状態空
間内のデータ点は相関がなくなり，不適切な座標系となってし
まう．このように，再構成パラメータ $ と % の設定を誤ると，
力学系の特徴が再現できないため，遅延座標系による状態空間
再構成を行う際には，これらのパラメータを慎重に設定する必
要がある．
そこで本稿では，真のアトラクタと再構成アトラクタの 2点

間距離分布の類似性を評価する手法を提案し，アトラクタの空
間的な特徴が類似する $ と % にどのような傾向があるか調査
した．本稿では，手法の評価に 3 次元の非線形力学系である
Lorenz方程式 [16]を用いた．提案手法では，まず Lorenz方程
式の状態変数 &! , '! , (! を [0, 1] の範囲に正規化する．例えば変
数 &! の場合は，&̂! = (&! − &min)/(&max − &min) である．ここで，
&̂! は正規化した &! で，&max, &min はそれぞれ &! の最大値・最
小値である．変数 '! と (! の場合も同様に正規化し，時刻 " で
の正規化したアトラクタ上のベクトルを "(") = {&̂! , '̂! , (̂! } と
して定義する．加えて，正規化した時系列 &̂! を正規化した遅延
ベクトル #(") = {&̂! , &̂!+" , · · · , &̂!+(#−1)" } に変換する．次に，真のアトラクタ上の点 "()) と "( *) 間の距離を +" (), *)，変数 &

の再構成アトラクタ上の点 #()) と #( *) 間の距離を +# (), *) と
定義する．また，+" (), *) と +# (), *) をそれぞれ，平均が 0，分
散が 1となるように，式 (2)，(3)で正規化する．
+̂" (), *) = +" (), *) − +̄"

+
′
"

(2)

+̂# (), *) = +# (), *) − +̄#

+
′
#

(3)

ここで，+̄" と +̄# はそれぞれ，+" (), *) と +# (), *) の平均であ
り，+

′
" と +

′
# はそれぞれ +" (), *) と +# (), *) の標準偏差である．

次に，正規化した 2点間距離 +̂" (), *) と +̂# (), *) から階級数
のインデックスを , として 2点間距離分布 -" (,) と -# (,) を
生成する．また，階級幅 .は全階級数を / として，式 (4)で決
定する．
$ =

1
%

(
max!, " (&̂! (', () , &̂" (', ()) − min!, " (&̂! (', () , &̂" (', ())

)
(4)

ここで，max', ( (+̂" (), *), +̂# (), *)) と min', ( (+̂" (), *), +̂# (), *)) は
それぞれ正規化した 2点間距離の最大値・最小値である．最後
に，2 点間距離分布 -" と -# の間の JS divergence [4] を式 (5)
によって求める．
0JS (-" , -# ) =

1
2
(0KL (-" | |1) + 0KL (-# | |1)) (5)

ここで，0KL は Kullback-Leibler (KL) divergenceであり，確率
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分布 - ( ( * ∈ {", #, $, %}) と 1 の間の KL divergence は，式 (6)
で定義される．
0)* (- ( | |1) =

%∑
+=1

- ( (,) log
- ( (,)
1(,) (6)

ただし，確率分布 1(,) は -" と -# の平均の分布 1(,) =

(-" (,) + -# (,))/2である．また，本稿では，/ = 20と設定し，
変数 ', (についても同様の手順で真のアトラクタと再構成アト
ラクタ上の 2 点間距離分布間の JS divergence 0JS (-" , -$) と
0JS (-" , -%) の計算を行った．

3. 数 値 実 験
3. 1 実 験 条 件
本稿では，典型的なカオス力学系として式 (7)の Lorenz方程
式 [16]を用いた．




%& = 2(−& + ')
%' = −&( + 3& − '

%( = &' − 4(

(7)

式 (7)において，パラメータは，3 = 28, 2 = 10, 4 = 8/3とし
た．解は 4次の Runge-Kutta法を用いて計算し，その際の刻み
幅を 0.01とした．また，過渡状態として 100,000データを除外
し，状態空間を構成するデータ点数が全ての場合で 5,000とな
るようにした．力学系を再構成する際の再構成次元 $と時間遅
れ % は 1 ≤ $ ≤ 20, 1 ≤ % ≤ 20の範囲で変化させた．

3. 2 結 果
再構成次元と時間遅れを変化させた際の真のアトラクタと再構
成アトラクタ上の 2点間距離分布間の JS divergenceの結果を図
1(a), (d), (g)に示す．図 1(a), (d), (g)において，横軸は再構成次元
$，縦軸は時間遅れ %，カラーバーは JS divergenceを表す．また，
再構成パラメータが ($, %) のときの JS divergenceを JS($, %)
として，青い四角は JS($, %) ≤ 5 を満たす ($, %) の組み合わせ
である．ここで，5 は閾値であり，5 = (JSmax−JSmin)6で定義し
た．ここで，JSmax, JSmin はそれぞれ，1 ≤ $ ≤ 20, 1 ≤ % ≤ 20
の範囲で得られる 20 × 20の JS divergenceの値の最大値・最小
値である．6 (0 ≤ 6 ≤ 1) は閾値を決めるパラメータであり，本
稿では，6 = 0.1とした．
図 1(a), (d), (g)を見ると，再構成次元 $が大きくなるにつれ，
小さい時間遅れ %で JS divergenceが小さくなる傾向にあること
がわかった．これは，低い再構成次元であっても % が大きけれ
ば適切に状態空間が再構成され，再構成次元 $が大きくなるに
つれて比較的小さい % でも適切に状態空間が再構成されること
を意味している．また，これらの結果から，再構成次元 $ と時
間遅れ % の積がある小さい任意定数のとき，JS divergenceが最
小化していると考えられる．したがって，$と %の積 $ · %を7

と定義し，JS($, %) ≤ 5 となる $ と %の組み合わせに対応する
7 の値を調査した．つまり，JS divergenceを最小化する $と %

の組み合わせがどのようなフィッティング関数 $ = 7/% に従
うか調査した．具体的には，式 (8)のように7 と JS($, %) ≤ 5

となる $ · % の最小二乗誤差が最小となる7 を計算した．

argmin,
∑

(#,") ∈-
($ · % −7)2 (7 ∈ Z) (8)

ここで，Zは整数集合であり，8 は JS($, %) ≤ 5 を満たす $ と
% の組み合わせを要素とする集合である．
図 1(a), (d), (g)から，JS divergenceを最小化する $ と % の組

み合わせはフィッティング関数によく当てはまっており，変数
&, ', ( で7 の値は7 = 30, 33, 21となった．これらの結果か
ら，アトラクタの幾何学的特徴を再構成するためには，埋め込
み窓と呼ばれている $ · % をある任意定数に保つことが重要で
あることがわかる．ただし，JS divergenceを最小化する埋め込
み窓は力学系やデータ長，サンプリングレート，ノイズ量など
にも依存するため，観測時系列ごとに個別の議論が必要であり，
特に力学系の時間的な相関構造に大きく影響を受けると考えら
れる．
また，本稿で提案・検討した手法では，真のアトラクタの情

報を用いているが，実際の時系列解析の場面では，観測時系列
から再構成したアトラクタの情報のみを用いて再構成パラメー
タ $, % を推定しなければならない．したがって，再構成アト
ラクタの 2点間距離分布に対して，情報量の観点から，適切な
$, %を決める手法を検討する．本稿では，$, %を JS divergence
の実験と同様に網羅的に変化させて，式 (9)を用いて再構成ア
トラクタ上の 2点間距離分布のエントロピーを計算した．
9 =

%∑
+=1

−- ( (,)log- ( (,) ( * ∈ {#, $, %}) (9)

再構成アトラクタ上の 2点間距離分布のエントロピーの結果を
図 1(b), (e), (h)に示す．図 1(b), (e), (h)の横軸は再構成次元 $，
縦軸は時間遅れ %，カラーバーは再構成アトラクタ上の 2点間
距離分布のエントロピーである．
図 1(b), (e), (h)と図 1(a), (d), (g)を比較すると，JS divergence

が最小化した範囲でエントロピーは最大化する傾向にあること
がわかった．実際に，JS divergenceを最小化する $と %の組み
合わせとエントロピーを最大化する $と %の組み合わせが対応
するか確認するために，JS divergenceとエントロピーの差を調査
した．その際，JS divergenceとエントロピーの範囲を [0, 1]に正
規化して差を計算した．具体的には，全ての $, %の組み合わせ
で計算した JS divergence JS($, %)の最大値 JSmax，最小値 JSmin

を用いて，ĴS($, %) = (JS($, %) − JSmin)/(JSmax − JSmin) とし
て正規化し，エントロピーも同様の方法で正規化した．図 1(c),
(f), (i)に正規化したエントロピーから正規化した JS divergence
を引いた結果を示す．
図 1(c), (f), (i)から，エントロピーと JS divergenceの差を最

大にする $ と % の値の範囲は JS divergenceの結果と対応する
ような傾向が現れた．さらに，変数 &, 'の場合は，差の最大値
が 1に近いため，エントロピーが最大，つまり 1に近い値のと
きに JS divergenceが最小，つまり 0に近い値をとっているとい
える．変数 ( の場合は，差の最大値が 0.7程度であるため，JS
divergenceを最小にする ($, %) の値の範囲とエントロピーを最
大にする ($, %) の値の範囲は完全には対応しないといえる．こ
れらの結果から，真のアトラクタと再構成アトラクタの 2点間
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図 1 #, " を変化させた際の Lorenz アトラクタとその再構成アトラクタ上の 2 点間距離分布間
の JS divergence (左列)，再構成アトラクタ上の 2 点間距離分布のエントロピー (中列)，正
規化したエントロピーと JS divergence の差のカラーマップ (右列)

距離分布間の JS divergenceを最小化する $, %の組み合わせは，
再構成アトラクタ上の 2点間距離分布のエントロピーを最大化
する傾向があることがわかった．

4. ま と め
本稿では，遅延座標系を用いた再構成の際に適切なパラメー
タを選択するために，Lorenz方程式から得た真のアトラクタと
再構成アトラクタの 2点間距離分布間の JS divergenceを計算し
た．その結果，再構成次元と時間遅れの積が小さい任意定数の
とき，JS divergenceが最小化することがわかった．つまり，再
構成次元と時間遅れの積を一定に保つことで，再構成アトラク
タの空間的特徴が真のアトラクタの空間的特徴と類似すること
がわかった．さらに，再構成アトラクタ上の 2点間距離分布の
エントロピーを計算した．その結果，JS divergenceを最小化す
る再構成次元と時間遅れの範囲はエントロピーを最大化する再
構成次元と時間遅れの範囲と対応することがわかった．
謝辞 本研究の一部は，JSPS 科研費（Nos. JP20H00596,

JP21H03508, JP21H03514）の援助を受けて行われた．
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周期入力に対する Izhikevichニューロンモデルの応答
–Fast Spikingニューロンの場合–

Responses of the Izhikevich Neuron Model to Periodic Inputs

–In Case of Fast Spiking Neurons–
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1 はじめに
我々は既に，Izhikevichニューロンモデルが Regular

Spikingを呈する際の正弦波入力に対する応答を調査している [1, 2]．その結果，周期応答と準周期応答が発生することを報告した．我々の脳には，興奮性ニューロンと抑制性ニューロンが存在する．抑制性ニューロンは，Izhikevich ニューロンモデルの Fast Spiking (FS)ニューロンとして再現可能である．そこで本稿では，抑制性ニューロンの一つである FSニューロンの周期入力に対する応答を調査したので報告する．
2 数値実験
本稿では，Izhikevichニューロンモデル [3]のパラメータを FS (a = 0.1, b = 0.2, c = −65, d = 2) に設定する．数値計算にはオイラー法 (時間ステップ 0.01) を用いて，発火時刻を線形内挿により推定した [4]．また，周期入力を正弦波 I(t) = IDC + IAC = IDC +A sin (2π/T )tとする．IDC = 10とし，IAC の振幅 A，周期 T を変化させた際の，Izhikevichニューロンモデルの応答を定量的に調査した．評価には，ISI (Interspike Interval) に対する多様度指数 R = m/n [5, 6]を用いた．ただし，ISIの総数を n，ISIの種類数をmとする．周期応答 (n " m)の場合，R ≈ 0となる．また，非周期応答 (n ≈ m) の場合，R ≈ 1となる．本稿では，ISIを小数第 10位までの精度とした．時刻 0 ≤ t < 5, 000を過渡状態として排除し，5, 000 ≤ t ≤ 15, 000の発火時系列から多様度指数を計算した．正弦波の振幅を 0 ≤ A ≤ 10，周期を

1 ≤ T ≤ 1, 000の範囲で変化させ，多様度指数を調べた結果を図 1に示す．図 1の横軸と縦軸は正弦波の周期 Tと振幅A，カラーバーは多様度指数の値である．周期応答の領域と非周期応答の領域は，T が大きくなるにつれて A = 6付近に収束していることが分かる．
次に，非周期応答となる場合について，ストロボ観測点を用いて調査した．図 1で A = 2.5, T = 200と設定した場合 (R = 1) のストロボ観測点を図 2に示す．横軸と縦軸は Izhikevichニューロンモデルの膜電位 vと回復変数 uである．図 2より，曲線が出現することが分かる．即ち，アトラクタはトーラスであり，応答は準周期的である．本来，アトラクタがトーラスの場合は，閉曲線がプロットされるが，Izhikevichニューロンモデルは瞬時リセットを含むため，閉曲線とならない．

図 1: Izhikevich ニューロンモデル (FS) の多様度指数 R の結果

図 2: 非周期応答 (A = 2.5, T = 200) の場合のストロボ観測点
3 まとめ本稿では，Izhikevichニューロンモデルが FSニューロンとなる場合の正弦波入力に対する応答を調査した．多様度指数を用いた調査により，周期応答と非周期応答の存在を確認した．また，ストロボ観測点を用いた解析により，非周期応答が準周期応答であることが分かった．なお，本研究の一部は，JSPS科研費 JP20H000596，
JP21H03514の助成を受けた．
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1 はじめに
時系列を複雑ネットワークに変換して解析する手法の

1つにVisibility Graph (VG)法 [1]がある．従来のVG法では，その多くがデータの時間間隔が一定である時系列 (Equally sampled Time Series，以下 ETS)に対して適用されている [2]．しかし，実世界のデータの多くは，時間間隔が一定ではないマーク付点過程 (Marked Point

Process，以下MPP)として観測される．即ち，VG法の
MPPへの適用可能性を検討することも重要である．例えば，地震情報のMPPと，その時間間隔を一定にした
ETSに対してVG法を適用すると，得られたネットワークの解析結果が類似することも報告されている [3]．これはネットワークに変換した際にMPPの時間間隔情報が欠落したためである．そこで本稿では，VG法をMPPに適用する際，時間間隔情報をどのようにネットワークに反映すべきかについて検討した結果を報告する．
2 実験手法
本稿では，MPPを修正ベルヌーイ写像 [4]より作成した．具体的には，以下の 2 種類の手法により作成する．1つ目の手法では，修正ベルヌーイ写像の値を作成するMPPの時間間隔に割り当てる手法である (Values

to Inter Event Interval，以下 V-IEI)．修正ベルヌーイ写像の時刻nにおける状態値を x(n)とすると，作成する
MPPの i番目のイベント発生時刻 tiは ti =

∑i
j=1 x(j)となる．2つ目の手法では，修正ベルヌーイ写像の状態値 x(n)と x(n + 1)を接続する線が 0.5と交わる時刻を

MPPのイベント発生時刻とする (内挿)．いずれの手法においても作成したMPPのデータ数は 2,000とし，マーク値 mi は区間 [0, 1]の一様乱数で決定した．また，各手法を用いて 100個のMPPを作成した後，各MPPのマーク値が同じで時間間隔を 1とした ETSを作成する．作成したMPPとETSに対し，VG法を用いて重み付きネットワークを作成した．
本稿では，MPP の i 番目のイベントがネットワークにおける頂点 vi となる．その際，MPP 上での i番目のイベントと j 番目のイベント間距離 lij =√
(ti − tj)2 + (mi − mj)2 を用いて，頂点 vi, vj 間の重みを決定した．具体的にはwij = lmin/lij とした．なお，重みを wij = lij/lmaxとした場合 [5]の結果と比較した．ただし，lmax，lmin は lij の最大値，最小値である．

3 実験結果
解析に使用したネットワーク構造を定量化する指標として，重み付き平均頂点間距離 Lw [6]と 4種類の重み付きクラスタ係数 C

(Z)
w , C

(L)
w , C

(B)
w , C

(O)
w [7–10] を用い

た．本稿では，Lw, C
(Z)
w の平均値を 95%信頼区間と共に示す (表 1，2)．表 1: 提案法を時系列に適用した結果

手法 時系列 Lw C
(Z)
w

V-IEI
MPP 0.033±0.003 0.011±0.001

ETS 0.988±0.003 0.373±0.000

内挿 MPP 0.281±0.003 0.152±0.001

ETS 0.988±0.003 0.373±0.000

表 2: 文献 [5]の手法を時系列に適用した結果
手法 時系列 Lw C

(Z)
w

V-IEI
MPP 0.747±0.045 0.007±0.004

ETS 0.813±0.044 0.005±0.000

内挿 MPP 0.765±0.045 0.003±0.004

ETS 0.823±0.044 0.005±0.000

表 1，2より，提案法を適用した場合，Lw と C
(Z)
w においてMPPと ETSから作成されるネットワークの間には有意差があることが分かる．この傾向は C

(B)
w 以外のクラスタ係数でも同様であった．一方，文献 [5]の重み付けを用いた場合，LwとC

(Z)
w においてMPPとETSから作成したネットワークの間に有意差はない．これらの結果から，提案法はMPPの時間間隔情報を適切に重み付きネットワークに反映できていると考えられる．

4 まとめ本稿では，修正ベルヌーイ写像を用いてMPPを作成した．次に，得られたMPPを重み付きネットワークに変換する手法を提案した．その結果，提案法を適用することで，MPPの時間間隔情報がネットワーク構造に反映されることがわかった．なお，本研究の一部は，JSPS科研費 JP19K14589，JP20H00596，JP21H03514の助成を受けたものである.参考文献
[1] L. Lacasa, et al., PNAS, 105, 13, 4972–4975, 2008.
[2] J. B. Elsner, et al., Geo. Res. Lett., 35, 16, 2009.
[3] B. Aguilar-San Juan, and L. Guzman-Vargas, E.

Phys. J. B, 86, 11, 1–10, 2013.
[4] Y. Aizawa, and T. Kohyama, PTP, 71, 4, 847–

850, 1984.
[5] M. Zhang, et al., Sci. Rep., 11, 1, 1–12, 2021.
[6] X. J. Xu, et al., Int. J. Mod. Phys. C, 17, 04,

521–529, 2006.
[7] B. Zhang, and S. Horvath, Stat. Anal. Gen. Mol.

Biol., 4, 1, 2005.
[8] L. Lopez-Fernandez, et al.,Proc. of 1st Int. Work-

shop on MSR 2004, 101–105, 2004.
[9] A. Barrat, et al., PNAS, 101, 11, 3747–3752, 2004.
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Colexificationネットワークにおける感情とハブ
Emotions and hubs in a network of colexification

福家水月 1 松本朋子 1 島田裕 2 池口徹 1

東京理科大学 1 埼玉大学 2

1 はじめに近年 colexificationに基づく感情分類の研究が注目を集めている [1]．colexificationとは単一の単語が複数の概念を意味する現象である [2]．例えばスペイン語において，“malo”という単語は “BAD (悪い)”と “SEVERE
(厳しい)”の二つの概念を意味し，colexificationを呈する．ある言語において，colexificationを呈する複数の概念は意味が類似する傾向にある．このような観点から，概念を頂点，2つの概念から colexificationを呈する言語の数を枝の重みとした重み付きネットワーク (図 1)を用いることで，概念間の類似性に基づいた言語の特徴を調べる研究が行われている [1]．

図 1: colexificationネットワークの作成例文献 [1]では，このような colexificationネットワーク上でランダムウォークを適用した際の，任意の頂点ペア間における nステップ後の遷移確率を求めることで，感情を表す概念間の類似性を調査している．しかし，文献
[1]では n = 1, . . . , 5の場合しか考慮されていない．そこで本稿では，ステップ数 nを増やした際の，ネットワークの構造の変化について調査した結果を報告する．
2 ネットワークの作成法まず，文献 [1]と同様に，3, 061の言語における colex-
ificationを収録したデータベース CLICS3[2]を用いて，
colexificationネットワークを作成する．ここで，頂点 iと jを繋ぐ枝の重みをWijとする．次に，ランダムウォークを用いて隣接していない概念間の間接的な繋がりを考慮したネットワークを作成する．ランダムウォークは枝で繋がる頂点間を遷移確率行列 P = [Pij ]に基づいて移動する手法である．ここで，Pij = Wij/

∑N
k=1 Wik, Nを頂点数とする．また，nステップ後の遷移確率行列を

Pnとする．文献 [1]では，B(n) =
∑n

s=1 P sを重み付き隣接行列とするネットワークから，代表的な感情の概念と，その概念を繋ぐ枝のみを抽出したネットワークC(n)

を作成している．その際，全ての頂点ペア (i, j)に対して C
(n)
ij != 0を満たす nの最小値が 5であったことから，

C(5)で表されるネットワークにおける，感情を表す概念のコミュニティ構造を調査している．しかし，n = 5の場合，感情を表す概念間を繋ぐ経路に現れる頂点 (概念)の数は高々5つであり，6ステップ以上離れた頂点 (概念)の影響は考慮されていない．

3 数値実験本稿では，感情を表す概念間を繋ぐ経路上に現れる，感情以外を表す概念に対応する頂点の数を増加させるため，ランダムウォークのステップ数を 1, 000まで増加させた．また，作成するネットワークにおいてステップ数を増やした結果を枝の重みに反映させるため，Pn を重み付き隣接行列とするネットワークを作成した．また，
Pn から代表的な感情の概念と，その概念を繋ぐ枝のみを抽出したネットワークQ(n)を作成した．作成したネットワークQ(n)を図 2の上段に，ネットワークQ(n)における枝の重みの分布を下段に示す．

図 2: ネットワーク Q(n) と枝の重み分布図 2から，nの増加に伴ってネットワークの枝の重みが一定値に収束する傾向が見られる．また，図 2下段より，
Q(n) において同じ重みを持つ枝の集合が存在していることがわかる．どのような枝が集合を構成するかを確認したところ，同じ頂点に向かう枝であることがわかった．また，重みの大きい順に “GOOD”, “WANT”, “BAD”,
“LOVE”であること，これらの 4つの頂点に向かう枝の重みは，他の枝の重みに比べて大きいことを確認した．さらに，これらの 4つの頂点は，感情を表す概念のうち，感情以外を表す概念に対応する，より多くの頂点と隣接していることも確認した．ネットワークにおいて，他の頂点と比べて隣接する頂点が多い頂点はハブと呼ばれることから，これらの 4つの頂点は，colexificationネットワークにおいてハブであることが示された．
4 まとめ本稿では，colexificationネットワークを作成する際に用いるランダムウォークのステップ数を増加させることで生じる，ネットワーク構造の変化について調査した．その結果，colexificationネットワークにおいて，ハブとなっている感情を表す概念に対応する頂点が存在することが確認された．本研究の一部は，JSPS 科研費 JP21H03514，
JP20H00596，JP19K01653，JP18K12701，
JP21H03508の助成を受けたものである．参考文献
[1] J. C. Jackson, et al., Science, Vol. 366, No. 6472,

pp. 1517–1522, 2019.
[2] J. M. List, et al., https://clics.clld.org/,

(Last visit Dec. 3rd, 2021).
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脈波データを用いた再構成パラメータの設定について
A study on reconstruction parameters for transforming photoplethysmogram into time-delay coordinate system

澤田和弥 1

Kazuya Sawada

スヴィリドヴァ ニーナ 1

Nina Sviridova

島田裕 2

Yutaka Shimada

池口徹 1

Tohru Ikeguchi

東京理科大学 1 埼玉大学 2

1 はじめに観測時系列を遅延座標系に変換し，非線形力学系のアトラクタを再構成する手法は，力学系の特性を把握する上で必要不可欠である [1, 2]．しかし，遅延座標系を用いる際には，適切な再構成次元と時間遅れを設定する必要がある．特に，実データを解析する際は，必要十分かつ可能な限り小さい再構成次元と可能な限り小さい時間遅れが望ましい．我々は既に，数理モデルの真のアトラクタと観測時系列から再構成したアトラクタ上の 2点間距離分布間の距離を計算することで適切な再構成パラメータを推定する手法を提案している [3]．また，再構成アトラクタ上の 2点間距離分布のエントロピーを最大化する再構成パラメータは，真のアトラクタと再構成アトラクタ上の 2点間距離分布間の距離を最小化する再構成パラメータと概ね一致することも示している [4]．本稿では，人の指先から計測した脈波データ [5, 6]に対して，再構成次元，時間遅れを変化させ，再構成アトラクタ上の 2点間距離分布のエントロピーを計算し，適切な再構成パラメータの検討を行ったので報告する．
2 解析対象データ本稿では，人の指先からパルスオキシメータ (東京デバイセズ汎用心拍センサ IWS920開発キット「パルス・ラボ」 [7]) によって LED光を用いて非侵襲に計測した光電脈波の時系列データを解析対象とした．その際，「東京理科大学 人を対象とする医学研究の実施及び倫理に関する規定」に従い，実験手順などを被験者に十分説明し，同意を得たのちに室温約 24℃の快適な環境下かつ安静状態で約 5分間計測した．また，本稿で用いたデータは，22歳の健康な女性のデータであり，計測時のサンプリング間隔は 1/409.6秒，解析に使用した時系列データのサンプリング間隔は 10/409.6秒とした．
3 数値実験本稿では，脈波データを遅延座標系に変換する際，再構成次元m，時間遅れ τ を 1∼30の範囲で変化させ，再構成アトラクタ上の 2点間距離分布のエントロピーを計算した [4]．その際，データ点数は 5,000点用い，2点間距離分布の階級数は，Freedman-Diaconisの法則に従って決定した [8]．結果を図 1に示す．図 1から，時間遅れ
τ が比較的小さい領域では，エントロピーは小さい値となっている．一方，時間遅れ τ が大きくなるにつれて，エントロピーは大きい値となっている．
4 まとめ本稿では，人の指先から計測した脈波の時系列データを遅延座標系に変換する際，再構成パラメータを網羅的
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図 1 再構成次元，時間遅れを変化させた際の再構成アトラクタ上の 2点間距離分布のエントロピー
に変化させ，再構成アトラクタ上の 2点間距離分布のエントロピーを計算した．その結果，時間遅れ τ が小さい範囲では，エントロピーが比較的小さい値を取り，時間遅れ τ が大きい範囲では，エントロピーが比較的大きい値を取ることがわかった．本研究の一部は，JSPS 科研費（Nos. JP19K14589,

JP20H00596, JP21H03508, JP21H03514）の援助を受けて行われた．
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ユーザ属性に着目したバイクシェアリングシステム利用履歴データの解析
Analysis on usage history with user attribute in a bicycle sharing system

對馬 帆南
Honami Tsushima

池口 徹
Tohru Ikeguchi

東京理科大学
Tokyo University of Science

1 まえがき
バイクシェアリングシステム (BSS) で生じる自転車の過不足台数を調整するために，我々は複数の自転車回収車を用いた自転車再配置問題の提案とその問題に対する発見的解法の開発に取り組んでいる [1, 2]．その際，ランダムにポートを配置したオリジナルの問題例を用いて，性能評価を行ったが，実際の BSSにおける再配置作業の効率的な戦略を提案するためには，実際のポート配置や利用履歴情報を組み込むことが重要となる．そこで我々は，BSSの実際の利用履歴データを点過程と捉えることで解析を行い，平日と週末の利用パターンに差がないことなどを明らかにした [3, 4]．実際の BSSでは，様々なユーザ属性が利用履歴と併せて記録されている．そこで本稿では，ユーザ属性の中でも特に定期所有情報に着目することで利用履歴を解析した結果を報告する．

2 統計的な解析
本稿では，2017年のシカゴ [5]の利用履歴データを解析した結果を報告する．利用履歴データには，自転車を借りたポートの IDと日時，返却したポートの IDと日時，ユーザ属性が含まれてる．ユーザー属性は定期利用，非利用の 2種類がある．本稿では，自転車の貸出と返却が行われた時間を点過程として扱い，ラスタプロット，変動係数 (CV )，局所変動係数 (LV )を用いて，各ポートにおける自転車の貸出と返却のイベントの発生パターンがどのように振舞うか調査した．CV と LV を求めるために，まず，inter-event-intervals (IEIs) を求める．あるポートで i番目にイベントが発生した時間を ti，次にそのポートでイベントが発生した時間を tt+1 とする．i番目の IEIを Ti = ti+1 − ti と定義すると，IEIを用い
て，CV，LV は CV =

√
1/(n − 1)

∑n
i=1(Ti − T̄ )2/T̄，

LV = 1/(n − 1)
∑n−1

i=1 3(Ti − Ti+1)
2/(Ti + Ti+1)

2 と定義される．nは IEIの数を示し，T̄ は IEIの平均を示す．
CV は全ての IEIの変動を示し，CV = 0であれば，自転車の貸出・返却の発生は規則的に発生していることを示す．一方，CV = 1であれば，ポアソン過程となる．また，LV とは，局所的な変動を測る指標である，LV = 0であれば自転車の貸出・返却の発生は規則的に発生し，
LV = 1であれば，IEIはポアソン過程となる.はじめに，8月の第一水曜日 (平日)と第一土曜日 (週末)の貸出ラスタプロットを図 1に示す．横軸は時間 (分)を示し，縦軸はポート IDを示している．図 1より，定期利用者の平日の利用パターンは朝夕の通勤時間帯に多くの自転車が利用され，週末は通勤の時間帯にはピークがないパターンであることわかる．一方，定期非利用者は平日，週末共に通勤の時間帯にピークはなく，昼す

ぎから利用が増加する傾向にある．次に，表 1, 2に，CV，
LV の平均値 µC，µLの 95%信頼区間を示す．表 1より，平日，週末共に，ユーザ属性を考慮しない場合，定期利用，定期非利用の全てについて 1より大きい値をとっている．一方，表 2より，ユーザ属性を考慮しない場合と定期利用の場合は，平日，週末全て 1に近づき，特に，定期利用の場合は，1に近い値を取ることがわかった．

図 1 ラスタプロット
表 1 CV の信頼区間

平日 　週末ユーザ属性考慮なし 1.64 ≤ µC ≤ 1.75 1.62 ≤ µC ≤ 1.72定期利用 1.66 ≤ µC ≤ 1.77 1.48 ≤ µC ≤ 1.56定期非利用 1.36 ≤ µC ≤ 1.45 1.59 ≤ µC ≤ 1.71

表 2 LV の信頼区間
平日 　週末ユーザ属性考慮なし 1.11 ≤ µL ≤ 1.16 1.23 ≤ µL ≤ 1.28定期利用 1.08 ≤ µL ≤ 1.12 1.15 ≤ µL ≤ 1.19定期非利用 1.63 ≤ µL ≤ 1.71 1.63 ≤ µL ≤ 1.71

3 まとめ本稿では実際の BSSの利用パターンについてユーザ属性に着目した解析を行った．その結果，ラスタプロットから定期利用者と定期非利用者の自転車の利用のパターンは異なること，また，局所変動係数の結果から，定期利用者の平日の自転車の利用パターンは 1に近い値を取ることがわかった．本研究の一部は，JSPS科研費
JP20H000596，JP21H03514の援助を受けた．
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ຊ࿦จͰ͸ɺ·ͣ৘ใ΁ͷؔ৺౓ʹண໨ͨ͠৘ใ֦ࢄϞσϧΛఏҊ͠ɺCentolaͷࣾձ࣮ݧΛ͢ݱ࠶ΔͨΊͷ

਺஋࣮ݧΛͨͬߦɽͦͷ݁ՌɼCentolaͷࣾձ࣮ݧͷ݁Ռͱಉ༷ʹɼ֨ࢠωοτϫʔΫ্Ͱ͸ϥϯμϜωοτ

ϫʔΫ্ΑΓ΋৘ใ͕͢ࢄ֦͘޿Δ͜ͱΛ໌Β͔ʹͨ͠ɽ࣍ʹɼैདྷͷ৘ใ֦ࢄϞσϧΛ෼ྨ͠ɼैདྷϞσϧ

ͱൺֱ͢Δ͜ͱͰզʑͷఏҊ͢ΔϞσϧͷҐஔ͚ͮΛ໌Β͔ʹͨ͠ɽ͞Βʹɼ֨ࢠωοτϫʔΫͱϥϯμϜ

ωοτϫʔΫ্Ͱͷ৘ใ֦ࢄʹ͍ͭͯɼ֦ࢄͷ͞޿ͱ଎͞ͷղੳΛͨͬߦɽͦͷ݁Ռɼ৘ใͷӨۃ͕ྗڹΊͯ

େ͖͍৔߹ɼ֨ࢠωοτϫʔΫΑΓ΋ϥϯμϜωοτϫʔΫ্ͷํ͕৘ใ͕֦͠ࢄ΍͍͢͜ͱ͕ࣔࠦ͞Εͨɽ

Ұํɼੈ࣮ݱքʹ͓͚Δ৘ใ֦ࢄ͸ಈతͰ͋ΔͨΊɼߏ଄͕ಈతʹมԽ͢ΔςϯϙϥϧωοτϫʔΫ্Ͱͷ

৘ใ֦ࢄͷղੳ΋ඞཁͰ͋Δɽͦ͜Ͱຊ࿦จͰ͸ɼ਺஋࣮ݧʹΑΓςϯϙϥϧωοτϫʔΫ্Ͱͷ৘ใ֦ࢄͷ

ղੳ΋ͨͬߦɽ·ͣɼSocioPatternsͰͷߍߴͱපӃͷίϯλΫτσʔλ͔ΒςϯϙϥϧωοτϫʔΫΛੜ੒

ͨ͠ɽ࣍ʹɼ੩తωοτϫʔΫ༻ͷ৘ใ֦ࢄϞσϧΛݩʹɼςϯϙϥϧωοτϫʔΫʹର͢Δ৽͍͠৘ใ֦ࢄ

ϞσϧΛఏҊͨ͠ɽͦͷޙɼςϯϙϥϧωοτϫʔΫ্Ͱͷ৘ใ֦ࢄͷ͞޿ʹ͍ͭͯղੳΛͨͬߦɽͦͷ݁Ռɼ

ςϯϙϥϧωοτϫʔΫ্Ͱͷ৘ใ֦ࢄ͸ɼίϯλΫτͷີ౓ʹؔ͢܎Δ͜ͱ͕Θ͔ͬͨɽ࣍ʹɼίϯλΫτ

ͷີ౓ΛมԽͤ͞ɼίϯλΫτͷαϩήʔτσʔλΛ࡞੒ͨ͠ɽͦͷޙɼίϯλΫτͷີ౓͕৘ใ֦ࢄʹ༩͑

ΔӨڹΛɼੜ੒ͨ͠αϩήʔτσʔλΛ༻͍ͯௐࠪͨ͠ɽͦͷ݁ՌɼίϯλΫτͷີ౓͕͍ߴ৔߹ɼ৘ใ͕޿

ͯ͠ࡏΛ༩͑Δཁૉ͕ଟ͘ଘڹӨʹࢄΔ͜ͱ͕ࣔࠦ͞Εͨɽ·ͨɼίϯλΫτͷີ౓Ҏ֎ʹɼ৘ใ֦͢ࢄ֦͘

͍Δɽैͬͯɼຊ࿦จͰ͸ͭࡾͷख๏Λ༻͍ͯɼίϯλΫτͷॱ൪ΛมԽͤ͞ɼίϯλΫτͷαϩήʔτσʔ

λΛ 3छྨ࡞੒ͨ͠ɽͦͷޙɼίϯλΫτͷॱ൪͕৘ใ֦ࢄʹ༩͑ΔӨڹΛɼੜ੒ͨͭ͠ࡾͷαϩήʔτσʔ

λΛ༻͍ͯௐࠪͨ͠ɽͦͷ݁Ռɼ৘ใ΁ͷؔ৺౓ͷݮਰ͕͍ڧ৔߹ɼத৺ੑͷ͍ߴίϯλΫτͷॱ൪͕৘ใ֦

ࢄਰ͕ऑ͍৔߹ɼίϯλΫτͷॱ൪͕৘ใ֦ݮΔ͜ͱ΋ࣔࠦ͞ΕͨɽҰํɼ৘ใ΁ͷؔ৺౓ͷ͢ڹӨ͘ڧʹࢄ

ʹऑ͍ӨڹΛ༩͑Δ͜ͱ͸ࣔࠦ͞Εͨɽ
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In this thesis, we firstly proposed an information diffusion model which focuses on the interest in

information, and conducted a numerical experiment to reproduce Centola’s experiments. As a result, we

found that information spreads more widely on lattice networks than on random networks as well as the

findings of Centola’s experiments. We analyzed the influence of network structure on the extent and the

speed of information diffusion using lattice networks and random networks. As a result, we found that

if the information is influential, information is easier to be spread on the random networks than on the

lattice networks.

Furthermore, information diffusion in the real life is dynamic, which means that we have to analyze the

temporal networks whose structure changes dynamically. Therefore, we also analyzed the information

diffusion on temporal networks through numerical experiments. We firstly generated temporal networks

from the face-to-face contact data of a high school and a hospital in SocioPatterns. Then, we proposed

a new information diffusion model for temporal networks modified by the proposed model on static

networks. After that, we analyzed the extent of information diffusion on the temporal networks. We

found that information diffusion on the temporal networks is related to the contact density.

Then, we generated surrogate contact data with different contact density. After that, we investigated

the influence of contact density using this surrogate data. As a result, we found that information spreads

widely when the contact density is high. In addition to the contact density, there are many other factors

that affect the information diffusion. Then, we generated surrogate contact data with different contact

order using three methods. We investigated the influence of contact order on information diffusion using

three surrogate data, respectively. Moreover, we also found that if the decay of interest in information is

strong, the order of vertices with high centralities strongly affects the information diffusion. In contrast,

if the decay of interest in information is weak, the contact order weakly affects the information diffusion.
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修士論文要旨
主査:　池口 徹 　　教授
副査:　池辺 淑子 准教授副査:　立川 智章 准教授

論文提出者 情報工学専攻　土佐 真義
論文題目　 Solution Space Reduction Methods for Combinatorial Optimization Problems

　　　　　 組合せ最適化問題の解空間削減手法
現在研究が活発に行われている組合せ最適化問題の多くは NP 困難であることが知られている．NP 困難な
問題は現実的な時間で最適解を求めることは難しいと考えられている．そのため，最適解に近い解を効率的に
求める発見的解法が様々な分野から研究されている．しかし，近年では非常にサイズの大きい問題や制約が複
雑な問題を解くことが求められている．高性能な発見的解法を用いても，サイズの大きい問題や制約が複雑な
問題の解を求めるためには多大な計算時間を必要とする．
発見的解法の計算時間を短縮する方法の 1つとして，発見的解法で探索する不要な解の構成要素 (枝)を削
減する手法がある．最も研究されている組合せ最適化問題の 1つである巡回セールスマン問題 (TSP)では既
に枝候補の削減手法が研究されており，サイズの大きい問題を解決するためには枝候補の削減が重要であるこ
とが示されている．
そこで本論文では従来の TSPの枝候補削減手法を改良した．数値実験の結果，提案手法は発見的解法によ
る解の性能を維持しつつ計算時間を短縮した．削減された枝候補について詳細な調査を行ったところ，提案手
法は従来手法よりも多くの不要な枝を削減しつつ必要な枝を正確に残していることがわかった．これにより，
枝候補の削減手法は発見的解法の性能に大きく影響を与えることが示された．
また，多くの組合せ最適化問題では枝候補の削減方法についてあまり議論がされていない．本論文では，時
間情報の含まれる時間窓付き配送計画問題 (VRPTW)に対して新たに枝候補の削減手法を提案した．数値実
験の結果，枝候補の削減は VRPTWに対しても TSPと同様に有効であることを確認した．枝候補削減の際の
パラメータについて詳細な調査を行った結果，時間情報が重要な VRPTWでも枝候補削減の際に時間情報は
不要であることが示された．このことから，VRPTW以外の組合せ最適化問題に対しても提案手法による枝
候補の削減は有効である可能性が示唆された．
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　　　　　 組合せ最適化問題の解空間削減手法
Many of the combinatorial optimization problems are known to be NP (Non-deterministic Polynomial-

time)-hard. NP-hard problems are considered to be challenging to find the optimal solution in polynomial

time using modern computers under the P != NP expectation. It is not easy to find the optimal solution

in real-time. For this reason, many researchers study heuristic methods for efficiently finding near-optimal

solutions. However, in recent years, there has been a need to solve problems with very large sizes and

complex constraints. Even with high-performance heuristic methods, it takes a lot of computation time

to solve large problems or problems with complex constraints.

One way to reduce the computational time of heuristic solution methods is to reduce the number of

unnecessary solution components (edges). Edge reduction methods have already been studied for the

Traveling Salesman Problem (TSP), one of the most studied combinatorial optimization problems. The

research shows that edge candidate reduction is important for solving large-size TSP.

This thesis improves the conventional edge candidate reduction method for TSP. Numerical experiments

show that the proposed method reduces the computational time while maintaining the performance of

the heuristic solution. A detailed study of the reduced edge candidates shows that the proposed method

reduces unwanted edges than the conventional method while retaining the necessary edges. This indicates

that the edge candidate reduction method has a significant impact on the performance of the heuristic

solution method.

In addition, there is not much discussion on edge candidate reduction methods in many combinatorial

optimization problems. This thesis proposes a new edge candidate reduction method for the Vehicle

Routing Problem with Time Windows (VRPTW) with temporal information. Numerical experiments

show that the edge candidate reduction is as effective for VRPTW as for TSP. As a result of the detailed

investigation on the parameters of edge candidate reduction, it is shown that temporal information is not

necessary for edge candidate reduction, even for VRPTW, where temporal information is important. This

suggests that the edge candidate reduction by the proposed method may be effective for combinatorial

optimization problems other than VRPTW.
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਺ىڞ 2ͷ୯ޠͷىڞωοτϫʔΫ (Word Co-occurrence Network, WCN)Λ༻͍ͨ͜Ε·Ͱͷڀݚ͸ɼݴ

੒࡞Β͔ޠݴΕ͍ͯΔɽͦ͜Ͱຊ࿦จͰ͸ɼଟ͞࢒଄తಛ௃ͷҰ෦͔͠ղੳͰ͖͍ͯͳ͍ͱ͍͏໰୊͕ߏͷޠ

ͨ͠WCNͷߏ଄తಛ௃Λೋͭͷ؍఺͔Βݕ౼ͨ͠ɽୈҰʹɼىڞ਺ 2ͷWCNͰ͸൓ө͞Ε͍ͯͳ͔ͬͨݴ

ߏ଄తಛ௃ͷมԽΛௐࠪͨ͠ɽୈೋʹɼWCNͷߏͷWCNͷࡍ਺Λ૿Ճͤͨ͞ىڞͷಛ௃Λଊ͑ΔͨΊɼޠ

଄తಛ௃ʹର͢Δจॻ಺༰ͷӨڹΛௐࠪ͢ΔͨΊɼҟͳΔจॻ͔Β࡞੒ͨ͠WCNͷߏ଄తಛ௃Λൺֱͨ͠ɽ

͜ΕΒͷղੳΛͨ͏ߦΊʹɼ۝छྨͷޠݴͰ຋༁͞Ε͍ͯΔ࢛छྨͷҟͳΔςΩετσʔλ–৽໿੟ॻɼࠃ࿈

ఆɼখઆ–Λ༻͍ͨɽڠ࿥ɼύϦࣄٞ

ຊ࿦จͰ͸ओʹɼͭࡾͷ࣮ݧΛߦͳͬͨɽୈҰʹɼ࢖༻ͨ͠ςΩετσʔλͱWCN ͷجຊ৘ใΛௐࠪ͠

ͨɽ۩ମతʹ͸ɼ୯ޠ਺ͱ௖఺਺ͷؔ܎ɼจষதͱωοτϫʔΫ಺ͷ඼ࢺͷׂ߹ɼWCNղੳʹ͓͚Δಡ఺ͷ

ӨڹɼϑϨʔζ಺ͷ୯ޠ਺ɼࢬ਺ɼີ౓ɼྦྷੵ࣍਺෼෍Ͱ͋Δɽୈೋʹɼ୯ޠͷ࢖༻ස౓͕WCNͷߏ଄తಛ

௃ʹ൓ө͞Ε͍ͯΔ͔Λௐࠪͨ͠ɽ۩ମతʹ͸ɼ୯ޠͷ࢖༻ස౓ͱ࿡ͭͷωοτϫʔΫࢦඪ (࣍਺த৺ੑɼۙ

઀த৺ੑɼഔհத৺ੑɼݻ༗ϕΫτϧத৺ੑɼΫϥελ܎਺ɼ࢛֯ܗΫϥελ܎਺)ͷ૬ؔ܎਺Λௐࠪͨ͠ɽୈ

Ϋϥελܗ਺ɼ࢛֯܎଄తಛ௃Λௐࠪͨ͠ɽ۩ମతʹ͸ɼΫϥελߏͷWCNͷࡍ਺Λ૿Ճͤͨ͞ىڞɼʹࡾ

ͷϖΞؒͷͭͳ͕ΓΛ༻͍ͨɽࢺ཭ɼ඼ڑ௖఺ؒۉ਺ɼฏ܎

ຊ࿦จͷ݁࿦͸ೋͭͰ͋ΔɽୈҰʹɼىڞ਺Λ૿Ճͤ͞Δ͜ͱͰɼىڞ਺ 2ͷWCNͰ͸൓ө͞Εͳ͍ಛ௃

Λଊ͑Δ͜ͱ͕Ͱ͖Δ͜ͱ͕Θ͔ͬͨɽಛʹɼ᡼ணޠͰ͋Δ೔ຊޠͱϑΟϯϥϯυޠͷಛ௃Λநग़Ͱ͖Δ͜ͱ

͕ࣔ͞Εͨɽ͜Ε͸ɼىڞ਺Λ૿΍ͨ͠WCNΛ༻͍ͨޠݴղੳ͕ɼଟޠݴͷڞ௨఺΍૬ҧ఺Λ໌Β͔ʹ͢Δ

ͨΊͷ༗๬ͳΞϓϩʔνͰ͋Δ͜ͱΛࣔࠦ͢Δ݁ՌͰ͋ΔɽୈೋʹɼωοτϫʔΫࢦඪʹΑͬͯɼจॻ಺༰ʹ

ґଘ͢Δ৔߹͕͋Δͱ͍͏͜ͱ͕Θ͔ͬͨɽ͜Ε͸ɼղੳʹ࢖༻͢ΔςΩετσʔλ͸ɼޠݴղੳʹ͓͍ͯॏ

ཁͳཁૉͰ͋Δ͜ͱ͕ࣔࠦ͢Δ΋ͷͰ͋Δɽ
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Previous studies using word co-occurrence networks (WCNs) with the number of connected words equals

two could only analyze a part of the structural features of languages. Therefore, in this thesis, we examined

the structural features of WCNs from two perspectives. First, to capture the features of languages that

cannot be reflected in the WCNs when the number of connected words is two, we conducted a multilingual

analysis by investigating the changes in the structural features of WCNs when the number of connected

words increases. Second, to investigate the effect of document content on the structural features of

WCNs, we compared the structural features of WCNs created from different documents. To perform

these analyses, we used four different text datasets translated into nine different languages: the New

Testament of the Christian Bible, the UnitedNations proceedings, the Paris Agreement, and the Novels.

We conducted mainly three experiments. First, we investigated the basic information of the text

data we used and the WCNs. More specifically, we calculated the relationship between the number of

words and the number of vertices, the frequency of parts of speech in sentences and WCNs, the effect

of punctuation marks on the WCN analysis, the length of a phrase, the number of edges, the density,

and the cumulative degree distribution. Second, to investigate whether the structural features of WCNs

reflect the frequency of words, we calculated the correlation coefficient between the frequency of words

and six network measures: the degree centrality, the closeness centrality, the betweenness centrality,

the eigenvector centrality, the clustering coefficient, and the square clustering coefficient. Third, we

investigated the structural features of WCNs when the number of connected words n increases and the

connections between pairs of parts of speech.

Our conclusions are two folds. First, by increasing the number of connected words, we can capture the

features of languages that cannot be reflected WCNs when the number of connected words equals two.

In particular, agglutinating languages (Japanese and Finnish) have different structural features of WCNs

from the other languages. Therefore, we suggest that multilingual analysis using WCNs with increasing

the number of connected words is a promising approach to clarify the commonalities and differences

among languages. Second, we found that some network measures depend on the document content.

Hence, text data used in the analysis is an important factor in multilingual analysis.
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非線形時系列解析を用いた生体情報抽出に必要な光電脈波時系列長の調査
荒井頌太 (池口 徹 教授 ，Nina Sviridova 助教)

1 はじめに
光電脈波 (Photoplethysmogram，以下PPG)は，非侵襲に測定可能な心血管系の生体信号である

[1]．PPGは比較的安価な計測機器によって計測できるため，医療現場やスマートウォッチなどのウェアラブルデバイスに導入可能である．PPGデータは，主に心拍数や血圧，メンタルヘルスなど，人間の心身の健康状態をモニタリングするために様々な手法で解析されているが，特に非線形時系列解析が有効である [2]．本研究では，非線形時系列解析手法の中でも特にリカレンスプロット
[3](Recurrence Plot，以下RP)に着目した解析を行う．RPは，力学系のアトラクタ上の 2点間距離を用いて，時系列データの非定常性検出や非線形力学系の特徴を解析可能なツールである．また，再帰定量化解析 [4](Recurrence Quantification Analysis，以下RQA)を行うことでRPから非線形力学系の特徴を定量化することができる．一般的には，RQAを用いる際の RPのサイズを大きくすることで，非線形力学系の特徴量を高精度に定量化することができる．逆に，時系列長が短い場合，非線形力学系の特徴量を正確に得ることは困難となる．一方，短い PPGデータから生体システムの特徴を抽出可能となれば，健康状態のモニタリングを高速化することが可能になる．そこで本論文では，PPGデータから生体システムの非線形力学系としての特徴量を正確に得るための必要最小限のデータ長を明らかにすることを目的とする．そのため，本論文では PPGデータから計算されるRQAの指標が十分長い時系列長で計算した値と同程度となる最小のデータ長について調査する．具体的には，RQA指標をPPGデータのデータ長を変化させて算出し，十分長い時系列長を用いて計算したRQA指標に対する誤差率が同程度となる時系列長を求めた．なお，本論文では，東京理科大学の学生のうち，21～26歳の健康な男女 11名に行われた計測によって得られた PPGデータを使用した．以下では，PPG時系列データを P (t)とする．
2 解析手法
2.1 遅延座標系を用いた状態空間の再構成現実世界のシステムでは全ての状態変数が観測されることは稀である．PPGデータも，心血管系のダイナミカルシステムから観測された 1次元の時系列データである．このような場合，観測時系列を時間遅延座標系へ変換することで，背後にある非線形力学系のダイナミクスを再構成できる [6]．具体的には観測時系列を xt (1 ≤ t ≤ n)としたとき，遅延ベクトルXt = (xt, xt+τ , xt+2τ , ..., xt+(m−1)τ )を用いて力学系を再構成する．ここで，mは再構成次元，τ は時間遅れである．再構成次元m = 4，時間遅れ τ = 20[2]と設定することで，ある被験者の PPGデータ P (t)から再構成したアトラクタの例を図 1に示す．図 1から，ねじれ構造を含んだ円環状のアトラクタ構造が確認できる．
2.2 リカレンスプロットと再帰定量化解析

RP[2]は，力学系のアトラクタ上の 2点間距離を用いて，力学系のダイナミクスを，二次元の二値画像として可視化する手法である．プロットパターンによって定性的に力学系の情報を得ることができる．RPの作成手順を以下に示す．
1. アトラクタ上の 2点Xi, Xj間のユークリッド距離D(i, j) = |Xi − Xj|を求める．
2. 二次元画像の第 (i, j)画素の値RPi,jを式 (1)で定義する．
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Ri,j =

{
1 (D(i, j) ≤ θ)

0 (otherwise)
(1)

ここで，θは閾値である．本論文では，閾値 θをアトラクタ上の 2点間距離の最大値をDmaxとし，θ = 0.1Dmaxと設定した．
PPGデータから生成したRPの例を図 2に示す．

図 1: PPGデータ P (t)の再構成アトラクタの例 図 2: PPGデータP (t)から生成したRPの例
再帰定量化解析 (Recurrence Quantification Analysis，RQA)[3]はRPのプロットパターンを定量化し，力学系の特徴を定量的に解析する手法である．RQAの値から力学系の決定論性や複雑性などを評価することができる．例えば，Determinism (以下，DET)はRPの決定論性を評価する統計量の一つである．DETの値Dは RP内の全プロット数に対する原点からの対角線に平行な斜め線を構成するプロット数の割合で定義される (式 (2))．ここで，RPに含まれる長さが lの斜め線の数を

P (l) =
N−l+1∑

i=1

N−l+1∑
j=i+1

(1 − Ri−1,j−1)(1 − Ri+l,j+l)
l−1∏
k=0

Ri+k,j+kとする．式 (2)の lminは斜め線の最小の長
さである．本論文では，lmin = 2とした．

RPの斜め線の長さ lは，軌道が再帰した際に長さ lの間だけ接近しているため，長さ lの間は線形近似できる．よって，RPの斜め線の長さの平均値 Lavは短期予測可能な軌道の長さの平均として考えられる．Lavを式 (3)で定義する．

D =

N−1∑

l=lmin

lP (l)

N−1∑

l=1

lP (l)

(2) Lav =

N−1∑

l=lmin

lP (l)

N−1∑

l=lmin

P (l)

(3)

また，時系列の複雑さを評価する統計量の一つとして，斜め線の長さの確率分布P (l)のエントロ
ピ Eを求めることができる．RP内の斜め線の長さが lである確率は q(l) = P (l)/(

N−1∑
l=lmin

P (l))で定
義できる．Eを式 (4)で定義する．

E = −
N−1∑

l=lmin

q(l) ln q(l) (4)
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(a) D

(b) Lav

(c) E

(d) L

図 3: レスラー方程式のRQA指標の誤差率の変化

軌道の停留の度合いを評価する統計量の一つである Laminarityは RP内の全プロット数に対する垂直線を構成するプロット数の割合で求められる．RPに含まれる長さが vの垂直
線の数を P (v) =

N−v+1∑
i=1

N−v+1∑
j=i+1

(1 − Ri,j−1)(1 −

Ri,j+v)
v−1∏
k=0

Ri,j+kとし，Laminarityの値 Lを式
(5)で定義する．

L =

N∑

v=vmin

vP (v)

N∑

v=1

vP (v)

(5)

ここで，vminは垂直線の最小の長さである．本論文では，vmin = 2とした．データ長 100, 000の PPGデータから再構成したアトラクタに対して，D，Lav，E，Lを計算した．その際，データ長N のときのD，Lav，E，Lの値に対する誤差率で評価した．まず，数理モデルで時系列長を変えたときの誤差率の変化を調査する．決定論的カオスに従う数理モデルのレスラー方程式はdx/dt = −y−
z, dy/dt = x+ay, dz/dt = b+xz − czで定義される [7]．パラメータは a = 0.398, b = 2, c = 4とした．レスラー方程式のデータ長 N を変化させた際の各 RQA指標の誤差率の変化を図 3に示す．図 3から，Dと Lの誤差率はN によらず 0%であり，Lav，Eの誤差率はRPのサイズが大きくなるにつれ，変動が小さくなり，値は 0に近づいている．これらの結果は特徴量を高精度に定量化できることを示すものである．
3 解析結果
計測した PPGデータをデータ長N = 1, 000から 100, 000まで 1, 000刻みに変化させ，再構成次元m = 4，時間遅れ τ = 20とした再構成アトラクタからリカレンスプロットを作成し，各RQAを算出する．このときの誤差率の平均の推移を図 4に示す．誤差率の平均は赤線で示し，誤差率が 1%未満になったデータ長を赤い破線で示した．図 4 (a)，(d)を見ると，Dと Lの誤差率はN によらず 0.2%以下である．これは，PPGデータの

Dと Lは短いデータ長でも推定可能であることを示すものである．一方，図 4 (b)，(c)から Eと
Lavはデータ長が短いほど誤差が大きくなる傾向にある．誤差率が 1%未満となるデータ長はEが
50, 000，Lavが 90, 000であり，D，Lに比べて長いデータが必要であることがわかった．よって，調べるRQA指標に合わせて時系列長を設定することで必要なデータ数を削減できることがわかった．
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(a) D (b) Lav

(c) E (d) L

図 4: データ長Nを変化させた際のRQA指標の変化と平均値の変化
4 まとめ
本論文では，複数の被験者のPPGデータから算出したRQA指標 (D，Lav，E，L)が，十分長い時系列長で計算した値と同等の結果となる最小のデータ長を調査した．具体的にはまず，PPGデータから再構成アトラクタを作成し，そのRPを作成後，データ長N を変化させてRQA指標を算出した．次に，データ長 100, 000に対するRQA指標の誤差率を算出した．その結果，Dと Lはデータ長 1, 000からデータ長 100, 000までの結果にほとんど差は見られず，この二つの指標を調べる場合にはデータ長は 1, 000で十分であることがわかった．一方，Eと Lavはデータ長が短いとき，データ長 100, 000に比べて大きな誤差率が見られ，誤差率が 1%未満となるためには，Eは 50, 000，Lavは 90, 000のデータ長が必要であることがわかった．
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言語共起ネットワークのモチーフ解析
石川竜吉 (池口徹 教授，Nina Sviridova 助教 )

1 はじめに
インターネットなどの発展に伴い，あらゆる国や地域から様々な情報を容易に入手できるようになっている．多くの場合，異なる国や地域から得られる情報には固有の言語が用いられている．即ち，これらのデータを効率的に解析するためには，異なる言語情報に対して汎用的に利用できる解析手法が不可欠である．そのための手法の一つとして，文章構造を複雑ネットワークと捉え，数理的な解析を行う共起ネットワークを用いた手法が提案されている [1–3]．共起ネットワークとは，文章内で連続して出現した単語同士を繋いで作成したネットワークである．例えば，ネットワーク中のクラスタ構造を用いることで言語ネットワークの局所構造が明らかにされている [2]．また，文献 [3]では，クラスタ係数，平均頂点間距離などの複雑ネットワークの大域的な特徴量を用いて共起ネットワークの調査を行っている．本研究では，ネットワークモチーフと呼ばれるネットワークの局所構造を定量化する手法を用いて言語の共起ネットワークを解析する．ネットワークモチーフとは，複雑な形状を有する小規模なサブグラフのうち，特にネットワークの中に有意に多く出現する構造である．本論文では，同じ内容が多くの言語に翻訳されている，新約聖書を対象としてモチーフ解析を行い，ネットワークの局所構造という観点から文章構造を調査した．その結果，全ての言語において単語同士の接続を媒介する頂点が存在すること，また，その役割が特定の品詞に集中していることがわかった．

2 実験手法
共起ネットワークとは，文章中の単語を頂点とし，連続して出現する単語同士を接続するという方法で作成されるネットワークである．本論文では，元となる文章を構成する単語を形態素解析により原形に変換する．その際，品詞情報も付与することで共起ネットワークの頂点とした．また，接続される単語の数 (共起数)m= 1, 2とした．共起ネットワークの作成手順を図 1に示す．

図 1:共起ネットワークの作成手法

(a) 4382 (b) 4698

(c) 4958 (d) 13260

(e) 13278 (f) 31710

図 2:無向ネットワークにおける 4頂点サブグラフ

本論文では，4頂点のサブグラフについて調査した．無向ネットワークでの 4頂点サブグラフは，図 2に示した 6種類である．サブグラフの頂点はその構造から複数に分類することができる．例えば，ID4382のサブグラフは，図 2 (a)のように，全ての枝が集まる中心頂点 (赤色)と，これに接続する周辺頂点に分けることができる．あるネットワークGにおけるサブグラフHの出現回数を H の頻度 fG(H)とし
[5]，Hの頻度を全てのサブグラフの頻度の合計で割ったものをサブグラフHの濃度CG(H)= fG(H)/

∑
I∈S fG(I)とする [5]．ここで，Sはネットワーク

Gに出現したサブグラフ全体の集合である．本論文では，言語ごとに，サブグラフの濃度CG(H)を求め，サブグラフの有意性を調査した．ここ
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で，サブグラフの有意性は，ネットワークGにおけるサブグラフHの頻度 fG(H)または濃度CG(H)に対して，GをランダマイズしたネットワークRの頻度 fR(H)または濃度CR(H)が同じとなるか，上回った割合 (pf (H)= nf (H)/N，pC(H)= nC(H)/N)を用いた [5]．ただし，ランダマイズ回数がN，
fG(H) ≤ fR(H)となる回数が nf (H)，CG(H) ≤ CR(H)となる回数が nC(H)である．pf (H) < 0.01であるサブグラフを有意とする [4]．また，pf (H) ≥ 0.01であったが pC(H) < 0.01であるものも存在したため，そちらについても記録した．なお，頻度，濃度，p値の計算には，NetMODE [5] を使用した．
3 結果
本論文では，文献 [3]で使用されている，新約聖書のうちヨハネ伝，マルコ伝，マタイ伝，ルカ伝の 4種類の福音書について，8言語，13種類のデータから作成した共起ネットワークを用いた (表

1)．
3.1 サブグラフの濃度，有意性の調査表 1: 言語と訳バージョン語族 言語 訳バージョン数

シナ・チベット語族 中国語 1ウラル語族 フィンランド語 2日本語族 日本語 2

インド・ヨーロッパ語族
英語 2フランス語 2ドイツ語 1ギリシャ語 2ロシア語 1

ヨハネ伝に対する濃度を図 3に示す．なお，濃度，有意性については，ヨハネ伝以外の福音書についても同様の結果であった．図 3より，ID4382のサブグラフ (図 2 (a))が最も高いことが分かる．次に，サブグラフの有意性を表 2に示す．表 2では，pf (H) < 0.01となったものを ◦，
pC(H) < 0.01のみ満たしたものを$，どちらも満たさなかったものを×とした．

(a) m = 1 (b) m = 2

図 3: ヨハネ伝におけるサブグラフの濃度表 2: ヨハネ伝におけるサブグラフの有意性
(a) m = 1

言語 4382 4698 4958 13260 13278 31710中国語 ◦ × × ◦ × ×英語 1 ◦ ◦ × ◦ × ×英語 2 ◦ ◦ × ◦ × ×フィンランド語 1 ◦ × × ◦ × ×フィンランド語 2 ◦ × × ◦ × ×フランス語 1 ◦ × × ◦ × ×フランス語 2 ◦ × × ◦ × ×ドイツ語 $ × × × × ×ギリシャ語 1 ◦ × × × × ×ギリシャ語 2 ◦ × × × × ×日本語 1 ◦ × × ◦ × ×日本語 2 ◦ × × ◦ × ×ロシア語 $ × × × × ×

(b) m = 2

言語 4382 4698 4958 13260 13278 31710中国語 × × ◦ × ◦ ◦英語 1 × × ◦ × $ ×英語 2 $ × × × × ×フィンランド語 1 $ × ◦ × × ×フィンランド語 2 $ × $ × × ×フランス語 1 $ × × × × ×フランス語 2 $ × × × × ×ドイツ語 $ × ◦ × $ ×ギリシャ語 1 $ × ◦ × × ×ギリシャ語 2 $ × ◦ × × ×日本語 1 $ × ◦ × × ×日本語 2 $ × ◦ × × ×ロシア語 $ × ◦ × ◦ ◦

表 2より，m = 1では，ほとんどの言語で ID4382のサブグラフが有意であることが分かる．また，比較的多くの言語で ID13260のサブグラフが有意となっている．図 3，表 2の結果から，m = 1
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の場合は，濃度が最も高く，ほとんどの言語で有意となった ID4382のサブグラフが重要であると考えられる．また，m = 2の場合は，ID4382，ID13260のサブグラフは全ての言語で有意ではない．また，m = 1では有意ではなかった ID4958のサブグラフが複数の言語において有意となっていた．
3.2 サブグラフを構成する品詞の調査前節の実験では，ネットワーク構造においてどのサブグラフが有意に出現するのかを調査した．しかし，頂点の品詞を考慮していないため，サブグラフの文法的な役割の解析を行うことはできていない．そこで本節では，m = 1のネットワークに対して，全ての言語で濃度が高く，ほとんどの言語において有意となった ID4382のサブグラフに注目し，その文法的な役割を解析するため，ID4382のサブグラフを構成する頂点の品詞を調査した．調査にあたり，ID4382のサブグラフを構成する品詞のうち，図 2 (a)の，3つの頂点が集まる中心頂点 (赤色)を対象とした．まず，各文書において特に ID4382のサブグラフの中心頂点となりやすい品詞を調査した．調査は，ID4382のサブグラフの中心頂点となった回数を品詞ごとに足し合わせ，品詞ごとの頂点数で割ることで平均して行った．結果を図 4に示す．ただし，それぞれの平均回数を，言語ごとに最大値で割ることで，最大値が 1となるように正規化して示している．図 4を見ると，ヨハネ伝の中国語では，接置詞で最大値を取っているため数値が 1となっており，代名詞が該当した回数は接置詞での数値の 0.3倍程度である．また，ヨハネ伝の英語の一つ目の訳バージョンでは，接続詞で最大値をとり，限定詞がその 0.4倍程度である．

図 4: ID4382の中心頂点における品詞の頻度
図 4を見ると，ID4382のサブグラフの中心頂点となりやすい品詞は，言語ごとに，接続詞，接置詞に大きく分けられる．ただし，フランス語では，同じ言語でも，訳バージョンによって異なる結果となった．そこで，中心頂点となった回数が特に集中していた接続詞，接置詞についての値を取り出した．結果を図 5に示す．ただし，ID4382のサブグラフの中心頂点となった回数の平均を品詞全体の合計値で割ることで正規化している．図 5より，本論文で対象とした 8言語は，ID4382のサブグラフの中心頂点となりやすい品詞によって，接置詞に集中している中国語と日本語，接続詞に集中しているフィンランド語，英語，ドイツ語，ギリシャ語，ロシア語，どちらも高い割合で中心頂点となっているフランス語の 3種類に分かれることが分かる．
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図 5: 接続詞，接置詞が ID4382のサブグラフの中心頂点となった平均頻度の関係
4 まとめ
本論文では，新約聖書のテキストから作成した共起ネットワークに対してモチーフ解析を行うことで，言語間の違いを調査した．その結果，異なる言語間でも局所構造には共通点があること，さらには，その品詞構成にも複数言語間で共通点があることが示唆された．今後の課題として，有向グラフとする，共起数を増やすなどの拡張が必要である．また，聖書以外の文書を対象とすることにより，さらに詳細な調査を行うことが必要である．
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バイクシェアリングシステム利用情報のテンポラルネットワーク解析
石垣八雲 (池口徹 教授 ，Nina Sviridova 助教)

1 はじめに
バイクシェアリングシステム（BSS）とは，利用者が，特定の地域に配置されているステーション間を自転車で行き来することのできる公共交通システムである．BSSの開発により，自転車を用いた短距離の移動によるラストワンマイル問題の解決，温室効果ガスの削減が期待されている [1]．
BSSでは自転車が一方向ばかりに利用されると，自転車を借りることができないステーション，返却できないステーションが発生する．この問題を解決するため，実際のBSSでは，自転車回収車を用いた再配置作業が行われている．また，この再配置作業を効率的に行うための自転車回収車の巡回路を求める研究も行われている [2, 3, 4]．一方，近年の IoT技術の発展に伴い，実際のBSSのステーション情報や利用履歴データが公開されている．例えば，バルセロナで実施されているBSS[5]の実データを使用し，予測対象の周囲のステーションの時系列データを学習する ARMAモデルを用いた予測法が提案されている [6]．また，バルセロナのBSSのデータを使用して，クラスター分析を用いた複数の予測モデルの比較が行われている [7]．さらに，ボストン [9]，ワシントン D.C.[10]，ニューヨーク [11]，シカゴ [12]の BSSを対象として，自転車の貸し出しと返却をイベントの発生とする点過程の側面からの解析が行われている [13, 14, 15]．これらに加えて，公開されているBSSデータを用いて予測精度を競うコンテスト

[8]も開催されており，効率的なBSSの運用が現在の課題となっている．これまでの実データ解析 [6, 7, 13, 14, 15]では，あるステーションで貸し出された自転車がどのステーションに返却されたのかという情報を考慮していない．そこで本論文では，まず，サンフランシスコのBSSの実際の利用履歴データ [16]を対象として，顧客の属性，利用時間帯などで分け，各ステーションに対する自転車の利用間隔の統計的な解析を行う．次に，ステーション間の自転車の移動を重み付き有向ネットワークと捉え，この有向ネットワークが時間の経過と共に変化するテンポラルネットワークの状態遷移ダイナミクスを明らかにする．
2 BSSの利用情報に対する統計的な時系列解析
本研究では，まず，統計的な観点からの解析を行うことで，BSSの時系列データの基礎的な特徴を明らかにする．文献 [14]では，ワシントンD.C.のBSSについて，自転車が貸し出された時間をイベントの発生としたラスタプロットを作成し，季節的な変化を調査している．

(a) 定期利用者 (b) 非定期利用者
図 1: 2013年 9月から 2015年 8月までの 2年間における，(a)定期利用者と (b)非定期利用者の貸し出し数の棒グラフ．
本論文では，サンフランシスコにおける，San Francisco Bay Area Bike Shareの，2013年 9月から 2015年 8月までの利用履歴データ [16]を用いた．データには，70個のステーション，647,025個
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の自転車の移動履歴が記録されている．図 1は，2013年 9月から 2015年 8月までにおける，月毎の定期利用者と非定期利用者の自転車の貸し出し数の変化である．横軸が日付で，縦軸が月毎の貸し出し数である．定期利用者の貸し出し数は，2013年 9月から 2014年 8月までの 1年間の方が，2014年 9月から 2015年 8月の 1年間よりも少ないことが分かる．しかし，非定期利用者の貸し出し数は，
2013年 9月から 2014年 8月までの 1年間の方が，2014年 9月から 2015年 8月の 1年間よりも多いことが分かる．これは，非定期利用者が定期利用者になったことが理由であると考えられる．図 2(a)，(b)は，自転車の利用数が多い，2013年 10月 8日の，定期利用者と非定期利用者の貸し出し数である．横軸が時間（分），縦軸が貸し出し数を表す．図 2(c)，(d)は，2013年 10月 8日の，定期利用者と非定期利用者のラスタプロットであり，どのステーションがいつ貸し出されたかを表す．横軸が時間（分），縦軸がステーション IDである．図 2より，定期利用者の貸し出し数は，朝夕の通勤時間帯で多くなっていることが分かる．一方，非定期利用者の貸し出し数の時間変化には特徴がないことが分かる．

図 2: 2013年 10月 8日の定期利用者と非定期利用者の利用数とラスタプロット
次に，自転車の貸し出しと返却のタイミングのパターンの統計的特性について調査するために変動係数（CV），局所変動係数（LV）を使用する [17]．i番目のイベントが発生した時間を ti，i+1番目のイベントが発生した時間を ti+1とし，i番目の inter-event intervals（IEI）を Ti = ti+1 − tiとする．

IEIを用いて，CV は，CV =
√

1/(n − 1)
∑n

i=1(Ti − T̄ )2/T̄ と表される．ただし，T̄ = 1/n
∑n

i=1 Tiである．CV は貸し出し間隔の全体的な変動を表し，CV = 0のとき，イベントは規則的に発生していることを示す．CV = 1のとき，イベントの発生はポアソン過程に従うことを示す．図 3(a)∼図 3(c)は，日中と夜間，平日と週末，定期利用者と非定期利用者に分けて算出した，2年分のステーション毎の貸し出しのCV のヒストグラムである．日中と夜間，定期利用者と非定期利用者の間には有意差が無いが，平日と週末の間には有意差があることが分かった．しかし，図 2から，定期利用の有無に関わらず，日中の自転車の利用は多く，夜間の利用は少ないことが分かる．そこで，次に全体のイベントの発生率に変動がある場合でも局所的な IEIの特性を抽出できる LV を使用する．

図 3: 時間，属性別のCV，LV のヒストグラム．横軸がCV，LV，縦軸が度数．CV の 95%信頼区間を µC の範囲，LV の 95%信頼区間を µLの範囲で示した．(a)日中（オレンジ）と夜間（青）のCV．(b)平日（オレンジ）と週末（青）のCV．(c)定期利用者（オレンジ）と非定期利用者（青）のCV .(d)日中（オレンジ）と夜間（青）の LV．(e)平日（オレンジ）と週末（青）の LV．(f)定期利用者（オレンジ）と非定期利用者（青）の LV .
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IEIを用いて，局所変動係数（LV）は，LV = 1/(n − 1)
∑n−1

i=1 3(Ti − Ti+1)
2/(Ti + Ti+1)

2と表される．LV は局所的な変動を表し，LV = 0のとき，イベントは規則的に発生していることを示す．
LV = 1のとき，イベントの発生はポアソン過程に従うことを示す．図 3(d)∼図 3(f)は，日中と夜間，平日と週末，定期利用者と非定期利用者に分けて算出した，2年分のステーション毎の貸し出しの LV のヒストグラムである．日中と夜間には有意差が無いが，平日と週末，定期利用者と非定期利用者の間には有意差があることが分かった．
3 BSSに対する複雑ネットワーク理論の観点からの解析
統計的な時系列解析の観点からでは，自転車が貸し出されたタイミング，返却されたタイミングのみを考慮しているため，あるステーションで借りられた自転車がどこに返却されるかについての考察は困難である．そこで，自転車が貸し出されたステーションを始点，返却されたステーションを終点とする有向重み付きネットワークとした解析を行う．ステーションと自転車の移動を有向重み付きネットワークにする際に，70行 70列の隣接行列を作成した．各行，各列はステーション IDに対応しており，期間中のある日付 iにおいて，ステーション kからステーション lに自転車の移動がN 回あったとき，要素 Ai

k,l = N とする行列 Aiを隣接行列とする．任意の 2日における隣接行列の距離 di,jは di,j =
∑70

k=1

∑70
l=1(A

i
k,l − Aj

k,l)
2と表される．任意の 2日における距離 di,jを，全ての組み合わせに対して求めて行列で表したものが距離行列Dである．距離行列Dの要素の最小値

min
i "=j

di,jと最大値max
i "=j

di,jに対して，閾値 θ = min
i "=j

di,j + 0.1(max
i "=j

di,j − min
i "=j

di,j)を設定し，2値距離
行列のリカレンスプロットRPi,j = 0(di,j ≥ θ), 1(di,j < θ)を定義する [18]．

図 4: (a)2値距離行列 RP を可視化した図．(b)距離行列Dのカラーマップ． 図 5: 図 4(b)の軸を，自転車の利用数で昇順に並べ替えたカラーマップ．
図 4(a)の黒い部分より，冬季の隣接行列は，どの季節の隣接行列に対しても距離が小さくなっていることが分かる．冬季の自転車の利用数は少ないので，自転車の利用数と隣接行列同士間の距離の関係をみるために，図 4(b)の軸を，自転車の利用数で昇順に並び替えたカラーマップを図 5に示した．図 5より，利用数が小さい日同士の隣接行列の距離（左下）は，利用数が大きい日同士の隣接行列の距離（右上）よりも小さくなっていることが分かる．また，利用数が小さい日と利用数が大きい日の隣接行列の距離（左上，右下）は，利用数が小さい日同士の隣接行列の距離（左下）と利用数が大きい日同士の隣接行列の距離（右上）よりも大きくなっていることが分かる．

4 まとめ
本論文では，2013年 9月から 2015年 8月までの，サンフランシスコにおけるBSSの利用履歴データに対して，ステーション間の自転車の移動を重み付き有向ネットワークとし，テンポラルネットワークの状態遷移ダイナミクスを複雑ネットワーク理論の観点から解析を行なった．まず，統計的な時系列解析を行なった結果，時間別，利用者の属性別で，利用パターンに差があることが分かった．次に，ネットワーク解析を行なった結果，ネットワークの時間変化において，冬季の隣接行列は，どの季節の隣接行列に対しても小さい距離を持ち，さらに，BSS全体の自転車の移動量が，ネットワークの時間変化に影響していることが分かった．このことは，BSSの自転車の移動を予測する際に，BSS全体の自転車移動量の増減を考慮する必要があることを示唆している．今後は，サンフ
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ランシスコのBSSだけでなく，様々な都市のBSSの特徴を調べ，各BSSにおいて，実際のシステムに適用できるような自転車再配置問題の作成を検討する必要がある．
参考文献
[1] D. Paul,“Bike-sharing: History, impacts, models of provision, and future,” Journal of public

transportation, Vol. 12, No. 4, pp. 41–56, 2009.
[2] H. Tsushima, T. Matsuura and T. Ikeguchi, “Strategy for Exploring Feasible and Infeasible

Solution Spaces to Solve a Multiple-Vehicle Bike Sharing System Routing Problem,” Applied

Sciences, Vol. 11, No. 16, 7749, 2021.
[3] S. Wada, T. Matsuura and K. Numata, “Heuristic Methods for the Bike-Sharing System

Routing Problem,” Journal of Signal Processing, Vol. 17, No. 4, pp. 115–118, 2013.
[4] D. Mauro, H. Eleni, I. Manuel and N. Stefano,“The bike sharing rebalancing problem: Math-

ematical formulations and benchmark instances,” Omega, Vol. 45, pp. 7–19, 2014.
[5] Bike Sharing System bicing Official Site. https://www.bicing.barcelona/（最終閲覧日: 2022年

1月 4日）．
[6] A. Kaltenbrunner, R. Meza, J. Grivolla, J. Codina and R. Banchs, “Urban cycles and mo-

bility patterns: Exploring and predicting trends in a bicycle-based public transport system,”
Pervasive and Mobile Computing, Vol. 6, No. 4, pp. 455–466, 2010.

[7] J. Froehlich, J. Neumann and N. Oliver,“Sensing and predicting the pulse of the city through

shared bicycling,” Proc. of 2009 International Joint Conference on Artificial Intelligence, pp.

1420–1426, 2009.
[8] SIGNATE Student Cup 2021 秋．オペレーション最適化に向けたシェアサイクルの予測，

https://signate.jp/competitions/549/（最終閲覧日: 2022年 1月 15日）．
[9] Bike Sharing System BLUEbikes Official Site，https://www.bluebikes.com/（最終閲覧日: 2022年 1月 14日）．

[10] Bike Sharing System capital bikeshare Official Site，https://www.capitalbikeshare.com/（最終閲覧日: 2022年 1月 14日）．
[11] Bike Sharing System citi bike Official Site，https://account.citibikenyc.com/access-plans/（最終閲覧日: 2022年 1月 14日）．
[12] Bike Sharing System Divvy bikes Official Site，https://ride.divvybikes.com/about/（最終閲覧日: 2022年 1月 14日）．
[13] H. Tsushima and T. Ikeguchi,“Statistical analysis of usage history of bicycle sharing systems,”

to appear in NOLTA, IEICE, 2021.
[14] 對馬帆南, 池口徹, バイクシェアリングシステムの利用履歴の統計的な解析と季節的な影響, 電子情報通信学会技術研究報告, Vol. 121, No. 307, pp. 90–95, 2021.
[15] 對馬帆南, 池口徹, ユーザ属性に着目したバイクシェアリングシステム利用履歴データの解析，電子情報通信学会 2022年総合大会，2022年 3月発表予定．　
[16] SF Bay Area Bike Share Anonymized bike trip data from August 2013 to August 2015，

https://www.kaggle.com/benhamner/sf-bay-area-bike-share/（最終閲覧日: 2022年 1月 2日）．
[17] S. Shinomoto, K. Miura and S. Koyama,“A measure of local variation of inter-spike intervals,”

Biosystems, Vol. 79, Nos. 1–3, pp. 67–72, 2005.
[18] J.-P. Eckmann, S. Oliffson Kamphorst and D. Ruelle,“Recurrence plots of dynamical systems,”

Europhysics Letters, Vol. 4, pp. 973–977, 1987.

Ikeguchi Laboratory 2021(p. 133 / 170)



Izhikevichニューロンモデルの周期入力に対する応答の解析
塚本陽太 (池口徹 教授 ，Nina Sviridova 助教)

1 はじめに
人間の脳にはニューロンと呼ばれる細胞が 1,000億個以上存在する．ニューロンは，他のニューロンと複雑に結合している．これらのニューロンからの入力に応じて電気信号を生成 (以下，発火)し，伝達することで情報を処理している．即ち，ニューロンに外部入力を与えた際のダイナミクスを調査し，どのような応答を示すかを解析することは，脳内の情報処理原理の解明に必要である．実際のニューロンの周期入力に対する応答の研究では，周期応答，準周期応答，カオス応答の発生が確認されている．例えば，イソアワモチの巨大ニューロンに正弦波を入力として印加すると，カオス応答が発生することが示されている [1]．また，正弦波で刺激されたイカの巨大軸索の応答は，周期応答，準周期応答，カオス応答となることも示されている [2]．一方，ニューロンの数理モデルの周期入力に対する応答についても報告がされている．例えば，

Hodgkin-Huxleyモデル [3]に正弦波電流を印加すると，イカの巨大軸索と同様の応答が生じることが示されている [4]．また，Izhikevichニューロンモデル [5]の周期入力に対する応答の調査では，正弦波のm回のサイクル中に n回発火する n:mモードロックが生じることが示されている [6]．しかし，Izhikevichニューロンモデルが，周期入力に対して準周期的あるいはカオス的な応答を示すかは明らかにされていない．そこで本研究では，Izhikevichニューロンモデルの周期入力に対する応答を 3つの方法 [P1, P2, P3]で調査した．まず，相平面上の解軌道がどのように振る舞うのかを調査した．次に，ISI (Interspike
Interval) の多様度指数を用いて，応答の周期性を評価した．さらに，ストロボ観測点を用いて応答の種類を同定した．
2 ニューロンモデル
ニューロンの細胞膜の外側を基準とした，外側と内側の電位差を膜電位という．ニューロンは，入力を受けると膜電位が変動し，閾値以上になると発火する．このようなニューロンの活動を再現するために，さまざまな数理モデルが提案されている．本研究では，計算量が少なく，豊富な発火パターンを再現できる Izhikevichニューロンモデル [5]を用いた．Izhikevichニューロンモデルは，式

(1), (2)で定義される．
{

v̇ = 0.04v2 + 5v + 140− u + I(t),

u̇ = a(bv − u),
(1)

if v ≥ 30, then v ← c, u← u + d. (2)

ここで，vは膜電位 [mV]，uは回復変数，I(t)は入力電流である．v̇, u̇は時間 t[ms]による微分である．なお，パラメータ a, b, c, dを適切に設定することで，様々な発火パターンを再現できる．本稿では，Regular Spiking (RS) と呼ばれる応答の結果を報告する．また，v ≥ 30 [mV]のとき，ニューロンが発火したとみなし，式 (2)にもとづき v, uをリセットする．本研究で使用した周期入力 I(t)を式 (3)に示す．ここで，式 (3)は直流成分 IDC と交流成分 IACからなる正弦波であり，Aは振幅，T は周期である．
I(t) = IDC + IAC = IDC + A sin

2π

T
t. (3)
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3 解析手法
3.1 相平面相平面は微分方程式の各変数を軸にとった直交座標系のことであり，解の挙動を定性的に調べることができる．また，相平面上にヌルクラインを描写することで，解の挙動を調べやすくなる．ここで，ヌルクラインとは，変数の微分が 0になる点の集合である．本研究ではまず，Izhikevichニューロンモデルの v, uを軸にとった相平面を作成した．次に，相平面上に v̇ = 0，u̇ = 0を満たす vヌルクラインと uヌルクラインを描写した．相平面上において，vヌルクラインより上では，v̇ < 0であるため解軌道は v軸の負の向きに進み，下では正の向きに進む．同様に，uヌルクラインより上では，u̇ < 0であるため解軌道は u軸の負の向きに進み，下では正の向きに進む．このように，解軌道が進むおおよその方向を知ることができる．
3.2 ISIに対する多様度指数

ISIのばらつきを定量的に評価するために，ISIに対する多様度指数を用いた．ISIの種類数をM，総数をN とすると，多様度指数は式 (4)で定義される [7, 8]．
R =

M

N
(4)

式 (4)より，Rの値が 0付近のときは周期応答，Rの値が 1付近のときは非周期応答だと考えられる．
3.3 ストロボ観測点ストロボ観測点とは，周期入力のいくつかの位相における相平面のみを観測する手法である [1, 2]．ストロボ観測点を見ることで，応答の種類を区別することができる．具体的には，有限個の点が観測された場合は周期応答，閉曲線が観測された場合は準周期応答を意味する．ただし，リセットのある系では開曲線となる場合がある．さらに，状態値がいくつかの位相で引き延ばされ，別の位相で折り畳まれるという，引き延ばし・折り畳み構造が観測された場合はカオス応答を意味する．
4 結果

IzhikevichニューロンモデルのパラメータをRS (a = 0.02, b = 0.2, c = −65, d = 8, IDC = 10) とし，正弦波に対する応答を調査した．数値実験にはオイラー法 (時間ステップ 0.01)を用い，線形内挿により発火時刻を推定した [9]．はじめに，(A, T ) = (7.5, 200), (2.5, 200)としたときの相平面を図
1に示す．放物線は vヌルクライン，直線は uヌルクラインを表す．入力 I(t)の上昇と下降に応じて vヌルクラインも上昇，下降するため，2つの放物線を vヌルクラインの上下動の範囲として示した．
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図 1: 正弦波を入力とした際の Izhikevichニューロンモデルの相平面
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図 1(a)より，解軌道は閉曲線となっていることから，この応答は周期応答である．一方，図 1(b)より，解軌道が開曲線となっている (黒丸)ことから，この応答は非周期応答である．よって，正弦波を印加した場合の Izhikevichニューロンモデルの応答には，周期応答と非周期応答の両者が存在することが分かった．次に，ISIに対する多様度指数Rと正弦波の振幅A，周期 T の関係を調べた結果を図 2に示す．ここで，振幅を 0 ≤ A ≤ 10，周期を 1 ≤ T ≤ 2, 000 [ms]の範囲で変化させた．また，ISIは小数第 2位まで等しければ一致しているとみなした．図 2の横軸と縦軸は正弦波の周期 T と振幅A，カラーバーは多様度指数Rの値である．
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図 2: 多様度指数Rと正弦波の振幅A，周期 T の関係

T が大きくなるにつれて，図 2の周期応答の領域と非周期応答の領域の境界がA = 6付近に収束した．また，1 ≤ T < 800では，A < 6でも周期応答が発生している．A > 6のときは I(t)の値が下降した際に 2つのヌルクラインが交わる (図1(a))が，A < 6のときは交わらない (図
1(b))．A = 6のときは 2つのヌルクラインが接する．これは，図 2の周期応答と非周期応答の領域の境界が収束する値 (A = 6)に対応する．
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図 3: 正弦波を入力とした際の Izhikevichニューロンモデルの応答のストロボ観測点

(A, T ) = (7.5, 200), (2.5, 200) とした際の，位相 60◦ごとのストロボ観測点を図 3(a),(b)に示す．図 3の横軸と縦軸は
Izhikevichニューロンモデルの膜電位 vと回復変数 uである．図 3(a)は多様度指数が 0付近の周期的な応答，図 3(b)は多様度指数が 1付近の非周期的な応答である．図 3(a)より，2つの点が観測された．この結果は，応答が周期的であることに一致する．また，図 3(b)より，U字型の曲線が観測されたため，応答は準周期的である．様々な振幅Aと周期 T で応答を調べた際，準周期応答でもカオス応答でもない非周期応答が確認された．一例を図
3(c)に示す．位相 0◦, 60◦, 120◦, 240◦では
U字型だがリセット以外の点でも不連続であり，位相 180◦, 300◦では連続となっている．
5 まとめ
本研究では，Izhikevichニューロンモデルの周期入力に対する応答を調査するため，3つの実験を行なった．まず，相平面上における解軌道とヌルクラインを調査した．その結果，周期応答と非周期応答の両者が存在することを確認した．次に，正弦波の振幅Aと周期 T を変えて ISIの多様度指数を評価した．その結果，T ≥ 800のときはA > 6では周期応答となること，A < 6では非周期応答となることが分かった．さらに，ストロボ観測点を用いて，応
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答の種類を定性的に調査した．その結果，非周期応答のストロボ観測点では，U字型の曲線が確認された．これは，準周期応答であることを示すものである．一方，準周期応答でもカオス応答でもない非周期応答の例も確認された．本研究では，周期応答と準周期応答の存在は確認したが，カオス応答の特徴である引き延ばし・折り畳み構造の存在を明確にすることはできなかった．これは，Izhikevichニューロンモデルが有するリセット機構に起因すると考えられる．よって，リセット機構を有する力学系に対するリアプノフ指数推定法 [10]などを導入することで，応答をより詳細に分析することが今後の課題である．
参考文献
[1] H. Hayashi, S. Ishizuka, M. Ohta, and K. Hirakawa, “Chaotic behavior in the onchidium giant

neuron under sinusoidal stimulation,” Physics Letters A, Vol. 88, No. 8, pp. 435–438, 1982.

[2] K. Aihara, T. Numajiri, G. Matsumoto, and M. Kotani, “Structures of attractors in periodi-
cally forced neural oscillators,” Physics Letters A, Vol. 116, No. 7, pp. 313–317, 1986.

[3] A. L. Hodgkin and A. F. Huxley, “A quantitative description of membrane current and its
application to conduction and excitation in nerve,” The Journal of Physiology, Vol. 117, No.
4, pp. 500–544, 1952.

[4] K. Aihara, G. Matsumoto, and Y. Ikegaya, “Periodic and non-periodic responses of a period-
ically forced Hodgkin-Huxley oscillator,” Journal of Theoretical Biology, Vol. 109, No. 2, pp.
249–269, 1984.

[5] E. M. Izhikevich, “Simple model of spiking neurons,” IEEE Transactions on Neural Networks,
Vol. 14, No. 6, pp. 1569–1572, 2003.

[6] A. Farokhniaee and E. W. Large, “Mode-locking behavior of Izhikevich neurons under periodic
external forcing,” Physical Review E, Vol. 95, No. 6, 062414, 2017.

[7] 杉浦希望，藤原寛太郎，保坂亮介，池口徹, “Izhikevich ニューロンモデルのカオス応答とその統計的解析,” 電子情報通信学会技術研究報告, Vol. 113, No. 116, pp. 43–48, 2013.

[8] 内木楓，島田裕，藤原寛太郎，池口徹, “Izhikevichニューロンモデルにおけるカオス応答とカオス同期,” 電子情報通信学会論文誌 A, Vol. J100-A, No. 5, pp. 195–204, 2017.

[9] E. M. Izhikevich, “Hybrid spiking models,” Philosophical Transactions of the Royal Society
A: Mathematical, Physical and Engineering Sciences, Vol. 368, No. 1930, pp. 5061–5070, 2010.

[10] F. Bizzarri, A. Brambilla, and G. S. Gajani, “Lyapunov exponents computation for hybrid
neurons,” Journal of Computational Neuroscience, Vol. 35, No. 2, pp. 201–212, 2013.

発表文献
[P1] Yota Tsukamoto, Honami Tsushima, and Tohru Ikeguchi, “Non-periodic responses of the

Izhikevich neuron model with periodic inputs,” The 2021 NonLinear Science Workshop,
NLSW-54, 2021.

[P2] Yota Tsukamoto, Honami Tsushima, and Tohru Ikeguchi, “Non-periodic responses of the
Izhikevich neuron model to periodic inputs,” to appear in NOLTA, IEICE, 2022.

[P3] 塚本陽太，對馬帆南，池口徹, “周期入力に対する Izhikevichニューロンモデルの応答 –Fast
Spikingニューロンの場合–,” 電子情報通信学会総合大会, 発表予定, 2022.

Ikeguchi Laboratory 2021(p. 137 / 170)



複雑ネットワーク理論に基づく新聞記事の時間的変化の解析
平手寛之 (池口徹 教授 ，Nina Sviridova 助教)

1 はじめに近年，計算機の発展により，大量の文章を扱うことが可能となっている．これにより，文章データから何らかの特徴を抽出するテキストマイニングの研究が盛んに行われている．その中でも特に，文章を複雑ネットワークの観点から解析する研究が注目されている．具体的には，文章を単語同士の繋がりを持つネットワークと捉え，複雑ネットワークとして解析を行う研究である．例えば，文章をネットワークに変換する際の単語の共起関係についての解析 [1]，言語のネットワーク構造と地域の関係についての解析 [2]などが行われている．しかし，同じ共同体に所属する多数の著者が執筆を行う新聞記事などを対象とした研究はほとんど行われていない．また，戦前の新聞記事を閲読すると，句点の数，使用されている単語が変化している．そこで本論文では，戦前の 1912年から 1944年の新聞記事を対象として，文章の基本的な特徴量である漢字，ひらがな，カタカナの割合と複雑ネットワーク的な指標であるクラスタ係数 [3]，四角形クラスタ係数 [3]，次数分布の傾き [4] を用いることで，新聞社の年ごとの文章構造の特徴とその時間変化を調査した．その結果，文章の基本的な特徴量は，新聞社間で年ごとに異なる変化が生じること，複雑ネットワーク的な指標は，新聞社間で年ごとに同様に変化していることが明らかとなった．そこで，新聞記事全体を対象として，文章の基本的な特徴量である品詞の割合を加えることで，年ごとの文章構造の変化を調査した．その結果，年ごとの文章の基本的な特徴量の時間変化と，複雑ネットワーク的な指標の時間変化は異なる傾向を示すことが分かった．
2 言語ネットワーク本論文では，隣接している単語を枝で結ぶことで，重みなし無向ネットワークを作成する．ネットワークの作成例を図 1に示す．(i)形態素解析により，単語の品詞情報を含めた上で原型に変形する．形態素解析にはMecab[5]を使用した．(ii)句読点，半角句読点，記号を除き，隣同士の単語を枝で接続する．(iii)同一品詞の単語を 1頂点とし，ネットワークを作成する．ただし，解析には，含まれている頂点数が最大となる最大部分グラフを使用する．

図 1: 言語ネットワーク作成例
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3 使用データ 表 1: 使用した新聞データの記事数と一記事あたりの文字数の平均新聞社名 記事数 一記事あたりの文字数の平均日経新聞 30,892 1,214.2東京朝日新聞 15,160 1,199.8東京毎日新聞 8,764 1,294.3大阪朝日新聞 61,730 1,055.8大阪毎日新聞 45,450 1,062.5神戸新聞 15,853 1,035.9東京時事新報 17,159 1,224.3報知新聞 6,099 1,206.6中央新聞 337 1,527.0読売新聞 3,089 1,480.0

本論文では，神戸大学の新聞データ [6]の1912年から 1944年の新聞記事を対象とした．使用した新聞社は，日経新聞，東京朝日新聞，東京毎日新聞，大阪朝日新聞，大阪毎日新聞，神戸新聞，東京時事新報，報知新聞，中央新聞，読売新聞の 10社である．各新聞社ごとの記事数，一記事あたりの文字数の平均を表 1に示す．表
1から，中央新聞の記事数は他の新聞社に比べて少ないことが確認できる．
4 数値実験
4.1 各新聞社の年ごとの文章構造の比較結果表 1に示した 10社の新聞記事から生成した言語ネットワークの年ごとのクラスタ係数，四角形クラスタ係数，次数分布の傾きと記事内の漢字の割合，ひらがなの割合，カタカナの割合の平均とそれらの 95%信頼区間を算出した．クラスタ係数C3[3]の定義を式 (1)，四角形クラスタ係数C4[3]の定義を式 (2)に示す．

C3 =
1

n

n∑

i=1

1

kiC2

n∑

j=1

Ai,j

n∑

t=j+1

Ai,tAj,t, (1)

C4 =
n∑

i=1

ki∑

j=1

ki∑

l=j+1

qijl

ki∑

j=1

ki∑

l=j+1

((kj − 1 − qijl − Aj,l)(kl − 1 − qijl − Aj,l) + qijl)

. (2)

ただし，nは頂点数，kiは頂点 iの次数である．Aijは隣接行列の第 (i, j)要素であり，頂点 i, jが隣接する場合は Aij = 1，それ以外の場合は Aij = 0である．qijlは頂点 i，j，lを含む四角形の数である．クラスタ係数C3，四角形クラスタ係数C4は，頂点数の異なるネットワーク同士で比較を行うため，ランダマイズしたネットワークのクラスタ係数 C̃3，四角形クラスタ係数 C̃4で正規化した．結果を図 2 (a)∼(f)に示す．

図 2: 各新聞社の (a)クラスタ係数，(b)四角形クラスタ係数，(c)次数分布の傾き，(d)漢字の割合，
(e)ひらがなの割合，(f)カタカナの割合の平均とその 95%信頼区間の時間変化
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図 2 (d)，(e)を見ると，1930年から 1940年にかけての日経新聞の漢字とひらがなの割合は，他新聞社の信頼区間と重ならない．これは，文章の基本的な特徴量は新聞社間で異なる傾向があることを示すものである．一方，図 2 (f)から，カタカナの割合はどの新聞社においても各新聞社間で顕著な差は見られない．また，図 2 (a)∼(c)から，クラスタ係数，四角形クラスタ係数，次数分布の傾きはどの新聞社においても新聞社間で大きな違いはない．これらの結果から，文章の基本的な特徴量の変化が発生してもネットワーク構造には大きな影響を与えないと考えられる．
4.2 新聞記事の文章構造の時間変化を解析した結果表 1で示した 10社の新聞データ全てを使用して，年ごとの新聞記事内の漢字の割合，ひらがなの割合，カタカナの割合の平均とその 95%信頼区間，品詞の割合の平均とその 95%信頼区間を算出した．さらに，10社の新聞データ全てを使用して言語ネットワークを作成することで，クラスタ係数
[3]，四角形クラスタ係数 [3]，次数分布の傾き [4]の平均とそれらの 95%信頼区間を算出し，文章の基本的な特徴量と複雑ネットワーク的な指標を用いて，年ごとの文章構造の遷移を調査した．新聞記事の年ごとの漢字の割合，ひらがなの割合，カタカナの割合，品詞の割合，クラスタ係数，四角形クラスタ係数，次数分布の傾きを算出した結果を図 3∼5に示す．

図 3: (a)漢字，(b)ひらがな，(c)カタカナの割合の平均とその 95%信頼区間の時間変化

図 4: (a)名詞，(b)動詞，(c)副詞，(d)助動詞，(e)助詞，(f)感動詞，(g)形容詞，(h)接頭詞，(i)接続詞の割合の平均とその 95%信頼区間の時間変化
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図 5: (a)クラスタ係数，(b)四角形クラスタ係数，(c)次数分布の傾きの平均と 95%信頼区間の時間変化
図 3 (a)∼(c)より，漢字，ひらがなの割合は，1920年，1930年，1938年，1942年にかけて上下に変動している．一方，カタカナの割合は，1935年にかけて上昇し，1944年にかけて下降する．また，図 4 (a)∼(i)より，名詞の割合は，1938年にかけて上昇し，それ以降は下降する．また，動詞，副詞，助詞，形容詞の割合は年ごとに下降し，助動詞，接頭詞，接続詞は上下に変動している．さらに，図 5 (a)∼(c)より，クラスタ係数は，1915年，1922年，1925年，1935年，1940年にかけて上下の変動を繰り返している．また，四角形クラスタ係数は，年ごとに細かく変化しており，次数分布の傾きは，大きな変化はない．これらの結果から，文章の基本的な特徴量である漢字，ひらがな，カタカナ，品詞の割合と複雑ネットワーク的な指標であるクラスタ係数，四角形クラスタ係数，次数分布の傾きの変化は互いに異なっていることが分かった．従って，文章の解析には文章の基本的な特徴量だけでなく，複雑ネットワーク的な指標を用いた調査も重要である．

5 まとめ本論文では，1912年から 1944年の 10社の新聞データに対して，文章の基本的な特徴量，複雑ネットワーク的な指標を用いて年ごとの各新聞社の比較と年ごとの新聞記事全体の文章構造の時間変化を調査した．新聞社の比較を行なった結果，文章の基本的な特徴量は，日経新聞が他の新聞社と異なるが，複雑ネットワーク的な指標は，新聞社間には大きな違いはないことが分かった．また，年ごとの文章構造の変化を調査した結果，文章の基本的な特徴量である漢字，ひらがな，カタカナ，品詞の割合の年ごとの変動と複雑ネットワーク的な指標であるクラスタ係数，四角形クラスタ係数，次数分布の傾きの年ごとの変動が異なることが分かった．今後は，文章構造の変化が発生した社会的要因などについて調査を行うことで，文章構造の時間変化をより詳細に検討することが必要である．
参考文献
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SIAM Review, Vol. 51, No. 4, pp. 661–703, 2009.
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Colexificationネットワークにおける基本的感情に関する研究
福家水月 (池口徹 教授 ，Nina Sviridova 助教)

1 はじめに
近年，自然言語処理の分野において感情に関する研究が行われている．その中でも特に，colexifica-

tionを用いて感情分類を行った研究が注目されている [1]．Colexificationとは，ある単語が複数の概念を有する現象である．例えばスペイン語において “malo”という単語は “BAD (悪い)”と “SEVERE

(厳しい)”の二つの概念を意味し，これらは colexificationを形成する．ある言語において，colexifi-

cationを形成する複数の概念は意味が類似する傾向にある．このような観点から，colexificationは言語の意味論的な研究に用いられている [2]．
Colexificationを用いて作成されたネットワークをcolexificationネットワークと呼ぶ．Colexificationネットワークは，頂点を概念，colexificationを枝とすることで作成される．また，colexificationネットワークにおける，感情を表す概念に対応する頂点について調査を行うことで，自然言語処理の観点における感情について考察できる．文献 [1]では，ランダムウォークを用いて，感情を表す概念間の経路長を最小化した colexificationネットワークを作成している．また，作成したネットワークから，感情を表す概念で構成されるコミュニティを検出することで感情を分類している．しかし，ネットワークにおける基本的感情を表す概念については議論されていない．そこで本研究では，ランダムウォークのステップ数を増加させることで，感情以外を表す概念の影響を最大化したネットワークを作成し，colexificationネットワークにおける基本的感情に関する調査を行った．調査の結果，“GOOD,” “WANT,” “BAD,” “LOVE”の 4つの概念で表される感情が，

colexificationネットワークにおける基本的感情であることを確認した．
2 ネットワークの作成法
概念を頂点，colexificationを形成する 2つの概念を枝で結ぶことで，colexificationネットワークを作成する．ここで，頂点 iと j を結ぶ枝の重みをWij とし，Wij を iと j に対応する概念の間に

colexificationが存在する言語の数とする．図 1はスペイン語の “malo”, フランス語の “mauvais”, ロシア語の “дурной”において colexificaionを形成している概念 “BAD,” “SEVERE,” “UGRY”から，colexificationネットワークが作成される様子を示している．

図 1: Colexificationネットワークの作成例

図 1の “SEVERE”と “UGLY”のように，概念同士に枝が存在しない場合がある．しかし，これらの 2つの概念はどちらも “BAD”と colexi-

ficationを形成している．そのため，
“SEVERE”と “UGLY”も類似性を持ち，間接的に colexificationを形成していると考える．このような間接的な関係性を定量化し，枝の重みに反映させるために，作成したネットワークに対してランダムウォークを適用させる．ランダムウォークは枝で繋がる頂点間を遷移確率行列 P = [Pij]に基づいて移動する手法である．
Colexificationネットワークの頂点数をN とおくと，Pij = Wij/

∑N
s=1 Wisと定義される．また，nステップ後の遷移確率行列は P nとなる．
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文献 [1]では，colexificationネットワークとランダムウォークを用いて，以下の手順で colexificationネットワークGC(n)を作成している．
1. CLICS3[3]のデータを用いて，図 1のように colexificationネットワークを作成する．CLICS3

とは，3, 061個の言語における colexificationを収録したデータベースである．
2. 作成した colexificationネットワークに対してステップ数 n = 1, . . . , 5でランダムウォークを適用し，遷移確率行列 P 1, . . . , P 5を作成する．
3. ネットワークGB(n)の重み付き隣接行列B(n) =

∑n
s=1 P sを定義する．

4. ネットワークGB(n)における，代表的な感情の概念に対応する頂点と，その頂点を結ぶ枝を抽出することで新たにネットワークGC(n)を作成する (図 2)．

図 2: ネットワークGC(n)の作成例

ランダムウォークにおいてステップ数がn =

5である場合，GC(n) が初めて完全グラフとなる．このことから，n = 5の場合，ネットワーク中の感情を表す概念に対応する頂点間の経路において，感情以外を表す概念に対応する頂点を経由する経路長が最小となる．文献 [1]では，ネットワークGC(n)を解析することで，感情を表す概念のコミュニティ構造を調査している.しかし，n = 5の場合，感情を表す概念間を繋ぐ経路に現れる頂点 (概念) の数は高々5つであるため，6ステップ以上離れた頂点 (概念) の影響は考慮されていない.

3 Colexificationネットワークの解析
本研究では，感情を表す概念間を繋ぐ経路において，感情以外を表す概念の影響を最大にしたネットワークGQ(n)を以下の手順で作成した．
1. CLICS3のデータを用いて，図 1のように colexificationネットワークを作成する．ここで，作成されたネットワークをGW とおく．また，ネットワークGW の頂点数をNW とおく．
2. 作成したネットワークに対して遷移確率行列 P に基づくランダムウォークを n = 1, . . . , 1000ステップ適用し，遷移確率行列 P 1, . . . , P 1000を作成する．
3. 遷移確率行列 P nを重み付き隣接行列としたネットワークGP n から，代表的な感情の概念に対応する頂点と，その頂点を結ぶ枝のみを抽出した有向重み付きネットワーク GQ(n) を作成する．ここで，ネットワークGQ(n) の重み付き隣接行列をQ(n)とする．また，ネットワーク

GQ(n)の頂点数をNQ(n)とおく．
本研究では，以上の手順で作成されたネットワークGQ(n)の可視化を行った．作成したネットワークGQ(n)を図 3の上段に，ネットワークGQ(n)における枝重みの分布を下段に示す．図 3から，nの増加に伴ってネットワークの枝重みが一定値に収束する傾向が示された．また，図

3下図より，同じ重みを持つ枝が複数存在することも分かる．これらの同じ重みを持つ枝は全て同じ頂点に向かう枝であることが判明した．また，これらの枝のうち，特に値が大きいものは “GOOD,”

“WANT,” “ BAD,” “LOVE”の 4つの概念に対応する頂点に接続する枝で構成されていることを確認した．このことから，これらの 4つの頂点が colexificationネットワークにおいてハブとなっている可能性がある．

Ikeguchi Laboratory 2021(p. 143 / 170)



図 3: nステップにおけるネットワークと枝重みの分布
表 1: Colexificationネットワークにおける次数と強度
ri vertex i In

(1000)
i θi ki gi

1 GOOD 4.49 × 10−2 1.18 126 420

2 WANT 3.81 × 10−2 1.07 156 356

3 BAD 3.55 × 10−2 1.57 72 332

4 LOVE 2.26 × 10−2 1.81 96 211

5 FEAR(FRIGHT) 1.25 × 10−2 1.03 42 117

6 GRIEF 1.21 × 10−2 1.16 35 113

7 LIKE 1.04 × 10−2 1.00 27 97

8 HAPPY 1.04 × 10−2 1.14 61 97

9 HATE 9.10 × 10−3 1.01 59 85

10 DESIRE 9.00 × 10−3 1.14 51 84

11 ANGER 7.92 × 10−3 1.03 46 74

12 HOPE 7.68 × 10−3 1.04 25 66

13 REGRET 7.39 × 10−3 1.19 31 69

14 ANXIETY 6.21 × 10−3 1.16 19 58

15 SHAME 5.35 × 10−3 1.31 43 50

16 PITY 4.07 × 10−3 1.12 13 38

17 ENVY 3.64 × 10−3 1.00 13 34

18 PROUD 3.64 × 10−3 1.89 20 34

19 SURPRISED 1.93 × 10−3 1.13 13 18

20 SAD 1.71 × 10−3 1.23 9 16

21 HAPPINESS 1.39 × 10−3 1.85 6 13

22 MERRY 7.50 × 10−4 1.75 7 7

23 JOY 4.28 × 10−4 1.33 1 4

24 WORRY 3.21 × 10−4 3.00 3 3

25 GLOOMY 1.07 × 10−4 1 1

Colexification ネットワークにおいてハブとなる概念は，多くの概念と類似している傾向がある．そこで本研究では，ネットワークGQ(1000) においてハブとなる概念が，colexificationネットワークにおける基本的感情を表す概念であると定義する．具体的には，以下の手順でネットワーク GQ(n)におけるハブを定義した．まず，頂点
i に向かう枝の強度 In

(n)
i を In

(n)
i =

∑N
Q(n)

j=1 Q
(n)
ji (j "= i)とする．次に，強

度 In
(n)
i を降順に並べた際の頂点 iの順位を riとおく．さらに，強度 In

(n)
i ,順位を riを用いて，頂点 iにおける強度 In

(n)
i の変化率 θiを θi = In

(n)
i /In

(n)
jで求める．ここで，頂点 j について

rj = ri + 1を満たすものとする．最後に，ネットワークにおける強度 In
(n)
iが大きい頂点のうち，変化率 θiが最も大きい頂点を aとし，ri < raを満たす頂点をハブと定義する．ネットワークGQ(1000) における，頂点 iの強度 In

(1000)
i , 順位 ri, 変化率 θiを表 1に示す．表 1の結果より，ネットワークGQ(1000) においてハブとなる頂点は “GOOD,” “WANT”, “ BAD”,

“LOVE”の 4つの概念に対応する頂点であることが分かる．即ち，colexifica-

tionネットワークにおける基本的感情は “GOOD,” “WANT”, “ BAD”, “LOVE”の 4つの概念が表す感情である．また，本研究では，ネットワークGW においてどのような頂点がネットワークGQ(1000) でハブと
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なるかについても調査を行った．ネットワークGW において，隣接行列Aを式 (1)で定義する．
Aij =

{
1 (Wij "= 0)

0 (Wij = 0)
(1)

Aを用いると，ネットワークGW における頂点 iの次数 kiは，ki =
∑NW

j=1 Aijとなる．また，ネットワークGW における頂点 iの強度 giは gi =
∑NW

j=1 Wijで求めることができる．ネットワークGW における次数 ki，強度 giを表 1の右 2列に示す．表 1から，ネットワークGQ(1000)にける強度 In
(1000)
i で大きい値をとる頂点は，ネットワークGWにおける次数 kiと強度 giでも大きい値をとることがわかる．従って，colexificationネットワークにおいてハブとなる頂点に対応する概念は，より多くの colexificationを成す概念であることが示された．

4 まとめと今後の課題
本研究では，同じ単語が複数の概念を意味する現象である colexificationを用いてネットワークを作成した．作成したネットワークに対してステップ数 n = 1000でランダムウォークを適用させ，感情以外を表す概念との関係を反映させた感情の概念のネットワークを作成した．ランダムウォークによって作成されたネットワークに対して調査を行った結果，“GOOD,” “WANT,” “BAD,” “LOVE”の 4つの概念に対応する頂点がハブとなっていることを確認した．この結果は，これらの 4つの概念で表される感情が colexificationネットワークにおける基本的感情であることが示すものである．また，ハブとなる頂点の次数と強度に着目したところ，より多くの colexificationを形成する概念が，ネットワークにおいてハブとなる頂点に対応する概念であることがわかった．本研究では，全ての言語における colexificationを用いてネットワークを作成した．今後は，語族別に colexificationネットワークを作成することで，語族間の colexificationの差異などを明らかにする予定である．
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マーク付点過程に対する重み付きVisibility Graphに関する研究
森太紀 (池口徹 教授 ，Nina Sviridova 助教)

1 はじめに
実世界には，経済指標，天気，地震，楽譜などの様々な時系列データが存在する．時系列データ解析の新たなアプローチとして，時系列データを複雑ネットワークに変換して解析する手法が研究されている [1–3]．本研究では，その手法の 1つであるVisibility Graph (VG法) [3]を用いている．

VG法の概略を図 1に示す．はじめに，時刻 tiにおける時系列の値を yiとする (図 1(a))．これが，作成されるネットワークの頂点 viに対応する．任意の 2つのデータ (ti, yi)，(tj, yj)が互いに視認できるならば，頂点 vi，vjを結ぶ (図 1(b)，(c))．具体的には次のいずれかの条件を満たせば良い．
(i) データ (ti, yi)，(tj, yj)が連続する 2つのデータである．
(ii) i < k < jを満たす全てのデータ (tk, yk)について式 (1)を満たす．

yk < yi + (yj − yi)
tk − ti
tj − ti

(1)

図 1: VG法の手順
従来の VG法では，その多くがデータの時間間隔が一定である時系列 (Equally sampled Time

Series，以下ETS)に対して適用されている．しかし，実世界のデータの多くは，時間間隔が一定ではないマーク付点過程 (Marked Point Process，以下MPP)として観測される．即ち，VG法のMPPへの適用可能性を検討することも重要である．そこで本論文では，VG法を用いてMPPの時間間隔情報をネットワークに反映するために，イベント間距離の逆数を用いたネットワークの重み付け手法を提案した．
2 解析対象の時系列の作成手法
本稿では，式 (2)に示す修正ベルヌーイ写像 [4]より 2種類の方法を用いて局所的にイベントが密集するMPPを作成した．

x(n + 1) =

{
x(n) + 2B−1(1 − 2ε)x(n)B + ε (0 ≤ x(n) ≤ 1

2
)

x(n) − 2B−1(1 − 2ε)(1 − x(n))B − ε (1
2

≤ x(n) ≤ 1)
(2)

ただし，修正ベルヌーイ写像のパラメータはB = 2，ε = 1 × 10−13とした．1つ目の手法では，図
2(a)に示すように，修正ベルヌーイ写像の値を作成するMPPの時間間隔に割り当てる手法である
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(Values to Inter Event Interval，以下，V-IEI)．修正ベルヌーイ写像の時刻nにおける状態値をx(n)とすると，作成するMPPの i番目のイベント発生時刻 tiは ti =
∑i

j=1 x(j)となる．2つ目の手法では，図 2(b)に示すように，修正ベルヌーイ写像の状態値 x(n)と x(n + 1)を接続する線が 0.5と交わる時刻をMPPのイベント発生時刻とする手法である (内挿). いずれの手法においても作成した
MPPのデータ数Nは 2,000とし，マーク値miは区間 [0, 1]の一様乱数で決定した．また，各手法を用いてMPPを作成した後，MPPのマーク値が同じで時間間隔を 1とした ETS (ETS-1)，および，時間間隔をT/(N −1)としたETS (ETS-2)を作成した．ここで，T はMPPの観測時間 (T = tN − t1)である．

(a) V-IEI (b) 内挿
図 2: 修正ベルヌーイ写像の性質を利用したMPPの作成手法

3 VG法を用いた重み付きネットワークの作成手法
修正ベルヌーイ写像より作成したMPPと，時間間隔を一定に変換したETS-1，ETS-2に対して，

VG法を用いて重み付きネットワークに変換した．その際，時系列上での i番目のイベントと j番目のイベント間距離 lij =
√

(ti − tj)2 + (mi − mj)2を頂点 vi, vj間の重みとする．具体的な重み付け手法を式 (3)に示す．
wij = lmin/lij (3)

ただし，lminは lij の最小値である．なお，文献 [5]では，式 (4)に示すように既にイベント間距離
lijを用いた重みが提案されている．

wij = lij/lmax (4)

ただし，lmaxは lij の最大値である．本論文では，VG法を用いて得られたネットワークに対して，式 (3)の提案法を適用した場合と式 (4)の文献 [5]の手法を適用した場合を比較した．
4 重み付きネットワークの定量化指標
本論文では，ネットワーク構造を定量化する指標を用いてMPPから作成された重み付きネットワークと，ETSから作成された重み付きネットワークに構造の差異があるか比較した．なお，重み付きネットワークの構造を定量化する指標は式 (5)に示す重み付き平均頂点間距離 Lw [6]と，式

(6)–(9)の重み付きクラスタ係数C
(Z)
w,i，C

(L)
w,i，C

(B)
w,i，C

(O)
w,i [7–10]である．

Lw =
1

NC2

N∑

i=1

N∑

j=1,j "=i

dw,ij (5)

C
(Z)
w,i =

∑N
j=1

∑N
l=1 wijwjlwli

(
∑N

j "=i wij)2 − ∑N
i "=j w2

ij

(6)
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C
(L)
w,i =

∑

j "=l∈NG(i)

wjl
1

ki (ki − 1)
(7)

C
(B)
w,i =

∑N
j=1

∑N
l=1 (wij + wil) aijailajl

2si (ki − 1)
(8)

C
(O)
w,i =

∑N
j=1

∑N
l=1 (wijwjlwli)

1/3

ki
C2

(9)

ただし，dw,ij は重みを考慮した頂点 vi, vj 間の最短経路，NG(i)は頂点 viに隣接する頂点と，その頂点間の枝のみで構成されるネットワークを表す．また，kiは頂点 viに接続する枝の数，siは頂点 viに接続する枝の重みの総和 si =
∑N

j=1 wijを表す．
5 数値実験
本研究の実験手順を以下に示す．
(i) 修正ベルヌーイ写像を利用したMPP(V-IEI，内挿)と，MPPから変換したETS-1，ETS-2を作成する．
(ii) 作成した時系列に対し，VG法を用いて重み付きネットワークを作成する．
(iii) 重み付きネットワークを定量化する指標を用いて，MPPの時間間隔がネットワークに反映されているかを調査する．
100通りの初期値から発生させた時系列を提案法を用いることで得た重み付きネットワークについて，各指標の平均値と 95%信頼区間を表 1に示す．また，文献 [5]の手法を用いた重み付きネットワークについて，各指標の平均値と 95%信頼区間を表 2に示す．

表 1: 提案法による重み付けネットワークの各指標の平均値と 95%信頼区間
V-IEI 内挿

MPP ETS-1 ETS-2 MPP ETS-1 ETS-2

Lw 0.033±0.003 0.988±0.003 0.853±0.027 0.281±0.003 0.988±0.003 1.051±0.027

C(Z) 0.011±0.001 0.373±0.000 0.335±0.010 0.152±0.001 0.373±0.000 0.386±0.010

C(L) 0.099±0.001 0.368±0.000 0.326±0.010 0.132±0.001 0.368±0.000 0.384±0.010

C(B) 0.736±0.002 0.719±0.000 0.724±0.002 0.714±0.002 0.719±0.000 0.717±0.002

C(O) 0.008±0.001 0.427±0.000 0.369±0.013 0.140±0.001 0.427±0.000 0.448±0.013

表 2: 文献 [5]による重み付けネットワークの各指標の平均値と 95%信頼区間
V-IEI 内挿

MPP ETS-1 ETS-2 MPP ETS-1 ETS-2

Lw 0.747±0.045 0.813±0.044 0.813±0.043 0.765±0.045 0.823±0.044 0.823±0.043

C(Z) 0.007±0.004 0.005±0.000 0.007±0.004 0.003±0.004 0.005±0.000 0.005±0.004

C(L) 0.005±0.004 0.003±0.000 0.005±0.004 0.002±0.004 0.003±0.000 0.003±0.004

C(B) 0.754±0.001 0.766±0.000 0.763±0.001 0.761±0.002 0.766±0.000 0.767±0.004

C(O) 0.004±0.004 0.002±0.000 0.004±0004 0.001±0.004 0.002±0.000 0.002±0.004
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表 1，2において，C
(X)
w = (

∑N
i=1 C

(X)
w,i )/N，(X ∈ {Z, L,B,O})である．表 1より，提案法を適

用した場合，C
(B)
w を除く各指標においてMPPとETS-1，ETS-2から作成されるネットワークには有意差があることが分かる．一方，表 2より，文献 [5]の重み付けを用いた場合，各指標において

MPPと ETS-1，ETS-2から作成されるネットワーク間に有意差はない．これらの結果から，提案法はMPPの時間間隔情報を適切に重み付きネットワークに反映できていると考えられる．
6 まとめ
本論文では，はじめに，修正ベルヌーイ写像の性質を用いた 2種類のMPPを作成した．次に，

MPPのマーク値が同じで時間間隔が 1である時系列，および，時間間隔が T/(N − 1)である時系列を作成した．最後に，得られた時系列に対し，VG法を用いて重み付きネットワークに変換して複雑ネットワーク理論の観点から解析した．その際，ネットワークの枝の重みにはイベント間距離を使用する手法を提案した．その結果，提案法を用いて重み付きネットワークを作成することで，
MPPの時間間隔情報がネットワーク構造に反映されることがわかった．
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<latexit sha1_base64="zFsXgZala9jH/wl6eYBfgUezhug=">AAAB3HicZU/LSsNAFL2prxpfUZduggVpNyWRggoKxW66rGAf0MQymd7GockkZCbSEroRd+LWf/Br3Nq/MY1x0faszj3n3sO5TugxIQ1jrhQ2Nre2d4q76t7+weGRdnzSEUEcUWzTwAuinkMEeoxjWzLpYS+MkPiOh11n3Fj43ReMBAv4o5yGaPvE5WzEKJGpNNAazfKkcmc56DKe0DRIzFQ9haFf6OWJ5aJuVHTLyjQz026NSjpZyIf/+wOtZFSNDPo6MXNSghytgfZqDQMa+8gl9YgQfdMIpZ2QSDLq4Uy1YoEhoWPiYj+lnPgo7CR7dslMiC/E1HfWRJ/I55UYObq2E8bDWCKnM3VR2lytuE46l1WzVr15qJXq93n9IpzBOZTBhCuoQxNa0AYKX/ANPzBXnpQ35V35+FstKPnNKSxB+fwFw5iCMQ==</latexit>

関
心
度
　
　
が
閾
値
　
に
達
す
る
ま
で
，
情
報
を
受
信

θi
x

i (t)

<latexit sha1_base64="k2urJ7akBwoqYm9uv999Rwem0w0=">AAABnnicZY5NT8JAEIZn8QvrV9WjFyIXvJDWkKg3oonxYsTE0ibQkO064Ibd7aa7NZKGi//Aq/4y/42AvQDv6cm8M5Mn0YIb63m/pLKxubW9U9119vYPDo/c45OuSfOMYcBSkWZRQg0KrjCw3AqMdIZUJgLDZHw378N3zAxP1YudaIwlHSk+5Iza2Sj8GPCGvXAGbt1reovU1sEvoQ5lOgP3s/+aslyiskxQY3q+p21c0MxyJnDq9HODmrIxHWFvhopKNHGx0F0qCyqNmchkbSipfVt5Y4fXccGVzi0qNnXm0v6q4jp0L5t+q3nz3Kq3b0v9KpzBOTTAhytowwN0IAAGY/iCb/ghNXJPHsnT/2qFlDensBQS/QHhzm+E</latexit>

：
情
報
を
送
信
し
な
い
頂
点

：
情
報
を
送
信
す
る
頂
点

：
情
報

i
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時
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t
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刻
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i
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度
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時
刻

t

閾
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θi

超
え
る
と
送
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<latexit sha1_base64="qhR5OwhSDMtNFxjZM3Ch9Kbkhqo=">AAABrHicZY7LTsJAFIbP4A3rrcrSTSMb3DStIUF3RDcuMeGWQEOm4wEmzEybmamGNN34Im71kXwbEbsB/tWX859z8sWp4MYGwQ+p7O0fHB5Vj52T07PzC/fyqm+STDPssUQkehhTg4Ir7FluBQ5TjVTGAgfx4umvH7yhNjxRXbtMMZJ0pviUM2pXo4lba3j5WEsvsXPU79xg4d1O3HrgB+t4uxCWUIcynYn7MX5NWCZRWSaoMaMwSG2UU205E1g448xgStmCznC0QkUlmihfy2+UOZXGLGW8M5TUzrfe2Ol9lHOVZhYVKxxnJR1uK+5C/84Pm/7DS7Pefiz1q3ANN9CAEFrQhmfoQA8YLOETvuCb+KRLRiT6X62Q8qYGGyHTX97vdNw=</latexit>

g
i (⌧,t)

=

(
⌧1

<latexit sha1_base64="2dzqXR4n2X9zFeKhSzOaO0HvQwQ=">AAAB1XicZY9NS8NAEIYnftb4FfXopdhLBSmJFFRQKHrxWMF+QDeEzXYal2Y3IbsRSshFxKv/wV/jVW/+G9MaD23fw/Aw78zwjh+HXGnb/jFWVtfWNzYrW+b2zu7evnVw2FVRmjDssCiMkr5PFYZcYkdzHWI/TpAKP8SeP76b+r1nTBSP5KOexOgKGkg+4ozqouVZ14GX8bxONE3P9OkN8THgMmPFRZWb1UJTp0rIjJ2iEpTDf9+zanbDnqm6DE4JNSjV9qwXMoxYKlBqFlKlBo4dazejieYsxNwkqcKYsjENcFCgpAKVm82+nDMzKpSaCH+pKah+WjijR5duxmWcapQsN6ehncWIy9A9bzjNxtVDs9a6LeNX4BhOoA4OXEAL7qENHWDwAZ/wBd9Gz8iNV+Ptb3TFKHeOYE7G+y+6YILM</latexit>

：
頂
点
　
が
初
め
て
情
報
を
受
信
し
た
時
刻

t ⇤i

<latexit sha1_base64="WPyYulDSH7cfqKBGK8GitbXu8js=">AAABn3icZY67TsNAEEVnwyuYl4GSBkhDFdkoUqCLoIAKGYk8UGKi9TIJq+yuLe8YKbLS8Am08GP8DSG4SXyro7kzoxMlSlryvB9WWVvf2Nyqbjs7u3v7B+7hUcfGWSqwLWIVp72IW1TSYJskKewlKXIdKexGk9u/vvuOqZWxeaJpgqHmYyNHUnCaj3o0lC8Dbmno1ry6t8hpGfwCalAkGLofg9dYZBoNCcWt7fteQmHOU5JC4cwZZBYTLiZ8jP05Gq7RhvnCd6nMubZ2qqPSUHN6W3lDo6swlybJCI2YOc5c2l9VLEPnsu436tePjVrrptCvwgmcwwX40IQW3EMAbRCg4BO+4JudsTv2wIL/1Qorbo5hKez5F3Z0cL0=</latexit>

i <latexit sha1_base64="QO32zyIpRtMqYnE8nVbAGDyBuN4=">AAABmHicZY49T8MwEIbP5auErwAbLIgsTFGCKhW2CAZgaxFpK7VR5ZhrsWo7UewgVVEXVlb4cfwbQsnS5p0e3Xt3euJUcG0874c0Nja3tneau9be/sHhkX180tNJnjEMWSKSbBBTjYIrDA03AgdphlTGAvvx7P6v779jpnmiXsw8xUjSqeITzqgpR10+th3P9Za5qINfgQNVOmP7Y/SasFyiMkxQrYe+l5qooJnhTODCGuUaU8pmdIrDEhWVqKNiKbpSFlRqPZdxbSipeVt7YyY3UcFVmhtUbGFZpbS/rliH3rXrt9zbbssJ7ir9JpzDJVyBD20I4BE6EAIDhE/4gm9yRgLyQJ7+VxukujmFlZDnXwKKbaI=</latexit>

：
頂
点
　
が
初
め
て
情
報
を
受
信
し
て
か
ら
の
経
過
時
間

i <latexit sha1_base64="QO32zyIpRtMqYnE8nVbAGDyBuN4=">AAABmHicZY49T8MwEIbP5auErwAbLIgsTFGCKhW2CAZgaxFpK7VR5ZhrsWo7UewgVVEXVlb4cfwbQsnS5p0e3Xt3euJUcG0874c0Nja3tneau9be/sHhkX180tNJnjEMWSKSbBBTjYIrDA03AgdphlTGAvvx7P6v779jpnmiXsw8xUjSqeITzqgpR10+th3P9Za5qINfgQNVOmP7Y/SasFyiMkxQrYe+l5qooJnhTODCGuUaU8pmdIrDEhWVqKNiKbpSFlRqPZdxbSipeVt7YyY3UcFVmhtUbGFZpbS/rliH3rXrt9zbbssJ7ir9JpzDJVyBD20I4BE6EAIDhE/4gm9yRgLyQJ7+VxukujmFlZDnXwKKbaI=</latexit>

t�
t ⇤i

<latexit sha1_base64="jp5Bmc21nM4Z8R6g9s6DW8etwZU=">AAABoXicZY67TsNAEEVnwyuYV4CSBuGGhshGkQJdBA10AZGHSEy0XiZhld215R0jRVYavoEW/ou/wQQ3iW91NHdmdMJYSUue98Mqa+sbm1vVbWdnd2//oHZ41LVRmgjsiEhFST/kFpU02CFJCvtxglyHCnvh9Pav771jYmVknmgWY6D5xMixFJzy0TNd0Ei+DLmlUc316t4ip2XwC3ChSHtU+xi+RiLVaEgobu3A92IKMp6QFArnzjC1GHMx5RMc5Gi4RhtkC+OlMuPa2pkOS0PN6W3lDY2vgkyaOCU0Yu44ubS/qliG7mXdb9SvHxpu66bQr8IJnME5+NCEFtxBGzogwMAnfME3c9k9a7PH/9UKK26OYSls8AuG+XFy</latexit>

(t�
t ⇤i ⌘

0
(m

o
d

3600[s]))

<latexit sha1_base64="W8ctW0UAzco7skNTQVZ2kf8agNg=">AAAByXicZY+7TsNAEEXH4RXMy0BJsyJNKIjWEPHoImiQaIJEHlJsrPVmE1bZtR3vOiJYbuAf+Bpa+Af+BhPcJLnV0b0zozt+JLjSGP8YpZXVtfWN8qa5tb2zu2ftH7RVmMSUtWgowrjrE8UED1hLcy1YN4oZkb5gHX90+5d3JixWPAwe9TRiriTDgA84JTq3PAtXNTpF2kt5hp6QQ5RGyGHjhE8QzimSYT89v8C458QSKTc78awKruGZ0DLYBVSgUNOz3px+SBPJAk0FUapn40i7KYk1p4JlppMoFhE6IkPWyzEgkik3nX02F6ZEKjWV/pIpiX5eOKMHV27KgyjRLKCZaeal7cWKy9A+q9n12vVDvdK4KeqX4QiOoQo2XEID7qAJLaDwAZ/wBd/GvTE2XozX/9GSUewcwpyM91+Gjn6R</latexit>

減
衰
関
数

時
刻

t

初
め
て
情
報
を
受
信
し
て
か
ら
，
 

1時
間
が
経
過
し
た
度
に
減
衰

関
心
度

xi (t+1)

0
t ⇤i

<latexit sha1_base64="WPyYulDSH7cfqKBGK8GitbXu8js=">AAABn3icZY67TsNAEEVnwyuYl4GSBkhDFdkoUqCLoIAKGYk8UGKi9TIJq+yuLe8YKbLS8Am08GP8DSG4SXyro7kzoxMlSlryvB9WWVvf2Nyqbjs7u3v7B+7hUcfGWSqwLWIVp72IW1TSYJskKewlKXIdKexGk9u/vvuOqZWxeaJpgqHmYyNHUnCaj3o0lC8Dbmno1ry6t8hpGfwCalAkGLofg9dYZBoNCcWt7fteQmHOU5JC4cwZZBYTLiZ8jP05Gq7RhvnCd6nMubZ2qqPSUHN6W3lDo6swlybJCI2YOc5c2l9VLEPnsu436tePjVrrptCvwgmcwwX40IQW3EMAbRCg4BO+4JudsTv2wIL/1Qorbo5hKez5F3Z0cL0=</latexit>

1時
間

1時
間

1時
間

減
衰

減
衰

減
衰

•••
•••

t ⇤i
+

36
0
0

<latexit sha1_base64="2meI6OZnm/ZJgZr9yvworq/1mOc=">AAABoXicZY67TsNAEEVnwyuYl4GSBuEGgRStIeLRRdBAFxB5iMRE62USVtldW941UmSl4Rto4b/4G0xwk/hWR3NnRieMpTCW0h9SWVpeWV2rrjsbm1vbO+7uXttEacKxxSMZJd2QGZRCY8sKK7EbJ8hUKLETjm//+s47JkZE+slOYgwUG2kxFJzZfPRsB+Ll5PT8gtKB69EaneWwDH4BHhRpDtyP/mvEU4XacsmM6fk0tkHGEiu4xKnTTw3GjI/ZCHs5aqbQBNnMeK7MmDJmosLSUDH7tvDGDq+CTOg4taj51HFyaX9RsQzts5pfr10/1L3GTaFfhQM4gmPw4RIacAdNaAEHDZ/wBd/EI/ekSR7/VyukuNmHuZDeLyIgcEs=</latexit>

t ⇤i
+

7
2
00

<latexit sha1_base64="eU55kgslHvJ9MHTPUhSeGHLLQpk=">AAABoXicZY67TsNAEEVnwyuYl4GSBuEGgRSto0iBLoIGOoPIQyQmWi+TsMru2vKukSIrDd9AC//F32CCmyS3Opo7MzpRIoWxlP6Qytr6xuZWddvZ2d3bP3APjzomzlKObR7LOO1FzKAUGttWWIm9JEWmIondaHL713ffMTUi1k92mmCo2FiLkeDMFqNnOxQvF5fNOqVD16M1Os/pKvgleFAmGLofg9eYZwq15ZIZ0/dpYsOcpVZwiTNnkBlMGJ+wMfYL1EyhCfO58UKZM2XMVEUrQ8Xs29IbO7oKc6GTzKLmM8cppP1lxVXo1Gt+o3b90PBaN6V+FU7gDM7Bhya04A4CaAMHDZ/wBd/EI/ckII//qxVS3hzDQkj/FyIkcEs=</latexit>

t ⇤i
+

10800

<latexit sha1_base64="CJowteHHw18oHBqFStDJ8+r5pdk=">AAABonicZY5NT8JAEIZn8QvrV9WjFyMejCZka0jEG9GL8QTRAklbyXYdcMPutuluTUjDxf/gVX+X/0bEXoD39GTemckTp1IYS+kPqaytb2xuVbednd29/QP38Khrkjzj6PNEJlk/Zgal0OhbYSX20wyZiiX24vH9X997x8yIRD/bSYqRYiMthoIzOxsFdiBeLq882qR04NZonc5zugpeCTUo0x64H+FrwnOF2nLJjAk8mtqoYJkVXOLUCXODKeNjNsJghpopNFExV14oC6aMmah4ZaiYfVt6Y4fNqBA6zS1qPnWcmbS3rLgK3eu616jfdhq11l2pX4UTOIML8OAGWvAAbfCBQwKf8AXf5Jw8kg55+l+tkPLmGBZCwl+DNHCF</latexit>

(秒
)
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最終拡散率S

<latexit sha1_base64="d3mwv+AVWMjEJguVOd50E9Bza30=">AAABmHicZY49T8MwEIbP5auErwAbLIgsTFGCKgFbBAOwtUDaSm1UOeZarNpOFDtIVdSFlRV+HP+GULK0eadH996dnjgVXBvP+yGNtfWNza3mtrWzu7d/YB8edXWSZwxDlogk68dUo+AKQ8ONwH6aIZWxwF48vfvre++YaZ6oFzNLMZJ0oviYM2rKUed5ZDue6y1yVge/AgeqtEf2x/A1YblEZZigWg98LzVRQTPDmcC5Ncw1ppRN6QQHJSoqUUfFQnSpLKjUeibj2lBS87byxoyvo4KrNDeo2NyySml/VbEO3UvXb7k3nZYT3Fb6TTiFc7gAH64ggAdoQwgMED7hC77JCQnIPXn8X22Q6uYYlkKefgHoA22M</latexit>

情
報
の
影
響
力
↵

<latexit sha1_base64="5tqFwm24FunI/hiy6+ohkULNypU=">AAABnXicZY5NS8NAEIZn61eNX1GPHhR78VQSKai3oggeRCrYD2hDmazTdu3uZsluhBJ68Rd41X/mv7HWXNq+p4d5Z4YnNlJYFwQ/rLS2vrG5Vd72dnb39g/8w6OWTbKUU5MnMkk7MVqSQlPTCSepY1JCFUtqx+O7v779TqkViX5xE0ORwqEWA8HRzUatHkozwr5fCarBPGerEBZQgSKNvv/Re014pkg7LtHabhgYF+WYOsElTb1eZskgH+OQujPUqMhG+dx2ocxRWTtR8cpQoRstvXGD6ygX2mSONJ963kw6XFZchdZlNaxVb55rlfptoV+GEziHCwjhCurwAA1oAoc3+IQv+Gan7J49sqf/1RIrbo5hIaz9Cx8fb80=</latexit>

情
報
の
影
響
力
↵

<latexit sha1_base64="5tqFwm24FunI/hiy6+ohkULNypU=">AAABnXicZY5NS8NAEIZn61eNX1GPHhR78VQSKai3oggeRCrYD2hDmazTdu3uZsluhBJ68Rd41X/mv7HWXNq+p4d5Z4YnNlJYFwQ/rLS2vrG5Vd72dnb39g/8w6OWTbKUU5MnMkk7MVqSQlPTCSepY1JCFUtqx+O7v779TqkViX5xE0ORwqEWA8HRzUatHkozwr5fCarBPGerEBZQgSKNvv/Re014pkg7LtHabhgYF+WYOsElTb1eZskgH+OQujPUqMhG+dx2ocxRWTtR8cpQoRstvXGD6ygX2mSONJ963kw6XFZchdZlNaxVb55rlfptoV+GEziHCwjhCurwAA1oAoc3+IQv+Gan7J49sqf/1RIrbo5hIaz9Cx8fb80=</latexit>

最終拡散率S

<latexit sha1_base64="d3mwv+AVWMjEJguVOd50E9Bza30=">AAABmHicZY49T8MwEIbP5auErwAbLIgsTFGCKgFbBAOwtUDaSm1UOeZarNpOFDtIVdSFlRV+HP+GULK0eadH996dnjgVXBvP+yGNtfWNza3mtrWzu7d/YB8edXWSZwxDlogk68dUo+AKQ8ONwH6aIZWxwF48vfvre++YaZ6oFzNLMZJ0oviYM2rKUed5ZDue6y1yVge/AgeqtEf2x/A1YblEZZigWg98LzVRQTPDmcC5Ncw1ppRN6QQHJSoqUUfFQnSpLKjUeibj2lBS87byxoyvo4KrNDeo2NyySml/VbEO3UvXb7k3nZYT3Fb6TTiFc7gAH64ggAdoQwgMED7hC77JCQnIPXn8X22Q6uYYlkKefgHoA22M</latexit>

情
報
の
影
響
力
↵

<latexit sha1_base64="5tqFwm24FunI/hiy6+ohkULNypU=">AAABnXicZY5NS8NAEIZn61eNX1GPHhR78VQSKai3oggeRCrYD2hDmazTdu3uZsluhBJ68Rd41X/mv7HWXNq+p4d5Z4YnNlJYFwQ/rLS2vrG5Vd72dnb39g/8w6OWTbKUU5MnMkk7MVqSQlPTCSepY1JCFUtqx+O7v779TqkViX5xE0ORwqEWA8HRzUatHkozwr5fCarBPGerEBZQgSKNvv/Re014pkg7LtHabhgYF+WYOsElTb1eZskgH+OQujPUqMhG+dx2ocxRWTtR8cpQoRstvXGD6ygX2mSONJ963kw6XFZchdZlNaxVb55rlfptoV+GEziHCwjhCurwAA1oAoc3+IQv+Gan7J49sqf/1RIrbo5hIaz9Cx8fb80=</latexit>

情
報
の
影
響
力
↵

<latexit sha1_base64="5tqFwm24FunI/hiy6+ohkULNypU=">AAABnXicZY5NS8NAEIZn61eNX1GPHhR78VQSKai3oggeRCrYD2hDmazTdu3uZsluhBJ68Rd41X/mv7HWXNq+p4d5Z4YnNlJYFwQ/rLS2vrG5Vd72dnb39g/8w6OWTbKUU5MnMkk7MVqSQlPTCSepY1JCFUtqx+O7v779TqkViX5xE0ORwqEWA8HRzUatHkozwr5fCarBPGerEBZQgSKNvv/Re014pkg7LtHabhgYF+WYOsElTb1eZskgH+OQujPUqMhG+dx2ocxRWTtR8cpQoRstvXGD6ygX2mSONJ963kw6XFZchdZlNaxVb55rlfptoV+GEziHCwjhCurwAA1oAoc3+IQv+Gan7J49sqf/1RIrbo5hIaz9Cx8fb80=</latexit>

最終拡散率S

<latexit sha1_base64="d3mwv+AVWMjEJguVOd50E9Bza30=">AAABmHicZY49T8MwEIbP5auErwAbLIgsTFGCKgFbBAOwtUDaSm1UOeZarNpOFDtIVdSFlRV+HP+GULK0eadH996dnjgVXBvP+yGNtfWNza3mtrWzu7d/YB8edXWSZwxDlogk68dUo+AKQ8ONwH6aIZWxwF48vfvre++YaZ6oFzNLMZJ0oviYM2rKUed5ZDue6y1yVge/AgeqtEf2x/A1YblEZZigWg98LzVRQTPDmcC5Ncw1ppRN6QQHJSoqUUfFQnSpLKjUeibj2lBS87byxoyvo4KrNDeo2NyySml/VbEO3UvXb7k3nZYT3Fb6TTiFc7gAH64ggAdoQwgMED7hC77JCQnIPXn8X22Q6uYYlkKefgHoA22M</latexit>

最終拡散率S

<latexit sha1_base64="d3mwv+AVWMjEJguVOd50E9Bza30=">AAABmHicZY49T8MwEIbP5auErwAbLIgsTFGCKgFbBAOwtUDaSm1UOeZarNpOFDtIVdSFlRV+HP+GULK0eadH996dnjgVXBvP+yGNtfWNza3mtrWzu7d/YB8edXWSZwxDlogk68dUo+AKQ8ONwH6aIZWxwF48vfvre++YaZ6oFzNLMZJ0oviYM2rKUed5ZDue6y1yVge/AgeqtEf2x/A1YblEZZigWg98LzVRQTPDmcC5Ncw1ppRN6QQHJSoqUUfFQnSpLKjUeibj2lBS87byxoyvo4KrNDeo2NyySml/VbEO3UvXb7k3nZYT3Fb6TTiFc7gAH64ggAdoQwgMED7hC77JCQnIPXn8X22Q6uYYlkKefgHoA22M</latexit>
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E14
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[7]

[1]

[8]
[8]

日
本
語
以
外
は
 

傾
向
に
変
化
な
し

文
書
内
容
に
影
響
さ
れ
や
す
く
な
る
 

可
能
性
あ
り

ス
ケ
ー
ル
フ
リ
ー
性
は
 

保
存
さ
れ
る

日
本
語
以
外
は
 

傾
向
に
変
化
な
し

共
起
を
変
化
さ
せ
た
解
析

◆共
起
1と
2で
は
傾
向
が
異
な
る

◆共
起
2以
上
で
は
傾
向
は
変
わ
ら
な
い
可
能
性

品
詞
の
分
類
を
変
え
る

か
: 助
詞
，
終
助
詞

か
: 助
詞
，
副
助
詞

助
詞
，
終
助
詞

か
助
詞
，
副
助
詞

か
助
詞 か

7.今
後
の
課
題

今
今
後
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複
雑
ネ
ッ
ト
ワ
ー
ク
に
お
け
る
中
心
性
の
相
関
の
調
査

東
京
理
科
大
学
 池
口
研
究
室
 

B4 石
川
竜
吉

1.背
景

2.実
験
の
目
的

3.ネ
ッ
ト
ワ
ー
ク
モ
デ
ル

W
Sモ
デ
ル
[1]

pw =0
pw =0.1

pw =1

ERモ
デ
ル
[3]

BAモ
デ
ル
[2]

5.解
析
結
果

W
Sモ
デ
ル

W
Sモ
デ
ル

BAモ
デ
ル

BAモ
デ
ル
 

(優
先
的
選
択
な
し
)

ERモ
デ
ル

4.中
心
性

6.ま
と
め

形
状
の
異
な
る
ネ
ッ
ト
ワ
ー
ク
に
対
し
，
 

中
心
性
間
の
相
関
係
数
を
計
算
 

→
そ
れ
ぞ
れ
に
異
な
る
特
徴
を
得
ら
れ
た
．

7.今
後
の
課
題

今
後
は
言
語
ネ
ッ
ト
ワ
ー
ク
に
つ
い
て
の
研
究
を
行
う
予
定
で
あ
る

た
め
，
言
語
に
関
す
る
実
ネ
ッ
ト
ワ
ー
ク
に
お
い
て
適
用
し
，
 

解
析
を
行
い
た
い
．
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複
雑
ネ
ッ
ト
ワ
ー
ク
で
は
，
相
互
作
用
ダ
イ
ナ
ミ
ク
ス
を
定
量
的
に
解
析
可
能

次
数
中
心
性
：
低
 

近
接
中
心
性
：
高
 

媒
介
中
心
性
：
高

次
数
中
心
性
：
高
 

近
接
中
心
性
：
中
 

媒
介
中
心
性
：
低

pe =0.5
pe =1

pe =0.1

中
心
性
間
の
相
関
係
数
を
調
査
 

→
ネ
ッ
ト
ワ
ー
ク
構
造
を
特
徴
付
け
る

t=0
t=1

t=2

次
数
中
心
性
[4]

近
接
中
心
性
[5]

媒
介
中
心
性
[6]

kc =
ki

km
ax

lc =
1li

bc =∑h ∑
j

σhjk
δhj

kc =1

kc =0.4

kc =0.6

kc =0.4
kc =0.2

kc =0.2
ki :頂

点
iの
次
数

km
ax :ネ

ッ
ト
ワ
ー
ク
内
の
最
大
次
数

li :頂
点

iの
平
均
最
短
距
離

lc =1
lc =0.625

lc =0.71

lc =0.625
lc =0.56

lc =0.56

σhjk :頂
点

kを
通
る
頂
点

h,j間
の
最
短
経
路
の
数

δhjk :頂
点

h,j間
の
最
短
経
路
の
数

bc =7.5
bc =0

bc =0.5

bc =0
bc =0

bc =0

(pw =0.1)

(pw =1)

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

相関係数

頂
点
数

枝繋ぎ確率
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頂
点
数
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点
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：
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中
心
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媒
介
中
心
性

次
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中
心
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媒
介
中
心
性

ネ
ッ
ト
ワ
ー
ク
モ
デ
ル
ご
と
に
異
な
る
特
徴
が
得
ら
れ
た

次
数
中
心
性
:近
接
中
心
性

近
接
中
心
性
:媒
介
中
心
性

次
数
中
心
性
:媒
介
中
心
性

W
Sモ
デ
ル
 

(p=0.1)
頂
点
数
に
従
っ
て

か
な
り
低
下

高
い

比
較
的
高
い

W
Sモ
デ
ル
 

(p=1)
高
い

高
い

高
い

BAモ
デ
ル

頂
点
数
に
従
っ
て

低
下

頂
点
数
に
従
っ
て

低
下

高
い

BAモ
デ
ル
 

(ラ
ン
ダム
)
頂
点
数
に
従
っ
て

少
し
低
下

頂
点
数
に
従
っ
て

少
し
低
下

高
い

ERモ
デ
ル

枝
繋
ぎ
確
率
，
 

頂
点
数
に
従
っ
て

増
加
(高
い
)

頂
点
数
に
従
っ
て

増
加

頂
点
数
に
従
っ
て

増
加

B12

人
間
関
係
の
ネ
ッ
ト
ワ
ー
ク

コ
ン
ピ
ュ
ー
タ
の
接
続

電
力
網

ス
モ
ー
ル
ワ
ー
ル
ド
ネ
ッ
ト
ワ
ー
ク
を
作
成
可
能

成
長
・
優
先
的
選
択
に
よ
り
作
成

初
歩
的
な
ラ
ン
ダ
ム
グ
ラ
フ
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期
的
 

で
は
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ま
り
カ
オ
ス
的

A>6
R≈0

A<6
R≈1

Izhikevichモ
デ
ル
の
外
部
入
力
と
カ
オ
ス
応
答
の
関
係

東
京
理
科
大
学
 池
口
研
究
室
  

B4 塚
本
陽
太
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形
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オ
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6. ま
と
め
と
展
望

5. sin波
を
入
力
と
し
た
と
き
の
RSニ

ュ
ー
ロ
ン
の
応
答

I(t)=10+
Asin

2πT
t

外
部
入
力

変
化
範
囲

1≤
T≤1000

(1刻
み
)

ISI(発
火
時
間
間
隔
)多
様
度
[3]

ISIの
種
類
数
 

ISIの
総
数
 

R=
Ikk

4. 入
力
を
一
定
値
と
し
た
と
き
の
カ
オ
ス
ニ
ュ
ー
ロ
ン
の
応
答

周
期
応
答
の
パ
ラ
メ
ー
タ
で
も
 

sin波
を
与
え
る
と
カ
オ
ス
応
答
に
な
り
う
る
．

入
力
を
一
定
値
と
す
る
カ
オ
ス
応
答
で
は
，
 

リ
タ
ー
ン
マ
ッ
プ
の
変
化
に
規
則
性
が
見
ら
れ
る
．

sin波
を
与
え
る
と
カ
オ
ス
応
答
に
な
る
理
由
を
 

解
析
的
に
説
明

リ
タ
ー
ン
マ
ッ
プ
を
関
数
形
で
陽
に
表
す

2. 今
回
の
発
表

振
幅
と
周
期
を
変
え
た
と
き
の
ISI多

様
度

A
T

(0.1刻
み
)

0≤
A≤10

 で
は
周
期
的
 

 で
は
カ
オ
ス
的

R≈0
R≈1

RS(Regular Spiking) : 周
期
的
な
発
火

リ
タ
ー
ン
マ
ッ
プ
[2]：

 
ポ
ア
ン
カ
レ
断
面
上
の
番
目
の
回
復
変
数
を
と
し
，
 

横
軸
に
 , 縦
軸
に

 を
と
っ
た
グ
ラ
フ

i
u

i
u

i
u

i+1

入
力
(一
定
値
)

I(t)=
ID

C
( 変
化
範
囲
 

 )
−104≤

ID
C ≤−90

カ
オ
ス
応
答
 : 不
規
則
な
間
隔
で
発
火

3. 相
平
面

{
u=0.04v 2+5v+140+

I
u=

bv

v

ポ
ア
ン
カ
レ
断
面

·v=0
·u=0
解
の
軌
道

u
ベ
ク
ト
ル
場

入
力
の
減
少
に
伴
い
，
 

形
状
が
連
続
的
に
変
化

I

(a,b,c,d)=(0.02,0.2,−65,8)

カ
オ
ス
応
答
の
パ
ラ
メ
ー
タ
 

で
固
定
[3]

(a,b,c,d)=(0.2,2,−56,−16)

入
力
の
変
化
に
伴
う
リ
タ
ー
ン
マ
ッ
プ
の
変
化

I

1. Izhikevichモ
デ
ル
[1]

 の
sin波

で
は
カ
オ
ス
的

A=2.5,T=200

 の
sin波

で
は
周
期
的

A=7.5,T=200
ヌ
ル
ク
ラ
イ
ン
が
交
わ
る

ヌ
ル
ク
ラ
イ
ン
が
交
わ
ら
な
い

ポ
ア
ン
カ
レ
 

断
面

カ
オ
ス
応
答
の
相
平
面
の
例

ポ
ア
ン
カ
レ
断
面
上
の
の
値
を
用
い
て
 

リ
タ
ー
ン
マ
ッ
プ
を
プ
ロ
ッ
ト
す
る
．

u
i

一
部
の
で
は
リ
タ
ー
ン
マ
ッ
プ
が
消
失
し
て
い
る
よ
う
に
見
え
る
．
 

こ
れ
は
，
周
期
窓
と
言
い
，
応
答
が
周
期
的
に
な
っ
て
い
る
た
め
で
あ
る
．

I

B11

ニ
ュ
ー
ロ
ン

Izhikevichモ
デ
ル

入
力

出
力

結
果
1

実
験
条
件
1

実
験
1

実
験
2

実
験
条
件
2

結
果
2

モ
デ
ル
の
振
る
舞
い
を
定
性
的
に
調
べ
る
た
め
の
補
助

電
気
信
号

発
火
時
系
列

{
·v=0.04v 2+5v+140−

u+
I

·u=
a(bv−

u)
{

v←
c

u←
u+

d
 で
発
火
と
み
な
し
，
リ
セ
ッ
ト

v≥30

パ
ラ
メ
ー
タ
 

  に
よ
っ
て
発
火
パ
タ
ー
ン
を
設
定

a,b,c,d
 : 膜

電
位

v
 : 回

復
変
数

u
 : 外
部
入
力

I

(1)

入
力
を
一
定
と
し
た
と
き
の
カ
オ
ス
応
答
を
調
査
 

入
力
を
sin波

と
し
た
と
き
の
応
答
の
調
査

実
験
1 

実
験
2

相
平
面
：
 

ヌ
ル
ク
ラ
イ
ン
：
 

ポ
ア
ン
カ
レ
断
面
：

横
軸
に
, 縦
軸
に
を
と
っ
た
図
 

の
点
の
集
合
 

直
線

v
u

·v=0, ·u=0

v=
c

上
方
に
引
き
伸
ば
さ
れ
，
あ
る
値
を
 

超
え
る
と
下
方
か
ら
出
現
す
る

ニ
ュ
ー
ロ
ン
の
発
火
を
再
現

 :  
 : 

Ikk
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文
章
中
の
単
語
の
出
現
頻
度
と
言
語
ネ
ッ
ト
ワ
ー
ク
の
関
係
性

東
京
理
科
大
学
 池
口
研
究
室
 

B4 福
家
水
月

1. 研
究
背
景

2. ネ
ッ
ト
ワ
ー
ク
作
成

①
 傾
き
の
変
化
の
境
界

②
 順
位
と
次
数
の
関
係
性

頂
点
数

枝
数

109,505
5,508,414

6. ま
と
め

7. 参
考
文
献

5. 解
析
結
果

[1] G
. K. Zipf, H

um
an behavior and the principle of least effort, 1949.

[2] M
. A. M

ontem
urro, Physica A, 300, 567–578, 2001.

[3] University of O
xford,“[bnc] British National Corpus,” http://

     www.natcorp.ox.ac.uk, ( 最
終
閲
覧
日

 2021年
5月

18日
 ).

Texts
A

単
語
の
種
類

376,450
109,505

総
単
語
数

43,143,657
5,813,627

単
語
名

“devastating”

rank(k)
P1 (k)

1.585×10 −4
6,311

va

頂
点
数

平
均
次
数

平
均
次
数
中
心
性

1591.92
6,310

2.21×10 −3

rank(k)<
rank(va )

③
 実
際
の
単
語

・
固
有
名
詞
 (人
名
な
ど
) 

・
数
字
 (電
話
番
号
な
ど
) 

・
専
門
的
な
用
語
 

・
品
詞
の
変
化
 

　
(動
詞
+ing→

名
詞
な
ど
)

・
汎
用
性
の
高
い
 

　
普
通
名
詞
 

　
(coordinator, 
　
cam

pusな
ど
)

rank(k)>
rank(va )

3. 次
数
と
次
数
中
心
性

次
数
中
心
性次
数
 

ネ
ッ
ト
ワ
ー
ク
の
最
大
次
数

次
数
: 3

図
3: 順

位
と
出
現
頻
度
の
関
係

rank(k)>
rank(va )

頂
点
数

平
均
次
数

平
均
次
数
中
心
性

9.41
103,194

0.13×10 −4

コ
ミ
ュ
ニ
ケ
ー
シ
ョ
ン
の
 

コ
ス
ト
最
小
化

Zipfの
法
則
[1]

P1 (k)=
rank(k) −1

最
大
出
現
回
数
で
正
規
化

文
章
中
の
単
語
: kP(k)≃

rank(k) −1
出
現
頻
度
:

出
現
回
数
の
順
位
: rank(k)

出
現
回
数
の
順
位
 rank(k)

正規化した出現頻度

P1 (k)

目
的
: Zipfの

法
則
を
通
じ
て
文
章
の
構
造
に
対
す
る
理
解

4. 解
析
対
象

 Zipfの
法
則
に
従
わ
な
い
単
語
は
 

日
常
会
話
で
使
わ
な
い
単
語
が
大
半
日
常
会
話
で
使
う
単
語
も
 

多
く
確
認
さ
れ
た

予
想

結
果

Zipfの
法
則
に
従
う
単
語
は
 

文
章
の
作
成
に
お
い
て
最
重
要

①
 共
起
関
係
(前
後
関
係
)で
枝
を
繋
ぐ

②
 枝
の
重
複
を
な
く
し
，
記
号
を
削
除

British National Corpus (BNC)[3] 

ネ
ッ
ト
ワ
ー
ク
に
変
換

次
数
・
次
数
中
心
性
に
大
き
な
差

言
語
を
用
い
て
会
話

基
本
的
な
会
話
が
Zipfの

法
則
に
従
う
単
語
の
み
で
 

構
成
で
き
る
可
能
性
？

英
語
の
文
章
の
コ
ー
パ
ス
 

新
聞
・
雑
誌
 

ス
ピ
ー
キ
ン
グ
な
ど

図
2: ネ

ッ
ト
ワ
ー
ク
の
作
成
手
順

図
1: 実

際
の
文
章
の
解
析
結
果
(2606冊

の
英
語
の
書
籍
)[2]
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出
現
回
数
の
順
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rank(k)<
rank(va )

rank(k)>
rank(va )

正規化した出現頻度
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Zipfの
法
則
に
従
っ
て
い
な
い
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C12
マ
ー
ク
付
き
点
過
程
の
時
間
間
隔
の
差
が
 

Visibility Graphの
構
造
に
与
え
る
影
響
の
調
査

東
京
理
科
大
学
 池
口
研
究
室
 

B4 森
 太
紀

1. 研
究
背
景

時
系
列
を
複
雑
ネ
ッ
ト
ワ
ー
ク
に
変
換
し
て
解
析

対
象
時
系
列

音
楽
，
生
体
情
報
，
 

地
震
，
経
済
指
標
 な
ど

マ
ー
ク
付
き
点
過
程
(M
PP)と

は
…

あ
る
時
刻
  に

特
徴
量
 
 を
持
つ
イ
ベ
ン
ト
 
 を
 

プ
ロ
ッ
ト
し
た
時
系
列

ti
yi

E
i

t

y
E

iti

yi

時
系
列
を
複
雑
ネ
ッ
ト
ワ
ー
ク
に
変
換
す
る
手
法

Visibility Graph(VG)法
[1]

2つ
の
頂
点
間
に
遮
蔽
物
が
無
け
れ
ば
枝
を
繋
ぐ

今
後
の
展
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Statistical analysis on usage history of bike sharing systems
Honami Tsushima 

Ikeguchi laboratory, Tokyo University of Science

3. Analysis of Usage History of BSSs   

References

LV = 1
(n − 1)

n−1
∑
i=1

3(Ti − Ti+1)2

(Ti + Ti+1)2

2. Previous Study and Aim of Study  

4. Conclusion
A1. Excesses and lacks of bicycles exist. However, there was no significant difference in the number of excesses and lacks of bicycles among the four BSSs.  

A2. The temporal patterns of events of rented and returned bicycles among the four BSSs were the same (weekdays and weekends, and daytime and all day.  
　   These temporal patterns did not necessarily follow Poisson process. 

[1] H. Tsushima, et al., Journal of Signal Processing, 11(4), pp.157-160, 2018.  [2] H. Tsushima, et al., Applied Sciences, 11(16), 7749, 2021.    [3] Divvy Bikes. https://www.divvybikes.com/system-data.   
[4] Citi Bike. https://www.citibikenyc.com/system-data.                                      [5] BLUE bikes. https://www.bluebikes.com/system-data.          [6] Capital Bikeshare. https://www.capitalbikeshare.com/system-data.  
[7] S. Shinomoto, et al., Neural Computation, 15(12), pp. 2823–2842, 2003.      [8] S. Shinomoto, et al., Biosystems, 79(1–3), pp. 67–72, 2005. 
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Fig.3 Raster plots of bicycles rented timing for the four BSSs  
Many bicycles were used during the daytime  

and few bicycles were used overnight

Fearure User can rent a bicycle at a port, use it for a short trip  
and return it to a different port

Issue The number of bicycles at each port unbalanced

Solution Capacitated vehicles need to relocate bicycles among ports

User cannot rent a bicycle

User cannot return a bicycle

We have already proposed a method  
for finding optimal tours of vehicles  

in reasonable time frames [1,2]

We used original benchmark instances  
with randomly placed ports

Q1. Are excesses and lacks of bicycles generated ? 

Q2. What are the bicycles rented and return patterns?

We analyze usage history of bike sharing systems

Previous study

: Port : Depot

We used August data

Are excesses and lacks of bicycles generated ?

Data

The number of excesses and deficiencies of bicycles
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Fig1. Difference between the number of rented and returned bicycles on a day
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Fig.2 The number of bicycles rented in a day
The number of bicycles rented
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What are the bicycles rented and returned patterns?

We treat  the bicycle rental and return timings data as a point process 

New York had the largest  
number of excesses  
and lacks of bicycles

Inter-evnet-intervals (IEIs)

The highest frequency values of  were close to unity for all BSSs 
We estimated 95% confidence intervals      did not contain unity

LV
μ

Coefficient variation ( ) measures the global variability of all IEIsCV

Local variation ( ) measures the local variability of all IEIs [7,8]LV

ti+1

Ti = ti+1 − ti
ti

Timing of a bicycle is rented

Washington D.C.Boston New York Chicago

Weekday
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Weekend

The highest frequent values of  are larger than unity  
except for daytime in Boston

CV

Tab. 1  values of rented bicyclesCV

: daytime (8:00-20:59)           : all time (24h)

T̄ : The mean of IEIs 
: The number of IEIsn

Excesses and lacks  
of bicycles exist.

1.16 ≤ μ ≤ 1.21
1.24 ≤ μ ≤ 1.30

1.31 ≤ μ ≤ 1.37
1.39 ≤ μ ≤ 1.45

0.93 ≤ μ ≤ 0.95
0.97 ≤ μ ≤ 1.00

1.00 ≤ μ ≤ 1.03
1.03 ≤ μ ≤ 1.06

1.11 ≤ μ ≤ 1.16
1.20 ≤ μ ≤ 1.26

1.23 ≤ μ ≤ 1.28
1.32 ≤ μ ≤ 1.38

Weekday

Weekend

1.12 ≤ μ ≤ 1.17
1.06 ≤ μ ≤ 1.11

1.25 ≤ μ ≤ 1.311.18 ≤ μ ≤ 1.24
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Tab. 2  values of rented bicyclesLV

 CV = 1
Regular

Poisson process

 CV = 0

 LV = 1
Regular

Poisson process

 LV = 0

Raster plot

Time (min)

CV =
1

n − 1 ∑n
i=1 (Ti − T̄ )2

T̄

Need to building realistic instances  

: daytime (8:00-20:59)           : all time (24h)

１. Bike Sharing System (BSS)   

City Boston Washington D.C New York Chicago

Name Blue Bikes [5] Capital Bikeshare [6] Citi Bike [4] Divvy [3]

Ti

Port Port

Port

The number of returned bicycles The number of rented bicycles

Aim of study
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Relationship between similarities of inter-point distance distributions  
on attractors and reconstruction parameters 

Kazuya Sawada 
Ikeguchi laboratory, Tokyo University of Science

1．Introduction

Reference

2．Methods

3．Dynamical systems and experimental settings 4．Results

5．Conclusion
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Similarities

Reconstructed attractors
Jensen-Shannon (JS) divergence [4]  

between probability distributions  and P Q

DJS(P, Q) = 1
2 (DKL(P | |M) + DKL(Q | |M))

Average of
KL divergence between  and P M
KL divergence between  and Q M

d(i, j) :

·x = σ(−x + y)
·y = − xz + rx − y
·z = xy − wz

·x = − y − z
·y = x + ay
·z = b + z(x − c)

・Lorenz system [6]

・Rössler system [7]

·x = p(−x + y)
·y = (s − p)x − xz + sy
·z = xy − qz

・Chen system [8]

·x = (z − β)x − ωy
·y = ωx + (z − β)y
·z = λ + αz− 1

3 z3 − (x2 + y2)(1.0 + ρz) + εzx3

・Langford system [9]
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Attractor

σ = 10, r = 28, w = 8/3

p = 35, q = 3, s = 28

a = 0.36, b = 0.4, c = 4.5

α = 1, β = 0.7, λ = 0.6,
ω = 3.5, ρ = 0.25, ε = 0

Attractor

Attractor

Attractor

Data length:
Step size:

Sampling rate:

10,000
0.01
0.05

Data length:
Step size:

Sampling rate:

5,000
0.01
0.01

Data length:
Step size:

Sampling rate:

5,000
0.01
0.01

Data length:
Step size:

Sampling rate:

5,000
0.01
0.01

We use four types of nonlinear dynamical system

JS divergence is minimized (=geometric characteristic is maximized) 
when the product of the reconstruction dimension and time-delay  

keep a small constant value

These results quantitatively demonstrate the importance  
of keeping the embedding window ( ) constant,  
which was mentioned in previous studies [e.g. 10, 11].

m ⋅ τ

Purpose

To reveal  
geometric characteristics  

of attractors  
when varying  

reconstruction dimension 
and time-delay

2.2. Dissimilarity between probability distributions
2.1. Procedure of method

M(k) = 1
2 (P(k) + Q(k))Normalized inter-point distance

Pr
ob
ab
ilit
y

Probability distribution P(k)

Normalized inter-point distance
Pr
ob
ab
ilit
y

Pr
ob
ab
ilit
y

Normalized inter-point distance

Probability distribution Q(k)

Probability distribution M(k)

Kullback-Leibler (KL)  
divergence [5]

Kullback-Leibler (KL)  
divergence

DKL(P | |M) DKL(Q | |M)
̂d(i, j) = d(i, j) − d̄

d′ 

Normalization of  
inter-point distance

d̄ :
d′ :

Inter-point distance (IPD)

Mean of IPD

Standard deviation of IPD

(Method of estimating  
correlation dimension 
Using inter-point  

distance distribution [3])
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We evaluated the similarities between IPDDs  
on actual and reconstructed attractors when varying reconstruction parameters.

It is important to keep the embedding window constant.
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If the decay of interest is strong,  
Contacts with high centralities are  
Important for spreading information 

in the early term of diffusion 

If the decay of interest is weak, 
contacts with high centralities are  

Not important for spreading information

The contact order in the real world affects the information diffusion 
(Especially, when the decay of interest is strong)
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The number of vertices 

The number of all vertices
once reached thresholds Final diffusion rate Time(s)　Participants          

0 i* j
(i, j)

Start the diffusion from

We investigated the influence 
 of contact order  

on information diffusion  

Many research on information diffusion  
for networks have been reported. 

Input from adjacent vertices
xi(t + 1) = gi(⌧, t)xi(t) + ↵H(xi(t) � ✓i)

X

j2Gi(t)

F (xj(t) � ✓j)
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xi(t + 20) = gi(⌧, t)xi(t)
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(1) Data from a high school（The number of participants: 126, Duration: 3 days）
(2) Data from a hospital     （The number of participants:   75, Duration: 4 days）

Sensor
Record 

 every 20s

Time(s)　Participants ddd         
0 2 5
0 3 8
20 4 5
20 3 4
40 2 8

•• •• ••

Example of contact data
(i, j)

j

Contact 

i j

Numerical experiments5 Information spread  
more widely

The keys are contacts 
with important people? The important vertices 

The vertices with high centralities
=

RegularRandom >More widely

Opposing

Regular Random>More widely
Result

EmpiricismBackground1

（3600s）

Social experiment

D. Centola, Science, 329, 1194–1197, 2010.

Numerical 
experiment

The result by our model supports the result of Centola’s social experiment.
However, our investigations were all on the static networks

Using our 
Proposed model

Proposed model of information diffusion4Purpose of our study2

•••
5
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Contact data & Temporal network3

To reveal the influence of dynamic structure  
of temporal networks on information diffusion 

Purpose

 We investigate the influence of the contact order  
on information diffusion using the contact data in the real world

Time

Temporal network

How do the contacts with high centralities affect information diffusion?

Random contact order
CompareAscending order  

of contact centrality
Compare Descending order  

of contact centrality

Contact
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Language network

Investigation of Structural Features of Word Co-occurrence Networks  
with Varying Numbers of Connected Words

1. Background

3. Text data 4.Word co-occurrence network
(i) New Testament (ii) United Nations
(iii) Paris Agreement (iv) Novel

2. Purpose

(i)

(ii)

(iii)

(iv) The Adventure of Tom Sawyer

Matthew
Mark
Luke
John

IMP(2011)
IMP(2016)
IMP(2018)
POL(07)
POL(10)
REPC

The Baskervilles
The Pictures of Dorian Gray

Gulliver’s Travels
La Mer

Treasure Island
The Windmill

A Christmas Carol

Greek English German French Russian Finnish Japanese ChineseLanguage
Language family Indo-European Uralic Sino-TibetanJapaneseTable I

: Two documents : One document : No documents

イエスがヘロデ王の代に、ユダヤのベツレヘムで

お生まれになったとき、見よ [マタイ伝, 2章1節]・・・

Duplication of words 
Duplication of connections 
Edges crossing punctuation 

Punctuation 
Half punctuation 

Symbols

イエス
名詞

が
助詞

ヘロデ
名詞

王
名詞

の
助詞

代
名詞

に
助詞

、
記号

ユダヤ
名詞

の
助詞

ベツレヘム
名詞

で
助詞

助動詞
たに

助詞
、
記号

お
接頭辞

生まれ
名詞

なる
動詞 動詞

見る
名詞
とき

最大部分グラフ

n = 2Figure 1
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た
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とき

動詞
見る

Languages : 6,800

Helloこんにちは

你好 Γεια σας

Päivää. Bonjour

Can we analyze it quantitatively?

Application of complex network theory

Quantitative + Global

I am

now
presenting

Characteristics of languages
Structural features 
 of language network

①Effects of document ② The number of connected words

Previous  
study

Language A Language B Language C Syntactic dependency

Word co-occurrence
n = 2

Our 
study

I

n = 2

n = 3
・
・
・

Word co-occurrence
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Document content affects structural features of  
word co-occurrence network

The number of n
The increasing rate of Japanese and Finnish is high

Possibility of capturing the features of case marker

Ikeguchi Laboratory M2, Tokyo University of Science, Kihei Magishi

①Effects of document ② The number of connected words

Document content affects  
word co-occurrence network.

The amount of text is also important.

Proposed method is  
a promising approach

The amount of text also may affect

◆Grammatical rules
Commonalities Differences

◆Different rules for 
word connection

Vertex: word
Edge: connection  

between words
Language A Language B Language C

We proposed new method 
to capture the featuresWe investigated effects of document

saw a girl

I saw a girl

I saw a girl

I saw a girl

n = 3Figure 2 n = 4Figure 3

Figure 4
Figure 5

C3(i) = 2
ki(ki − 1)

N

∑
j=1

aij

N

∑
l=j+1

ailajl

C4(i) =
ki

∑
j=1

ki

∑
l=j+1

qivjvl

ki

∑
j=1

ki

∑
l=j+1

{(kvj
− ηivjvl

)(kvl
− ηivjvl

) + qivjvl
}

L(i) =
1

N

∑
j=1

dij

ρ = E

NC2

Network measure
◇Density

◇Clustering coefficient

◇Square clustering coefficient

◇Average shortest-path length

The number of verticesN =
The number of edgesE =

ki = Degrees of vertex i
aij =  components of 

adjacent matrix
i, j

nk = The number of vertices 
which have  degreesk

vj = Vertex which 
adjacent to vertex i

qivjvl
= The number of square 

using vertex i, vj, vl

ηivjvl
= 1 + qivjvl

+ θvjvl

dij = Shortest-path 
between vertex i, j

θvjvl
= If vertices  are connected 1, 

otherwise 0
vj, vl
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Non-Periodic Responses of the Izhikevich Neuron 
Model to Periodic Inputs

Tokyo University of Science   Yota Tsukamoto
2. The Izhikevich Neuron Model[3]

3. Trajectories

{ ·v = 0.04v2 + 5v + 140 − u + I·u = a(bv − u)
 : Membrane potentialv  : Recovery variableu  : Input currentI

(1)
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Fig. 1. A Periodic Response 
(A = 7.5, T = 200)

Fig. 2. An Irregular Response
(A = 2.5, T = 200)

When ,  
 and 

v ≥ 30
v ← c u ← u + d

(2)

a = 0.02, b = 0.2, c = − 65, d = 8Parameters : (Regular Spiking)

I(t) = IDC + IAC = 10 + A sin 2π
T

t (3)

3. The Diversity Index of Inter-Spike Intervals[4]

ti ti+1si

Inter-Spike Interval (ISI)
si = ti+1 − ti

R = M
N

Diversity Index of ISIs[4]
 : Number of different types of ISIs
 : Total number of ISIs

M

N

(4)

(5)

4. Stroboscopic Plots

2π

0

u

vPoin
caré
 Sec
tion

Closed CurveDistinct Points
Poincaré 
Section

Attractor Limit Cycle Torus

Response Periodic Quasi-Periodic
Fig. 4. A Periodic Response (A = 7.5, T = 200)

Fig. 5. An Irregular Response (A = 2.5, T = 200) Fig. 6. An Irregular Response (A = 1.5, T = 180)

5. Summary
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A method to observe state points at certain phase of periodic input[5-7]

Trajectory is cut

Trajectories

Phase of  
periodic input

<latexit sha1_base64="WPlQw9Q7gFBL5hWWX8XTZFdf97M="></latexit>

T

<latexit sha1_base64="O+thJ7Llx07pr1qZSKJbfSBHtp4="></latexit> A

<latexit sha1_base64="f79xInPAQOxjcGBcv5p5oBOB8ic="></latexit>

R

Fig. 3. The Diversity Indices of ISIs when the amplitude  
and period  are changed

A
T

Input:

1. Introduction

Periodic

Quasi-Periodic

Chaotic

Sinusoidal Inputs

The Izhikevich  
Neuron Model

v-nullcline  
is tangent  
to u-nullcline

A > 6

R ≈ 0
Periodic

A < 6

R ≈ 1
Irregular

A = 6

Real Neuron[1,2] Our Research

Periodic

Quasi-Periodic

Chaotic Not Found

Real 
Neuron Model

Ikeguchi Laboratory 2021(p. 162 / 170)



多義語ネットワークを用いた感情の分析
東京理科大学 池口研究室 B4 福家水月

1. 背景 2. 解析対象

3. ネットワーク作成

4. 実験結果

5. まとめ・今後の課題 参考文献

感情を表現する言語

感情の先行研究

7つの基本的感情

P.Ekman
5つの基本的感情

C.Darwin [1]

[2]

進化生物学

心理学

①“дурной”: Russian

感情と別の概念を意味する多義語

異なる複数の感情を意味する多義語

②“mauvais”: French
意味: “BAD”・“SEVERE”

言語における感情と他分野における感情は違う？

“дурной”: Russian

BAD UGLY

weight:1 
(Russian)

Weight:2 
(French・ 
Spanish)

重み付きネットワーク化
重みは言語の数

BAD

UGLYSEVERE

ランダムウォーク

weight:2 weight:1

1

2 3

意味: “BAD”・“UGLY”

例:

  :A

Pij = Aij

∑j Aij

  :P

隣接行列
遷移確率行列

 :P

2 3

1
P12 = 2

3
P21 = 1

P31 = 1

P13 = 1
3

2 3

1

P223 = 1
3

P232 = 2
3

 :P2

 n = 1  n = 5  n = 100  n = 1000

 Pn

 0

 0.002

上段: ネットワーク 下段: 枝の重みプロット枝の色
0 0.002 1枝の重み

頂点 In Out

GOOD
WANT
BAD
LOVE
ANGER

1.08 × 10−1
1.13 × 10−1
1.20 × 10−1

3.43 × 10−2

n = 5

1.10 × 10−1

4.49 × 10−2
3.81 × 10−2
3.55 × 10−2

7.92 × 10−3

n = 1000

2.26 × 10−2

8.75 × 10−3
9.02 × 10−3
9.12 × 10−3

1.02 × 10−2

n = 1000

9.65 × 10−3

1.34 × 10−2
2.65 × 10−2
2.33 × 10−2

3.92 × 10−2

n = 5

4.33 × 10−2

任意の頂点から出発し 
ランダムウォークを行った時， 

頂点GOOD・WANT・BAD・LOVEの 
4つに到達しやすい
言語の観点では 

この4つが基本的な感情

[3]CLICS3

単語数 言語数

Inn
i = ∑

j

Pn
ij

多義語ネットワークを用いた 
言語における基本的感情の調査

概念同士のつながりを明示できるネットワーク

仮説

手法
+

1,425,418

感情の頂点を抽出 
言語全体における感情のつながりを見る

ランダムウォークを繰り返し行った 
ネットワーク

言語全体における 
重要な感情を調査

今回
・語族毎に違いはあるか？ 
・地域差はあるか？

今後
言語間の違いに着目

3,061

[4]

・様々な語族・言語の単語と 
　単語の意味を収録 
・現在使われていない言語も収録 
・同じ語形・意味を多義語と定義

[1] C. Darwin, University of Chicago press, 2015(1872).
[2] P. Ekman, and D. Lama, Macmillan, 2008.
[3] JM. List, C. Rzymski, T. Tresoldi, S. J. Greenhill, and R. Forkel, 
　  https://clics.clld.org/, (Last visit Nov. 25th, 2021).
[4] J. C. Jackson, J. Watts, T. R. Henry, JM. List, R. Forkel, P. J. Mucha, 
　  S. J. Greenhill, R. D. Gray, and K. A. Lindquist, Science, 
　  Vol. 366, No. 6472, pp. 1517–1522, 2019. 

 :Pn

?
“mauvais”: French

BAD SEVERE

“malo”: Spanish

BAD SEVERE

頂点の強度

Outni = ∑
j

Pn
ji
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マーク付点過程の時間間隔の差が 
重み付きVisibility Graphの構造に与える影響の調査

東京理科大学　池口研究室　B4　森太紀
1. 研究背景 2. 目的・実験の流れ

時系列を 
複雑ネットワークに変換し 
新たな観点から解析

Visibility Graph (VG)法 [1]

3. MPP作成手法 5. ネットワーク指標

6. 実験結果

7. まとめと今後 参考文献

2頂点間に遮蔽物がなければ 
枝で繋ぐ

等間隔時系列(ETS) ネットワーク

マーク付点過程(MPP)もある

VG法 
＆重み付け

重み付きネットワークの 
構造の差は？

VG法 
＆重み付け

等間隔に

課題
現実世界には…

音楽，生体情報， 
地震，経済指標 など

MPPにVG法を 
適用して良いのか

MPP

修正ベルヌーイ写像[2]を使用

x(t + 1) = {x(t) + 2B−1(1 − 2ε)x(t)B + ε
x(t) − 2B−1(1 − 2ε)(1 − x(t))B − ε

手法1．

t

x

修正ベルヌーイ写像

x3
x1

x2

1 2 3 t

y

x1 x2 x3

作成するMPP
t

x
0.5

t
0.5

y
写像の値をMPPの時間間隔に設定 手法2．写像の推移と となるx = 0.5

直線の交点にマークを立てる

修正ベルヌーイ写像 作成するMPP

B = 2

MPPの値 は区間 の一様乱数で決定，頂点数 yi [0,1] N = 2,000

ω(1)
ij = eij

emax

ω(2)
ij = emin

eij

 : 枝の距離 の中でemax, emin eij

重み付き平均頂点間距離

Lw = 1
NC2 ∑

i,j,i≠j

dij, dij = min
γ(i,j)∈Γ(i,j) ∑

m,n∈γ(i,j)
ωmn

 : に含まれる枝集合，  : 頂点 間の経路の集合γ(i, j) Γ(i, j) Γ(i, j) vi, vj

i

j
0.5

0.6

0.1
0.2

0.8

dij = 0.3

頂点ごとの重み付きクラスタ係数[3‒6]  
: 重みを考慮した三角形構造の特徴を表す指標

ε = 1 × 10−13

※平均重み付きクラスタ係数を使用 Cw = 1
N

N

∑
i

Cw,i

・Zhang氏の定義[3] ・Barrat氏の定義[5]

・Onnela氏の定義[6]

・Lopez-Fernandez氏の定義[4]

C(Z)
w,i =

∑j ∑l ωijωjlωli

(∑j≠i ωij)2 − ∑j≠i ω2
ij

C(L)
w,i = ∑

j≠l∈NG(i)
ωjl

1
ki(ki − 1)

 : 頂点 を含むサブグラフNG(i) vi

 : 頂点 に接続する枝数ki vi

i
j

l

ωij

ωil
ωjl

C(B)
w,i = 1

si(ki − 1) ∑
j,l

ωij + ωil

2 aijajlali

si = ∑
j

ωij
i j

i j

aij = 1
aij = 0

C(O)
w,i = 1

ki(ki − 1) ∑
j,l

(ωijωjlωli)1
3

頂点 の対辺の重みを考慮した 
三角形構造の割合

vi

頂点 に接続する 
枝の結合性を考慮

vi

三角形構造の強度を考慮

(i)手法1， を使用ω(1) (ii)手法2， を使用ω(1)

(iii)手法1， を使用ω(2) (iv)手法2， を使用ω(2)

MPP 0.7472 0.0065 0.0051 0.7541 0.0041
ETS 0.8128 0.0045 0.0026 0.7659 0.0019

Lw C(Z)
w C(L)

w C(B)
w C(O)

w

MPP 0.7649 0.0028 0.0022 0.7607 0.0012

ETS 0.8234 0.0046 0.0026 0.7661 0.0020

MPP 0.2806 0.1517 0.1323 0.7139 0.1398

ETS 0.9876 0.3731 0.3678 0.7188 0.4273

[1] L. Lacasa, et al., PNAS, 105, 13, 4972—4975, 2008

[2] Y. Aizawa, et al., Progress of theoretical physics, 71, 4, 847—850, 1984

[3] B. Zhang, et al., Statical applications, 4, 1, 2005

[4] L. Lopez-Fernandez, et al., MSR, 2004, 1, 2004

[5] A. Barrat, et al., PNAS, 101, 11, 3747–3752, 2004

[6] J. P. Onnela, et al., PRE, 71, 6, 065103, 2005

MPP 0.0331 0.0113 0.0099 0.7357 0.0081

ETS 0.9882 0.3730 0.3677 0.7185 0.4271

Lw C(Z)
w C(L)

w C(B)
w C(O)

w

Lw C(Z)
w C(L)

w C(B)
w C(O)

wLw C(Z)
w C(L)

w C(B)
w C(O)

w

距離を使用した重みでは，ネットワーク構造の各指標に差が現れない

距離の逆数を使用した重みでは， を除くネットワーク構造の各指標に差が現れたCB
ω

＊記載している指標は100回分のデータの平均値

・距離の逆数を使用することで，MPPとETSを区別できた．
→非線形力学系から抽出した極大値などでも検証予定．

・枝の重みの頻度分布がどのようになっているか確認すべき．
→頻度分布によってMPPとETSの変化のしやすさが異なる可能性あり．

4. 重み付け
 : 頂点 間の枝のeij vi, vj

ユークリッド距離

最大，最小のもの

: 重みを考慮した各頂点間距離の平均
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通
信
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所
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お
け
る
共
同
プ
ロ
ジ
ェ
ク
ト
研
究
(R02/A31) に

よ
る
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: 3．
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ア
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本
発
表
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ア
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か
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な
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ラ
メ
ー
タ
を
検
討

JS divergence
エ
ン
ト
ロ
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ー
に
対
応
す
る
値
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