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The Bernoulli shift map is a fundamental example of a chaotic map with applications in algorithm design, data
analysis, and numerical simulation. When implementing the Bernoulli shift map in the binary system, some
sorts of perturbation methods are employed to make its outputs have long periods for practical reasons. We
here look at one of such methods that perturbs underlying state space, and apply modular arithmetic to analyze
the behavior of periods attained by this method, which reveals a close relationship with Artin’s conjecture on
primitive roots. As a consequence, we obtain an exhaustive list of values for a dominant parameter of this

method that are best possible in a theoretical sense.

1. Introduction

Chaotic maps are maps that generate sequences highly sensitive
to initial states [1,2], which have applications in algorithm design,
data analysis, and numerical simulation; see e.g., [3-9]. Fundamental
examples of chaotic maps are the Bernoulli shift map, the tent map, and
the logistic map, which are known to be closely related to each other
in terms of topological conjugacy; see e.g., [10-13].

In practice, outputs of these chaotic maps are desired to have long
periods. However, implementations that directly follow their defini-
tions often end up with undesirable results in this regard in the binary
system; see e.g., [14,15]. To deal with this problem, perturbation meth-
ods have been studied extensively; see e.g., [16-22] and also [23,24]
for more sophisticated methods not restricted to perturbation methods.
Then, a fundamental question is how to tune parameters of these
perturbation methods to ensure desirable results.

Our aim here is to answer this practical question for the method
of perturbing the state space for implementing the Bernoulli shift map.
More specifically, focusing on a dominant parameter ¢ of this method,
we apply modular arithmetic to

+ define the best value for ¢ which depends on the bit length
specified in implementations,

+ analyze the period when ¢ is the best value and show that
the resulting periods get fairly close to trivial theoretical upper
bounds, and

+ provide an exhaustive list of the best values to help implement
the Bernoulli shift map successfully.

kS

E-mail address: sukegawa@sk.tsukuba.ac.jp (N. Sukegawa).

https://doi.org/10.1016/j.chaos.2022.112793

An interesting point is that if Artin’s conjecture on primitive roots [25,
26], a major open question in number theory, is true, then this method
is theoretically guaranteed to continue such high performance for any
bit length.

An advantage of our approach is that it can provide theoretical
guarantees. The Bernoulli shift map itself also has several advantages: it
is easy-to-implement and useful from its simplicity for some purposes;
see e.g., [27], as well as required in practice; see e.g., [28-30]. We also
note that our analysis may be partially applied to those for the tent map
and the logistic map through the topological conjugacy.

2. The Bernoulli shift map

Let X = [0, 1) and call it the state space. The Bernoulli shift map is a
map f : X - X% defined, for any x € &, by f(x) = (xg, xy, X5, ...) such
that

X;41 = 2x, (mod 1) @

for each ¢t where x, = x. This map defines a nonlinear dynamical system
because Eq. (1) can be written down as x,,; = ¢(x,) with a piece-wise
linear function

) 2x
¢x =
2x -1

as depicted in Fig. 1.
For any f(x) € X, we define its period as the largest positive
integer p such that the first p states,

if x €10,0.5)
if x €05, 1)

X0s X5 eees Xp_ s
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¢(x)

0 0.5 1

Fig. 1. An image of the function ¢(x).

are all different. If x is irrational, then the period of f(x) is infinite.
To see this, it suffices to represent x as a non-terminating and non-
repeating binary fraction, and observe that an application of ¢(x) means
a left shift operation. If x is rational, then the period of f(x) is finite
because in this case, x is represented as a terminating or repeating
binary fraction.

Now, consider the binary system where the states are represented
as n-bit binary fractions for some positive integer n, meaning that the
states are all rational numbers. Let X, be the set of n-bit binary fractions
in X, and consider a map f, : X, - X° defined by f,(x) = f(x).

Observation 1.
n+1.

For any x € X,, the period of f,(x) cannot exceed

Proof. Straightforward from the above discussions because x is now
an n-bit binary fraction. [

Note that the maximum period, n + 1, stated is very short when
compared to its trivial upper bound, the number of states in X,, i.e., 2".

Remark 1. It is known that if decimal fractions are used, then pseudo-
chaotic orbits can be obtained. Here, round-off errors are essential
because if we convert a given initial state x, an n-bit decimal fraction,
to a terminating or repeating binary fraction, then we see that its bit
length or the length of its repetend can never be so long. For example,
a 1-bit decimal fraction 0.1 is (0.000110011 ...),, which tells us that the
period is at most five in this case.

3. A perturbation method

We here look at the method of perturbing the state space X, orig-
inated by [20]. We call it the perturbation method in what follows for
simplicity; see e.g., [17] for another method that perturbs the slope 2,
[18,21,22] for standard methods that perturb the states, and [19] for
their combinations.

Let ¢ be a positive n-bit binary fraction less than one, which will
serve as the dominant parameter of the perturbation method. Then,
setting X, , = &, N[0, 1 —¢), consider a map f,, : &, — X defined,
for any x € &, , by f, .(x) = (x¢, X}, xp,...) such that |

X4 = 2%, (mod 1 —¢) ®))]

for each r where x; = x.
The following example suggests that the perturbation method can
work well if e is chosen appropriately.

Example 1. Letn =5, ¢ = 3/2° and x = 1/2°. Then, Eq. (2) can be
written down as

2x,
X =
T\ 2x, —29/2°

Therefore, in this case, f, .(x) shall be such that its first 28 states, which
are

if x, €0,15/2%)
if x, € [15/2°,29/2°).

12 4 8 16 3 15 _
257 957 257 257 7 95 = %27
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to list a few, are all different and x,3 = x,, meaning that its period
is 28, which is fairly close to the trivial upper bound, 32 in this case.
However, if ¢ = 1/2°, then the period of fue(x) is only 5.

An open question is how to tune e so that f,.(x) shall have long
periods. We here answer this open question.

4. Parameter tuning
4.1. Analysis

We introduce some notions from number theory; see Appendix for
additional explanations. For a positive integer m, let ¥,, = {0,1,...,m—
1} for simplicity and consider a map g, : ¥,, = Y5 defined, for any
Y € Vs bY £,(») = (W9, 15 ¥25 ...) such tat

Vir1 = 2y, (mod m) 3)

for each 7 where y, = y.

The period of outputs of g,, is defined in the same way as before,
and hence is clearly at most m, the number of elements in I,,. Now, let
d(m) denote the smallest integer k satisfying 2% = 1 (mod m) for an odd
prime m.

Proposition 1. If m is an odd prime, then the period of g,,(y) is at least
d(m) as long as y # 0.

Proof. Suppose that y, ., = y, (mod m) holds for some r and k with
k > 0. Then, since y,,, = 2y, (mod m) from Eq. (3), one has 2k - 1)y, =
0 (mod m). Note that y, = 2"y, # 0 (mod m) from the assumptions that
¥o =y # 0 and m is an odd prime. Thus, 2 — 1 = 0 (mod m), implying
k > d(m) by the definition of d(m). []

The following lemma relates outputs of f, . with those of g,,.

Lemma 1. For a positive integer n, let m be any positive integer with m < 2"
and e be the n-bit binary fraction defined as ¢ = 1 — m/2". Then, f, . (x)
and g,,(y) satisfy x, = y,/2" for any t as long as x = y/2". In particular,
fue(x) and g,,(y) share the same period.

Proof. The assertion is clearly true if t = 0 as x = y/2". Assume that
the assertion is true for some nonnegative integer ¢. Then, we have
X4 = 2x, = 2y,/2" (mod 1 — ¢). From Eq. (3), there is an integer A
such that y,,; — 2y, = km. Hence, we have

Yl _om

T T (mod 1 —¢),

which implies x,,; = y,, /2" since 1 —e = m/2" by the definition of

e. I

The following is a direct consequence of Lemma 1 and Proposition 1.

Theorem 1. For a positive integer n, let m be an odd prime with m < 2"
and ¢ be the n-bit binary fraction defined as ¢ = 1 —m/2". Then, the period
of fn(x) is at least d(m) as long as x # 0.

4.2. Algorithm

We propose to determine ¢ for a given » via Theorem 1. The point
is how to determine m. It is desirable that (i) m is close to 2" to make
e small and (ii) d(m) is large to make the period guaranteed long. As
d(m) < m—1 from Fermat’s little theorem, we say that an odd prime m
is nice if d(m) = m — 1.

We propose to set m to the largest nice prime p with p < 2", which
we denote by m(n). It would safe to say that such m and the resulting ¢
obtained as € = 1—m/2" are best in a sense. This definition is motivated
by an open problem in number theory [25,26].
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Conjecture 1 (Artin’s Conjecture). An integer a is said to be a primitive root
modulo m if the smallest integer k satisfying a“ = 1 (mod m) is m— 1. Letting
S(a) denote the set of primes with primitive root a, Artin’s conjecture claims
that the asymptotic density of S(a) over the set of all primes is a positive
constant independent of a, about 0.37. In particular, it claims that S(2) is
an infinite set.

Note that m(n) can be rephrased as the largest element p in S(2) with
p <2". Although Artin’s conjecture is still widely open today, a list for
S(2) collected in OEIS' confirms that the conjecture is true at least for
a = 2. It should also be noted that making use of properties of primitive
roots in chaos field is not our new finding and has already been done
in existing work [31].

We consider a simple algorithm that finds m(n) to return ¢ for a
specified n. The full description of the algorithm is as follows.

Input a positive integer n

Output an n-bit binary fraction ¢
1: § < 1 (can be replaced by 6 « 3)

2: while § < 2" do

3 m«2"-§

4 if m is an odd prime with d(m) = m — 1 then
5: m(n) < m, €« 1—m(n)/2"

6 break to stop the computation

7 else

8: S—b6+2

9: end if

10: end while

Here, ¢ is the gap between m(n) and 2", which is desired to be as
small as possible. Note that 6 is assumed to be odd since m needs to be
an odd prime. Note also that we can start with § = 3 instead of 6 = 1
from the following reason — Mersenne primes can never be nice.

Observation 2. Let m = 2" —1 (i.e., consider the case § = 1) for n > 3.
Then, d(m) <n<m-—1.

The point is how to check, for a given m, whether m is an odd
prime with d(m) = m — 1 or not, to which we can apply the following
well-known fact; see also Appendix.

Proposition 2.  Let p"p,? - p* be the factorization of m — 1. By
Lagrange’s theorem, if 2¢ = 1 (mod m) for some d, then d must divide m— 1.
Hence, if one has

20m=D/p % 1 (mod m)

for every j = 1,2,...,k, then the smallest positive integer k satisfying
2k =1 (mod m) is m— 1, i.e, dim)=m— 1.

Remark 2. Determining the time complexity of the algorithm might
be very difficult because any nontrivial upper bound on it tells us some
structural properties of S(2) and hence implies a major progress toward
Artin’s conjecture. However, the algorithm can be much faster than
a naive one that tests every § one by one by indeed generating the
sequence.

5. Numerical results

Table 1 shows the list of m(n) for 2 < n < 18. We utilized the
aforementioned list in OEIS (consisting of the first 10,000 primes in
S(2)) in line 4 of the pseudocode to replace the condition by m € S(2),

accelerating the computation.

1 https://oeis.org/A001122/b001122.txt
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Table 1
Results for 2 <n < 18.

n m(n) € (=6/2") Period (= m(n) — 1)
5 29 3/25 28
6 61 3/26 60
7 107 21727 106
8 227 29/28 226
9 509 3/2° 508
10 1019 5/210 1018
11 2029 19/211 2028
12 4093 3/212 4092
13 8179 13/213 8178
14 16,381 3/214 16,380
15 32,749 19/215 32,748
16 65,371 165/216 65,370
17 131,059 13727 131,058
18 262,139 5/218 262,138
Table 2
Results for n =23 and 52.

n m(n) e (=6/2") Period (= m(n) — 1)

23 8,388,587 21/2% 8,388,586

52 4,503,599,627,370,323 173/2% 4,503,599,627,370,322

Remark 3. Note here that utilizing the list in OEIS is not essential
and one can check the condition in line 4 of the pseudocode via
Proposition 2, to which tools in sympy in Python, for example, are
applicable. The point is that the list for S(2) tells us that for m(n).

For n = 18 for example, Table 1 tells us that outputs in the
perturbation method shall have period at least 262,138 for any nonzero
input and 1 — ¢ ~ 0.99998. Note that this period is fairly close to the
trivial bound, 2'8 = 262,144.

Simulating the cases where float and double are used, values of
m(n) for n = 23 and 52 are given in Table 2. The list in OEIS does not
cover these values at this time. We here explain how the pseudocode
works by taking the case n =23 as an example.

Example 2. For n = 23, we first find that m = 22> — 15 is an odd prime.
For this m, we have 2"~D/2 = 1 (mod m) and hence d(m) # m — 1 by
Proposition 2. We next find that m = 22> — 21 is an odd prime. For this
m, we have m—1 = 2-107-39199, and 2"~V/7; s congruent, respectively,
to 8,388,586, 7,660,429, and 234,334 modulo m, which means d(m) = m—1
from Proposition 2. So, m(n) = 23 — 21 = 8,388,587.

6. Concluding remarks

There might be a case where a lower bound, say #, on the period is
given. The pseudocode applies for such case as seen from the following
example.

Example 3. If # is one billion for example, then we first run the
pseudocode for n = 30 as the smallest integer n with 2" > ¢ is 30. We
then find m(30) = 1,073,741,789 to return 35/2%° as e. For this n and e,
the outputs of Sue shall have period exactly 1,073,741,788. If m(30) — 1
were to be smaller than one billion, then we run the pseudocode for
n=31.

Some future directions are to (i) discuss the case where m is not a
prime in Section 4, to which results in [32] may be useful, (ii) establish
analogous frameworks for analyzing alternative methods mentioned in
Section 3, and (iii) apply the results, for example, to the setting of [27]
where the Bernoulli shift map was shown to have an advantages over
other chaotic maps in hardware implementation of pseudo-random
number generators.
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Appendix. Preliminaries on modular arithmetic

Some fundamental concepts, definitions, and theorems on modular
arithmetic are introduced for completeness following [33,34]. Let m be
a positive integer. If a and b are integers such that a — b is divisible by
m (i.e., there is an integer k such that a — b = km), then we say that a
and b are congruent modulo m, and write

a = b (mod m).

Based on this definition, for example, it is easily seen that if ab
0 (mod m), then a = 0 (mod m) or b = 0 (mod m).

Fermat’s little theorem states that for any prime m, 2"~ — 1 is
divisible by m, i.e., 2"! = 1 (mod m). This implies d(m) < m — 1 by

the definition of d(m). Lagrange’s Theorem, stated in Proposition 2, is
as follows.

Proposition 3. If G is a finite group and H is a subgroup of G, then the
order of H divides the order of G.

In Proposition 2, G is the multiplicative group of integers modulo
m whose order is m — 1 (more generally, the Euler phi function ¢(m)),
and H is its (cyclic) subgroup generated by 2, i.e., {1,2,22,...,}, whose
order is the smallest positive integer d such that 2¢ = 1 (mod m).

Example 4. Let m = 71, a prime. Then, m — 1 = 2 -5 -7. The smallest
positive integer ¢ such that 2¢ = 1 (mod 71) is 35, which indeed divide
m — 1. This is a certificate for d(m) # m — 1, and hence m = 71 is not
nice.
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In the brain, common inputs play an important role in eliciting synchronous firing in the assembly of
neurons. However, common inputs are usually unknown to observers. If an unobserved common input can be
reconstructed only from outputs, it would be beneficial to the understanding of communication in the brain. Thus,
we have developed a method for reconstructing a common input only from output firing rates of uncoupled
neuron models. To this end, we propose a superposed recurrence plot (SRP) comprising points determined
by using a union of points at each pixel among multiple recurrence plots. The SRP method can reconstruct
a common input when using various types of neurons with different firing rate baselines, even when using
uncoupled neuron models that exhibit chaotic responses. The SRP method robustly reconstructs the common
input applied to the neuron models when we select adequate time windows to calculate the firing rates in
accordance with the width of the fluctuations. These results suggest that certain information is embedded in
the firing rate. These findings could be a possible basis for analyzing whole-brain communication utilizing rate

coding.

DOI: 10.1103/PhysRevE.106.034205

I. INTRODUCTION

Neural synchronization is ubiquitously observed in the
brain during task-relevant activities and at rest [1]. For neural
synchronization, common inputs play an important role by
eliciting collective behaviors from spatially separated neu-
rons. Transcranial alternating current stimulation has been
used to impose electrical common inputs on certain brain
areas to activate an assembly of neurons, resulting in enhanced
working memory performance [2]. Each neuron exhibits an
increased firing rate when it receives a stronger common
input. The mean firing rates vary depending on the firing
characteristics of each neuron. Subsequently, the responses
of collective neurons are robust because they can generate
synchronous output.

Apart from experimental situations, common inputs are
usually unknown to observers. If an unobserved common in-
put can be reconstructed from output measurements, it would
be beneficial to the understanding of how information is con-
veyed in the brain. Thus, we have developed a method for
reconstructing a common input only from the output firing
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rates. Robustness is also examined to study whether different
types of neurons can retain information from a commonly
applied input.

Same-class neurons in given layers usually have small
individual differences in their firing characteristics [3] while
sharing the same membrane dynamics. Such individual dif-
ferences between neurons may disturb the transmission of
common input information by changing the firing timing
among neurons.

Moreover, various types of neurons with different char-
acteristics are present in the brain. For example, pyramidal
neurons in the cortex exhibit relatively slow (10-60 Hz) peri-
odic and regular spiking, whereas inhibitory neurons exhibit
fast spiking (80-140 Hz). Some pyramidal cells in the visual
cortex demonstrate chattering spiking, in which intermittent
bursts are observed [4]. Although chattering neurons are lo-
calized in small areas, different types of neurons coexist in
the cortex and in other areas. Thus, different types of neurons
usually receive common inputs simultaneously [5].

By consistently identifying a common input by using the
firing rates obtained from various types of neurons, we may
be able to gain information about communications by us-
ing rate coding, which is one of the major neuron coding
schemes [6,7]. Thus, in the present study, we develop a
method that uses a recurrence plot (RP) to reconstruct com-
mon inputs. Eckmann et al. [8] introduced the concept of RP
to identify the nature of dynamical systems in terms of peri-
odicity, nonlinearity, and nonstationarity. Nonlinear, possibly
chaotic, deterministic dynamical systems often return to the
neighboring trajectory in a phase space. In other words, non-
linear deterministic dynamical systems exhibit recurrences.

Published by the American Physical Society
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The RP is a visual expression of the recurrences and is used
to describe the characteristics of nonlinear dynamical systems
because they can possess multidimensional information, de-
spite providing two-dimensional visualization.

Ten years after Eckmann et al. introduced RPs, Cas-
dagli [9] further demonstrated that the RPs of an output time
series are similar to those of the input time series obtained
from a target dynamical system. Since this discovery, RPs
have been used to reconstruct common inputs by utilizing the
output time series of a target dynamical system. According
to Hirata et al. [10], we can reconstruct the common input
generated from a nonlinear dynamical system using the fol-
lowing procedure. First, multiple RPs are created using the
respective output time series of forced systems that simul-
taneously receive a common input. Subsequently, to obtain
the approximation of an RP regarding the common input, an
RP is calculated by taking unions at each corresponding pixel
among multiple RPs. Next a coarse-grained RP is created by
focusing on the large areas in the RP union because the short
lines correspond to the local dynamics of the forced models.
The coarse-grained RP is then transformed into a network,
each link of which has a weight defined by the similarity
between states in multidimensional phase space (see Sec. II).
Finally, the amplitude of the input time series is reconstructed
by applying a multidimensional scaling method to the net-
work. The scope of this reconstruction method is not limited
to specific dynamical systems because RPs use the state infor-
mation embedded in a high-dimensional space rather than the
details of the target system. Thus, we hypothesize that this
method might also be useful for forced systems that yield
a point process, such as uncoupled neurons that receive a
common input.

Neurons are nonlinear dynamical systems that sometimes
exhibit chaotic behavior [11,12]. Recurrence plots can repre-
sent the nature of nonlinear dynamical systems. Usually, the
firing rates of a neuron reflect fluctuations, such as intensity
and persistency, in the common input, as well as in the dynam-
ics of each neuron. Therefore, we can hypothetically obtain
information about a common input if we can counterbalance
the effects of neural dynamics.

To test our hypothesis, we have developed a superposed
recurrence plot (SRP), which refers to an RP where the value
of each pixel is summed across the corresponding pixels of
multiple RPs and binarized to 1 or O depending on whether
the summation at each pixel is greater than or equal to 1.
Under the conditions of this study, each RP is calculated using
the output time series of a neuron receiving a common input.
To reconstruct the common input, we set a certain time range
in which a point process is used to calculate the firing rates.
The accuracy of the reconstruction may depend on the time
range because the scale of the firing times may differ from
one system to another. Hence, we examine the influence of
the time window width w on the firing rate calculations and
the accuracy of reconstructing a common input. For the sake
of simplicity, we refer to our proposed reconstructing method
as the SRP method.

In this study we use the SRP method to reconstruct a
common input using the firing rates of the uncoupled neuron
models proposed by Izhikevich [13]. We consider the follow-
ing three cases. In the first case, we reconstruct the common

input applied to localized neurons using the firing rates ob-
tained from neurons that share approximately similar firing
rates, although they have individual differences depending on
the parameters of the models. The change in the parameters
bifurcate the states of the neuron model, producing 10-20 ms
firing timing variations. In the second case, we reconstruct a
general common input applied to mixtures of different types
of neurons that coexist in a single brain area, using firing rates
obtained from three types of neurons that exhibit different fir-
ing characteristics and thus have different baseline firing rates:
chattering (CH), regular spiking (RS), and fast spiking (FS)
of the Izhikevich neuron model. In the third case, we examine
whether the SRP method could also be used to reconstruct a
common input for the chaotic response of the Izhikevich neu-
ron model. If useful, even when applied to chaotic neurons,
the SRP method may be widely applicable to various types of
systems that yield point processes. In these experiments, we
aim to demonstrate the possibility of reconstructing common
inputs using firing rates. We successfully achieve this goal.

In Sec. II we first explain the method for reconstructing
common inputs using an SRP for point processes. We then
describe the neuron model in Sec. III. The results of the sim-
ulations are reported in Sec. IV. Finally, in Sec. V we discuss
the ability and limitations of the SRP method with regard to
the reconstruction of a common input applied to uncoupled
neurons. We also discuss the potential functions of common
inputs in the brain.

II. RECONSTRUCTION METHODS
A. Definition of a superposed recurrence plot

Based on the Takens theorem [14], a one-dimensional time
series can be used to reconstruct a multidimensional system by
remapping the one-dimensional time series into a state space
defined by the time delay coordinates. Suppose that x(¢) is
a time series measured as the output of the system. We can
transform the value of x(¢) into a state space using a time
delay with a constant interval t. For instance, if the dimension
of state space m is 3, x(¢) is transformed into a state vector
¢y = (x(¢), x(t 4+ 1), x(t + 27)), in three-dimensional space.
Each point in this state space corresponds to the state of a time
point. Based on these states, we can calculate a diagonally
symmetrical recurrence matrix, in which the pixel (7, j) has a
value of unity if the pair of states ¢; and ¢; are neighbors;
otherwise, the pixel has a value of zero. The matrix R;; is
defined as [15]

Rl](6)=®(e_”¢)l_¢]”)v 17J=17277N7 (1)

where N is the total number of time points, € is the threshold
for detecting neighboring states, and ©(-) is a Heaviside step
function that returns unity if the L,-norm ||¢; — ¢;|| is smaller
than the threshold; otherwise, the function returns to zero.
The RP is a graphical expression of this matrix. In an RP, the
pixel (i, j) is filled with black when the corresponding value
is unity and in white when the corresponding value is zero.
Although RPs are two-dimensional expressions, they can be
used to reconstruct a common input because they possess
multidimensional information regarding the dynamics behind
the original time series.
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Membrane dynamics may differ among neurons; hence a
point being plotted in an RP depends on the neuron’s param-
eters and thus RPs are different from each other. On the other
hand, when the neurons receive a common input, the RPs will
resemble each other because the point at the pixel in the RPs
consistently reflects the dynamics of the common input. In
this case, the point at the pixel in the RPs corresponds to a
recurrence in the phase space for joint dynamics between the
common input and the target neuron at each time point. A
union of these points at each pixel among the RPs would pro-
vide consistent information about the commonalities. Hence,
we can infer the approximate dynamics of a common in-
put from the union of points at each pixel among multiple
RPs [10].

To extract the information of a common input, we super-
pose multiple RPs and combine them at each pixel. Thus, a
superposed recurrence matrix is defined using the mathemati-
cal expression

n
(1,....n) (k)
SR?J- (Gx(l), ey exm) = sgn( E R;Fj (exm )) s

k=1
i,j=1,...,N, )

where n is the total number of systems, x* is the kth system
that yields each x(z), R;‘;k' is the recurrence matrix for ob-
served variables of the kth system among x(", x®, ... x,
and €,w is the threshold for Rf;-k). In Eq. (2), sgn(-) is a
sign function that maps positive values to 1, zeros to 0, and
negative values to —1. Note that the summation at each pixel

in Rfj(-k) only takes a positive integer or zero in this study. The
SRP is a graphical expression of this matrix. In the SRP, the
pixel (i, j) is filled in black when the corresponding value
is unity and filled in white when the corresponding value is
zero. In this study, €, for each system is identified as the
number corresponding to the lower 10% of the total number

of combinations of i and j.

B. Networks and paths

A key concept of reconstruction is the neighboring states
of the two time points. To quantify the extent to which the
two time points are close to each other, Hirata et al. [10] used
a relational network created using the information provided
by RPs. For two particular time points, if the amplitudes of a
common input are similar, the states are close to each other
in the state space. This is because a neural system behaves
in a similar manner when the common input has a similar
amplitude. To transform an RP into a network of states in
a multidimensional state space, we use the distance between
states. Hirata et al. [10] defined the weight for each link in this
network by using the ratio of the number of elements in the
union of a set to the number of elements in an intersection.
The weight W (i, j) of a link between time points i and j is
defined as [10]

|G NGyl

Wi iy=1- 160Gl
() G/ UG,|

3

where G; and G; are the sets of states in the state space that
are close to the states ¢; and ¢;, N and U represent intersection

and union of the two sets, respectively, and |X| denotes the
number of elements in set X. If the number of elements in an
intersection dominantly occupies the number of elements in
the union, that is, if the two time points share many points,
we can infer that those two points are neighbors in the state
space. However, if there are no elements in the intersection,
it means that the time points have no shared points; therefore,
we can estimate that the two time points would be separated
from each other. In summary, regarding two target time points,
the ratio between the number of elements at their union and
that in their intersection indicates their similarity. Thus, we
can define the distance by subtracting the ratio from unity.

III. RECONSTRUCTING A COMMON INPUT

A. Overview

For the simulation setup, we apply a common input gener-
ated by the Duffing equation [16] to an assembly of uncoupled
neurons [17]. We then create an SRP from RPs calculated us-
ing the output time series, the values of which are the number
of firings within a certain time window. Next we apply the
method to calculate weight of links [10] to create a network
using SRP. Finally, we reconstruct the amplitude of the orig-
inal common input by applying multidimensional scaling to
the distance matrix.

B. Common input

We use the variable x in the Duffing equation as a common
input. The Duffing equation is selected in accordance with
Ref. [17], which suggested that recurrence plots can be con-
structed from the output time series of the Izhikevich model.
The Duffing equation is defined as follows:

=y, y=-0.05y—x>+75cost. )

Figure 1(a) depicts the original time series of a common
input generated by Eq. (4). This time series is rescaled to
6-10, a range in which the Izhikevich neuron model would
fire sequentially. Figure 1(b) presents the RP of this common
input. In this RP, the plotted lines and blocks form rounded
shapes because the time series varies slowly.

C. Neuron model

In this study we selected the Izhikevich model as the math-
ematical neuron model because it can be used to reproduce
various firing patterns by changing its parameters. The Izhike-
vich neuron model is described as

b = 0.04v 4+ 5v + 140 — u + I, (1),
iw=a(bv — u), (@)

and if v > 30 then v < ¢ and u < u + d, where v is the
membrane potential, u is the recovery variable, and I,(¢) is a
time-varying variable defined as a common input. We generate
this common input using the Duffing equation. Other parame-
ters a, b, ¢, and d determine the firing pattern of the Izhikevich
neuron model. In the present study we examine the following
three cases. In each case, the neurons are uncoupled to clarify
the influence of common input.
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FIG. 1. Original time series of the common input and its RP: (a) the first 12 000 points of variable x in the Duffing equation and (b) the RP

of the original common input.

In the first case, we apply the SRP method to the uncou-
pled chattering neurons. Chattering neurons express a firing
pattern comprising intermittent bursts. According to Ref. [3],
neurons of the same class have similar firing characteristics,
while there may be small individual differences. A typical
instance of these neurons in a specific area is the grouping
of pyramidal cells in the visual cortex. In the simulations,
to create a situation in which a common input is applied to
neurons of the same class, we prepare a group of chattering
neurons by changing parameters such as 0.018 < a < 0.022,
0.198 < b < 0.202, ¢ = —50, and d = 2. The results are de-
scribed in Sec. IV A.

In the second case, we apply our method to three different
types of neurons receiving a common input which is a typical
occurrence in any given brain area. Thus, we explore whether
a combination of different types of neurons and the num-
ber of neuronal firings per window influences the accuracy
of the reconstructed common input. To create a situation in
which there are different types of neurons, we prepare a group
of neurons by changing the parameters a and b to the fol-
lowing ranges: regular spiking neurons (0.018 < a < 0.022,
0.198 < b < 0.202, ¢ = —65, and d = 8), fast spiking neu-
rons (0.998 < a < 0.102, 0.198 < b < 0.202, ¢ = —65, and
d = 2), and chattering neurons (0.018 < a < 0.022,0.198 <
b < 0.202, ¢c = —50, and d = 2).

We then discriminate between these neurons using a super-
scripted index to indicate the neurons used in the respective
simulations. For instance, the parameters of RSP+ gre
determined as a = 0.018 + 0.0005 p, b = 0.198 + 0.0005 g,
c=—65andd =8, where p(p=0,1,2,...,8)and g (¢ =
0,1,2,...,8) are index variables. Therefore, when p =0
and g = 0, RS®P+9+D corresponds to RS™W: This means that
the model has the first combination of parameters a and
b, that is, the regular spiking neuron with the parameters
a=0.018, b=0.198, ¢ =—65, and d =8. Using the
same notation, RS® means that the model has a sec-
ond combination of parameters a = 0.018, b = 0.1985,
c=—65, and d = 8. Similarly, FS®P*9*D has parameters
a = 0.998 4 0.0005 p, b = 0.198 4 0.0005 g, ¢ = —65, and
d = 2 and CH®P*9+D has parameters a = 0.018 + 0.0005 p,
b =0.198 + 0.0005 g, c = —50, and d = 2. The results are
described in Sec. IV B.

In the third case, we apply the proposed method to chaotic
neurons. Izhikevich [11] showed that his model, with par-

ticular parameters (a = 0.2, b =2, c = —56, and d = —16),
exhibited irregular firing patterns when the model received
a strong negative input [,(r) = —99]. A prior study using
these parameters [17] revealed that the RPs of the firing rates
are similar to those of the input. The authors of that study
predicted that, theoretically, the common input can be recon-
structed by applying the procedure in Ref. [10]. In this study
we explore whether we could reconstruct a common input
applied to the Izhikevich neuron model that exhibits chaotic
responses. The results are described in Sec. IV C.

D. Firing rates and spikes per window

To reconstruct a common input, we set a certain time range
to calculate the firing rates using a point process. The scale of
the firing times differs between the systems. We then examine
whether the accuracy of reconstructing a common input de-
pends on the width of the time window. Specifically, we assess
the number of spikes per window. One possible reason for the
width of the time window influencing reconstruction accuracy
is that a wider window can contain a larger number of spikes.
Therefore, it is necessary to control the baseline firing rates of
the different types of neurons.

To calculate firing rates, we use time windows with widths
w of 100, 500, 2500, and 12500 ms. The baseline firing
rates for each firing pattern are approximately 48—60 spikes/s
for CH, 15-20 spikes/s for RS, and 80-136 spikes/s for
FS neurons. Thus, the average counts in each time window
among the firing patterns differ. For instance, when we use RS
neurons and a 500 ms time window, the spikes per window are
calculated as 15 x % = 7.5. The first term 15 corresponds
to the baseline firing rate of RS neurons and the numerator 500
represents the width of the time window. In all simulations, we
discard the first 2000 ms of the firing rate time series because
the neuron models are in a transient state during this period.

E. Evaluation of accuracy

We use the root mean square error (RMSE) as an index of
accuracy. The RMSE €& is defined as

1 n
— _ _ 2
E= " E [£.(t) — L), (6)

t=1
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FIG. 2. Influence of shift size s and embedding dimension m on
RMSE €.

where ¢ is a point of discrete time with a unit of ¢ and n is
the total sampled time. In Eq. (6), /,(¢) is the value of the
reconstructed common input at ¢, and /,(¢) is the resampled
value of the original common input at #. To obtain I,(¢), we
adopt the resample( ) function in MATLAB2021a.

IV. RESULTS

A. Case I: Uncoupled neurons with small individual differences
1. Parameter determination

In this section we reconstruct a common input using an
assembly of CH neurons. The neuron exhibits a constant firing
rate when it receives a constant common input because there is
no dynamical or observational noise. The firing rate provides
a fixed point in a time-delayed phase space. Thus, an RP
of the output firing rate corresponds to the fluctuations of
the common input. Theoretically, the dimension of the state
space m > 5 is sufficiently large because the dimension of
the input is 2 [18]. However, the reconstruction accuracy may
be sensitive to m, whereas the dimension of an unobserved
common input is usually unknown to observers. Hence, we
first examine the influence of the parameters of shift size s
and dimension m using CH neurons.

As shown in Fig. 2, £ between the original common input
and reconstructed common inputs become larger when a shift
size of more than 100 ms is utilized. Contrary to this trend, £
are smaller when m > 5 when s = 50 and 100.

The reconstruction accuracy may also depend on the delay
time t required to transform the time series into states in
a state space. Thus, we examine £ by altering 7 using CH
neurons. In this examination, we adopt the parameters m = 5,
w = 500, and s = 50. As shown in Fig. 3, £ became larger
when we adopt t = 3 and a longer time delay. These results
suggest that 7 = 1, which corresponds to a delay of 50 ms,
is suitable for the reconstruction. Overall, we consider that
the method using the SRP can reconstruct common inputs
with smaller deviations from the original input when we use
parameters of m =35 and 7 = 1, especially when we take
advantage of a shift size narrower than 50 ms. Thus, we adopt
a shift size of 50 ms, rather than 25 ms, because it maintains
a similar level of accuracy by reducing 50% of the calculation
costs. Similar parameter dependences are determined when
we reconstruct common inputs using RS and FS neurons with
the parameters m = 5, w = 500, and s = 50 (for details, refer
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T

FIG. 3. Influence of time delay t and embedding dimension m
on RMSE €£.

to Appendix A). Therefore, we adopt these parameters in the
following simulations.

2. Window size and reconstruction accuracy of the SRP method

Next we examine the relationship between the width of the
time window used to calculate the firing rates and reconstruc-
tion accuracy. In these examinations, we adopt CH neurons
and window widths w = 100 x 5' (i =0, 1, 2, and 3). The
other parameters are m = 5, T = 1, and s = 50.

As shown in Fig. 4, the reconstructed common inputs when
using 12500 (w = 100 x 5%) ms deviate from the original
common input [the black thick solid line in Fig. 4(b)]. From
these results, the RMSE & increases when we use a time
window that is too wide. Corresponding to these results, the
RMSE € is lower when we use the middle range of w, i.e.,
w = 500, as shown in Fig. 5. Similar tendencies are ob-
served when we used RS and FS neurons (for details, refer
to Sec. IV B).

To explore the causes of the loss of accuracy, we compare
the RPs used for the reconstructions of common inputs. Fig-
ure 6 illustrates the RPs when we use a time window width
of 100-12500 ms. As shown in Fig. 6(d), the main islands
in the RPs disappear in a time window of 12500 ms. The
disappeared areas correspond to the first 600 units, which are
the first 30000 ms in the timescale of the original common
input.

In these instances, the results demonstrate that the time
location of the first peak shifts forward by approximately
10000 ms, compared with the original input [the solid line
in Fig. 4(b)]. This may be caused by ignoring fluctuations, be-
cause the time window is wider when the initial decrease and
subsequent increase in firing rates occur. These results suggest
that we must set an appropriate time window width that is
narrower than the width of the fluctuations of the original
common input. As a technical constraint of the SRP method,
the length of the reconstructed time series is shortened to the
same length as the established time window. This is another
indication that relatively narrow time windows are necessary.

However, when using a time window that is too narrow
(w = 100), most of the pixels in the RP are filled with black
[Fig. 6(a)]. This indicates that the time window is too narrow
to detect the variations in states at each pixel (7, j) evaluated
by the Heaviside step function (neurons than CH neurons
are shown in Fig. 15 in Appendix B). Consequently, the
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FIG. 4. Reconstructed common inputs using uncoupled chattering neurons using (a) 100-2500 ms time windows and (b) a 12 500 ms time

window (rescaled for comparison).

reconstructed common input exhibits a distorted shape; thus,
the reconstruction accuracy is lower than that when using
w = 500 or 2500.

B. Case II: Different types of uncoupled neurons
1. Number of firings per window

In this case, we first examine whether the SRP method
could be used to reconstruct a common input using different

0.50
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0.30¢
w

0.201
0.10¢

0.00 .- : ‘
102 103 104
w

FIG. 5. Influences of window width w on RMSE &: w = 100 x
5'(i=0,1,2, and 3) were used.

types of neurons. We then explore the conditions under which
the SRP method is applicable.

To examine the effect of the window width w, which is
adopted for calculating the firing rates, on reconstruction ac-
curacy, we calculate £ by modulating the window widths. In
this examination, we use the RS, CH, and FS neurons and
window widths of 100 x 5 (i =0, 1, 2, and 3). The other
parameters are m = 5, T = 1, and s = 50.

The results consistently demonstrate that the £ between the
original and reconstructed common inputs are larger when
w = 12500 [Fig. 7(a)]. These results suggest that window
widths narrower than the fluctuations in the common input ex-
hibit better accuracy. However, the window width that yields
the minimum & varies according to the firing patterns: £ are
lowest when w = 2500 for RS neurons, w = 500 for CH
neurons, and w = 100 for FS neurons. These results suggest
that the number of neuron firings per window may influence
reconstruction accuracy because the baseline firing rates differ
among these three firing patterns.

Thus, to explore whether the number of spikes per window
influences the accuracy of the reconstructed common input,
we compare three different types of neurons (RS, FS, and
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FIG. 6. Variation of SRPs for chattering neurons depending on the width of the window: (a) w = 100, (b) w = 500, (c) w = 2500, and
(d) w = 12500. Each unit corresponds to 50 ms for i and j depending on the values of r. The parameter w represents the width of the time

window.

CH). Figure 7(b) shows the relationship between the number
of spikes per window and £. The results demonstrate that
the number of spikes per window is not proportional to &;
however, even 22.5 spikes per window exhibited by the RS
neurons realize the reconstruction of the common input with
good accuracy (€ < 0.075). Thus, in this case, the neurons fire
sufficiently to realize the reconstruction of the common input.

2. Combinations of different types of neurons

Next we compare three conditions. For the first condition,
we reconstruct a common input using a distributed mixture
of the three types of neurons, i.e., 27 RS (RS“)—RSm)), 27
CH (CH®-CH®#), and 27 FS (FS®»-FS®D) neurons (here-
inafter called the mixed-distributed condition). For the second

050 RS 3¢
CH —¢

0.40 AR A
0.30f

()
0.20f
0.10¢
0.00

100 10° 102 108
The number of spikes per window

(b)

FIG. 7. Relationship between (a) window width (w = 100, 500,
2500, and 12 500 ms) and RMSE £ and (b) the number of spikes per
window and RMSE €£. Regular spiking, chattering, and fast spiking
neurons were used.

condition, we reconstruct a common input using a centered
mixture of three types of neurons: 27 RS (RSZ®-RS®),
27 CH (CH®®-CH®Y), and 27 FS (FS®-FS®¥) neurons
(hereinafter called the mixed-centered condition). We com-
pare these results with the results obtained from 81 CH
(CHY-CH®Y) neurons reported in Sec. IV A as the control
conditions. For all these experiments, we use a 500 ms time
window.

If the accuracy of reconstruction depended on the range of
parameters regardless of neuron type, we would expect the
reconstructed common input to produce a smaller £ under the
mixed-distributed condition than under the mixed-centered
condition. By contrast, if the accuracy of reconstruction is
sensitive to the bifurcation of firing patterns, the opposite
result would be observed.

Figure 8 demonstrates the original common input and the
reconstructed common inputs under each of the above three
conditions. As shown in Fig. 9, we are able to reconstruct
the common input with high accuracy (£ = 0.051, i.e., 5.1%
error in terms of absolute value) when we use an assembly
of uniform neurons, i.e., CHP-CH®V, The accuracy is at
a similar level under the mixed-distributed (£ = 0.100) and
mixed-centered conditions (£ = 0.131).

3. The number of neurons

To examine the effect of the number of neurons on the
reconstruction accuracy, we calculate the £ by modulating the
number of RS, CH, and FS neurons. In these calculations,
we use central 37 (i = 1, 2, 3, and 4) neurons in the range
of parameters. For example, we use RS®Y-RS™D for three
neurons, RS®Y-RS“ for nine neurons, RS?’-RSG? for
27 neurons, and RSP-RS®D for 81 neurons. We use these
number of neurons to examine the other two firing patterns as
well.

As shown in Fig. 10, regarding RS neurons, £ de-
crease as the number of neurons increases. However, when
we use CH and FS neurons, the RMESs are approxi-
mately constant regardless of the number of neurons (for the
dependence of dimension, refer to Appendix C). The results
suggest that reconstruction accuracy depends mainly on firing
patterns rather than the number of neurons used to reconstruct
a common input.

Through the examination in case II, we confirm that com-
mon inputs can be reconstructed using the SRP method with
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FIG. 8. Reconstructed common inputs using different types of neurons with a 500 ms time window (rescaled for comparison).

various neurons. Moreover, reconstruction accuracy mainly
depends on the time window width and the firing patterns of
neurons used; however, the number of firings per window is
less influential. Even when we use various types of neurons
simultaneously with a small number of neurons, we can re-
construct a common input as well. Thus, neither the existence
of various types of neurons nor the use of a large number
of neurons is a prerequisite for reconstructing a common
input. If a constant input is applied to a nonchaotic neuron,
the output firing rate is also constant. Thus, the common
input reconstructed using the SRP method exhibits a constant
common input that will be trivial. Similarly, if none of the neu-
rons fire, the firing rate will constantly be indicated as zero.
Even given this theoretical consideration, the SRP method
accurately reconstructs the common input, yielding a constant
common input. However, in the case of no spikes, we cannot
discriminate between situations in which there are no common
inputs and those in which the intensity of the common inputs
is too weak to force the dynamics of the neurons. Hence, to
apply the SRP method, we postulate that common inputs must
possess a certain intensity to induce changes in the firing rates
of dynamical systems.

0.50¢
0.40}
0.307
[A)
0.20
m B
0.00—- : .
CH Mixed- Mixed-
Centered Distributed

FIG. 9. RMSE & between the original common input and the
reconstructed common inputs using various types of neurons.

C. Case III: Chaotic neurons

Chaotic neurons exhibit irregular firing patterns, yielding a
wider and richer variety of firing intervals than those achieved
by other types of neurons while receiving a common input.
However, the SRP method focuses on the increase and de-
crease in firing rates within a period rather than on the detailed
membrane dynamics of neurons. Therefore, we predict that
this method would be capable of reconstructing a common
input applied to chaotic neurons, although the £ may increase.

In this section we use the Izhikevich model with a
chaotic response to reconstruct a common input. While the
Izhikevich model with a chaotic response is biologically un-
realistic owing to its assumption of a large negative input,
this model can phenomenologically reproduce the firing of
a chaotic neuron. Thus, this model is useful for simulating
the collective behavior of uncoupled chaotic neurons. We
prepare 81 chaotic neuron models by changing the parameters
0.018 < a <£0.022 and 0.198 < b < 0.202 within a constant
interval of 0.0005 based on the Izhikevich model with a
chaotic response (a = 0.2, b=2, c = —56, and d = —16).
These models exhibit irregular firing patterns when they re-
ceive strong negative input. Thus, we rescale the common
input generated by the Duffing equation to the range of
—99 < I,(t) < —96, in which the neural models exhibit irreg-
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CH —¢
0.40¢ FS —O—
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0 10 20 30 40 50 60 70 80
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FIG. 10. RMSE € for each number of RS, CH, and FS neurons.
The RMSEs £ were calculated using 3° (i = 1, 2, 3, and 4).
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FIG. 11. Original common input and reconstructed common inputs using uncoupled chaotic neurons (rescaled for comparison). Recon-
structed common inputs used (a) a 100-2500 ms time window and (b) a 12 500 ms time window.

ular firings [17]. We then reconstruct the common input using
the firing rates of the 81 chaotic neuron models.

Figure 11 shows the original and reconstructed common
inputs for the chaotic neurons. These results demonstrate
that we are able to obtain the time series even when we
use an assembly of chaotic neurons. As predicted, the &
is larger (Fig. 12), which is three to four times as large
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FIG. 12. Influences of window width w on RMSE €& for neurons
with chaotic responses: w = 100 x 5 (i=0,1,2,and 3).

as the £ obtained when we use the other types of neu-
rons. However, the timings of peak amplitudes are precisely
detected when we use the 100-2500 ms time window
(Fig. 11).

In these cases, regarding the other time points, the ampli-
tude of the reconstructed common input deviates from that
of the original common input. Nonetheless, we find that the
trends, that is, the increase or decrease in the amplitude of
the reconstructed common inputs, correspond to the original
common input. These results suggest that the SRP method
is capable of reconstructing the variabilities of the common
input using neurons with chaotic responses, although the ex-
act amplitude cannot be reconstructed. For w = 12 500 ms,
however, the time location of the first peak shifts forward by
approximately 10000 ms compared with the original input,
which is similar to the results obtained from CH neurons
[Fig. 4(b)]. This may be due to the fact that the time window
is wider than the fluctuations in the common input.

Figure 13 shows the SRPs in the case of chaotic neurons
with the 100-12500 ms time window. The resulting SRPs
possess the features of the RP of the common input. For
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FIG. 13. Variation of SRPs for chaotic neurons in the case of changing the width of the window w: (a) w = 100, (b) w = 500, (c) w =

2500, and (d) w = 12 500.

w = 12500, similar to the SRP calculated using CH neurons,
the main islands in the SRP disappear. These results suggest
that the variations in the neuron’s chaotic responses in the
firing intervals are larger than those provided by the common
input; the firing rates cannot be determined only by the ampli-
tude of the common input because it increases and decreases
irregularly when compared to nonchaotic neurons.

V. DISCUSSION

When we use the SRP method, we are able to reconstruct
the common input applied to three cases: (i) uncoupled neu-
rons with small differences, (ii) three different assemblies of
neurons comprising three types of neurons, and (iii) chaotic
neurons. In the first case, the reconstructed common input
becomes more accurate when we use CH and FS neurons
with a 100-2500 ms time window. These neurons exhibit
higher firing rates, thus suggesting that the accuracy of the
reconstruction method depends on the number of firings oc-
curring within the time window. All three types of neurons
(RS, FS, and CH) fire frequently to reconstruct the common
input. We conclude that relatively narrow time windows are
necessary and that the aimed common input must possess a
certain intensity to induce changes in the firing rates.

In the second case, the reconstruction accuracy depends
on the types and number of neurons used. By changing the
number of neurons, that is, 3’ (i = 1, 2, 3, and 4), the number
of neurons is less influential in the reconstruction accuracy.
Therefore, the key condition is the shared information about
states in the state space that is represented as an SRP, and
we are able to reconstruct the unknown common input using
the firing rates obtained from only a few neurons when the
firing rates possess information from the original common
input. These results indicate that the accuracy is not directly
proportional to the number of neurons used in the SRP method
and that a wide range of model parameters is not necessary for
high accuracy; the accuracy is at a similar level when we use
three different mixtures of the three types of neurons.

Regarding the third case, the SRP method is also capa-
ble of reconstructing a common input time series using the
firing rates of neurons with chaotic responses. In particular,
the timing of the peaks in the reconstructed common input
corresponds to that of the original common input when we
use the 100-2500 ms time window. Therefore, we are able
to predict the peaks of an unknown common input based
on the reconstructed common input even when using chaotic

neurons, as long as we use a narrower time window compared
to the fluctuations of the common input. Moreover, this re-
sult suggests that we can predict the approximate trends of
the common input, although we cannot determine the exact
amplitude of the original common input owing to large errors.
A previous study [17] reported that RPs that use the firing
intervals of chaotic neurons cannot represent the information
of a common input. By contrast, the SRP method focuses on
the increase and decrease in firing rates rather than on detailed
firing patterns and timings. We are able to retain the time res-
olutions when we use overlapping time windows with small
intervals, for example, w = 500 and s = 50. In summary, de-
spite the irregular firing patterns of chaotic neurons, the SRP
method accurately predicted the timing of the peak amplitudes
and the approximate trends of the original common input.
The results may also be applicable to studies regarding
whole-brain communication among neurons because our re-
sults indicate that we could reconstruct a common input by
using a set of different types of neurons. The hypothesis that
a common input applied across several brain areas transmits
information utilizing rate coding is consistent with our re-
sults. Each neuron exhibits increased firing when receiving a
stronger common input, although the baseline firing numbers
varies depending on neuron characteristics. Small differences
in the firing times caused by the model parameters are crucial
for reconstructing a common input. These differences among
neurons cancel out the specific dynamics between neurons;
thus, only common features remain. One theoretical predic-
tion is that governance by a common input in the brain does
not require one-to-one correspondence between firings of lo-
cal neurons. Rather, collective firing features among neurons
are a key factor. More precisely, it may be necessary for
neurons to transit collectively into similar firing-rate states
by receiving a common input. In this study, such collective
transitions are quantified as the common features depicted in
the SRP, that is, the quantified neighboring states in the state
space. The assumption that neurons in the brain possess this
mechanism may be unrealistic. However, the results of this
study support our hypothesis that different types of neurons
retain information on commonly applied inputs in firing rates.
This information can serve as the basis for rate coding.
Enhancement of the working memory by common exter-
nal electrical inputs in certain brain areas [2] suggests that
widely distributed neurons can function consistently with-
out interfering with each other. If different types of neurons
retain commonly applied inputs, brain activities such as theta-
band waves [5] across different brain areas may contribute
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to whole-brain coordination. Therefore, our findings would
provide a perspective that connects different scales of brain
phenomena: (i) on a microscopic level, firing patterns of single
cells that receive common inputs, which are measured as
local field potential, and (2) on mesoscopic and macroscopic
levels, more global brain activities, which are measured as
an electroencephalogram. Thus, it will be an important future
perspective to study how higher-order cognition [2] emerges
from the firing patterns of neurons.

VI. CONCLUSION

In this study we investigated the reconstruction of locally
applied and more widely applied common inputs using the
output firing rates of uncoupled neurons. We demonstrated
that the SRP method could reconstruct a common input, even
when using chaotic neurons, although the accuracy was lower
than when other neuron types were used. When we select an
adequate time window for firing-rate calculations, the method
developed in this study can robustly reconstruct a common
input applied to systems that yield a variety of point processes.
Moreover, even combinations of different types of systems,
which had differences in firing rates of a magnitude of four to
seven times (15-20 spikes/s for RS and 80-138 spikes/s for
FS neurons), were also beneficial for reconstruction.

Neurons in the brain are generally subjected to dynamical
noise and membrane dynamics. Thus, it is an important future
issue to systematically investigate the effects of dynamical
noise on the reconstruction accuracy of the SRP method.

This reconstruction ability facilitates further application of
the SRP method. In addition to neuron-related applications,
this method may be applicable to a variety of systems that
yield a point process. Therefore, this method may contribute
to the reconstruction of a common input applied to multiple
nonlinear, possibly chaotic, dynamical systems, as well as to
the assembly of the simple mathematical models considered
in this study. We expect that in the future, the SRP method
will be widely applicable to the fields of biology, engineering,
and cognitive science [19].
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APPENDIX A: INFLUENCE OF DIMENSION m AND SHIFT
SIZE s ON RECONSTRUCTION ACCURACY
FOR RS AND FS NEURONS

To examine the parameter dependence, we first calculated
& by changing the shift size s to obtain firing rates and dimen-
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FIG. 14. Influence of embedding dimension m and shift size s on
RMSE € for (a) RS and (b) FS neurons. Regarding the results of FS
neurons, NA indicates that data are not available because common
inputs were not reconstructed when m = 4, 5, 6. For these parame-
ters, the primary lines disappeared in the SRPs for reconstruction.

sion m to transform the time series into states in a state space
(refer to the main text, Sec. Il D) using the RS (RSV-RS®D)
and FS (FSW-FS®V) neurons. In this examination, we used
7 =1 and w = 500 ms. As shown in Figs. 14(a) and 14(b),
& between the original and reconstructed common inputs be-
came larger when we used a shift size of more than 100 ms.
Contrary to this trend, £ were almost constant regardless of
the dimensions in each shift size. These trends were also found
when we used CH neurons (CH"—-CH®"), as shown in the
main text (Fig. 2).

APPENDIX B: RECURRENCE PLOTS USING
A NARROWER TIME WINDOW

For CH neurons, the £ was larger when we used a narrow
(w = 100) time window compared to using a wider time
window (w = 500). Nonetheless, for the FS neurons, the £
was the smallest under the condition that w = 100. To explore
the cause of this difference, we compared the SRPs of the
RS, CH, and FS neurons when using w = 100 (Fig. 15). The
SRP of the FS neurons was very similar to that of the original
common input. However, in other two PRs, most pixels were
filled with black. Hence, the lower £ for CH neurons would
be due to the small variations among the states corresponding
to each pixel. The time window would be too narrow to obtain
sufficient information on firing.
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FIG. 15. Variations of SRPs for (a) RS, (b) CH, and (c) FS
neurons using windows of w = 100.

APPENDIX C: DEPENDENCE OF DIMENSION
AND THE NUMBER OF NEURONS
ON RECONSTRUCTION ACCURACY

In the main text we also examined reconstruction accuracy
by modulating the number of neurons. Although the results
demonstrated that we can reconstruct a common input using
few neurons, the reconstruction accuracy may depend on the
dimensions as well.
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FIG. 16. RMSE €& for each number of neurons and dimension
with using (a) RS, (b) CH, and (c) FS neurons.

We then calculated £ by modulating the number of RS,
CH, and FS neurons. In this examination, we used T = 1 and
w = 500. As shown in Fig. 16, the RMSE £ were improved
when we used a large number of neurons. The improvement
was larger when RS neurons were used than when CH and
FS neurons were used. These results suggest that the recon-
struction accuracy depends on the firing patterns rather than
the dimensions or the number of neurons used. The results
shown in Fig. 10 in the main text were supported as well when
sufficiently higher dimensions (m > 5) are used.
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Abstract: Photoplethysmography is a widely used technique to noninvasively assess heart rate, blood
pressure, and oxygen saturation. This technique has considerable potential for further applications—
for example, in the field of physiological and mental health monitoring. However, advanced applica-
tions of photoplethysmography have been hampered by the lack of accurate and reliable methods
to analyze the characteristics of the complex nonlinear dynamics of photoplethysmograms. Meth-
ods of nonlinear time series analysis may be used to estimate the dynamical characteristics of the
photoplethysmogram, but they are highly influenced by the length of the time series, which is often
limited in practical photoplethysmography applications. The aim of this study was to evaluate the
error in the estimation of the dynamical characteristics of the photoplethysmogram associated with
the limited length of the time series. The dynamical properties were evaluated using recurrence
quantification analysis, and the estimation error was computed as a function of the length of the time
series. Results demonstrated that properties such as determinism and entropy can be estimated with
an error lower than 1% even for short photoplethysmogram recordings. Additionally, the lower limit
for the time series length to estimate the average prediction time was computed.

Keywords: photoplethysmogram; nonlinear dynamics; nonlinear time series analysis; data length
assessment

1. Introduction

Cardiovascular diseases (CVD), such as heart failure, stroke, and hypertension are the
leading cause of death worldwide [1]. It is recognized that accessible health monitoring and
early detection of CVD can be helpful in preventing and monitoring CVD. According to the
World Health Organization (WHO), over three quarters of CVD cases worldwide occur in
low- and middle-income countries [1], supporting the need for accessible, affordable health
monitoring systems. The photoplethysmogram (PPG) is a biological signal that has been
used for decades for health monitoring in clinical settings as well as in wearable devices.
Besides its main applications, which are the estimation of heart rate, respiration rate, blood
pressure, and oxygen saturation, PPGs are also used for vascular assessment, arterial disease
and state evaluation, sleep disorders studies, and other applications [2-5]. Moreover, a num-
ber of studies reported that the PPG is also applicable for mental health monitoring [6-11].
Thus, PPG can be used for mental stress identification [6-8] and early detection of depres-
sion [10], which is one of the mental disorders with various social and health consequences
recognized by the WHO as a leading cause of disability worldwide [12]; it is also applicable
for estimation of psychiatric patients” recovery [9]. Additionally, PPG was previously

Sensors 2022, 22, 5154. https:/ /doi.org/10.3390/s22145154
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applied for occupational physiological health monitoring [13-15]. In addition to its wide
applicability for health monitoring purposes, PPG technology is also simple and inexpen-
sive, and—as such—it has considerable potential for use in accessible, affordable mobile
health monitoring for prevention and early detection of disease, including CVD and men-
tal disorders.

Common PPG applications require basic signal processing and analysis, such as
contour analysis and time—frequency techniques [3,4,16-18]. Recent studies also employ
neural networks and deep learning to improve the assessment or prediction of physio-
logical states and parameters [19-21]. However, as the cardiac and respiratory dynamics
in general [22-24] and the PPG dynamics in particular are recognized as deterministic
chaos [9,25,26], alternative complex approaches may be required for extracting accurate
information on the physiological and mental health state, as follows from previous stud-
ies [9,27]. For example, nonlinear time series analysis of PPG dynamics was applied in
previous studies related to mental health monitoring [9-11].

There is considerable potential for extracting information about disease and health
status from the PPG dynamics by using advanced analysis methods. However, the applica-
bility of such analysis to the PPG might be limited due to the typically high measurement
noise and the presence of movement artifacts [24-26]. The measurement noise can be lim-
ited in clinical settings, as the measurement process and settings can be strictly controlled.
However, in case of measurements taken using wearable devices, both measurement noise
and movement artifacts can severely hamper the extraction of information from the PPG.
A common approach to address these issues involves noise filtering and motion artifact
reduction, which are typically included in modern PPG devices and enable accurate estima-
tion of heart rate, arterial oxygen saturation, etc. [28-32]. However, while filtering yields
improvement in the estimation of these common physiological parameters, it may alter
the PPG signal and affect its nonlinear dynamic features [33,34]. However, the majority of
studies on PPG filtration and movement artifact reduction do not take the preservation of
complex dynamics into consideration. As such, filtered signals can be efficiently used for
traditional PPG applications, but they are not suitable for advanced analysis—for example,
nonlinear time series analysis. As an alternate approach to limit the impact of noise and
movement artifacts, it is possible to use only high-quality short segments of the recorded
signal, as was done in [35]. Moreover, other advantages of using short signal segments
include a reduction in computational cost, the potential for a decrease in battery consump-
tion, and enabling real-time signal processing, all of which are particularly important in
wearable device applications. However, short signal length may limit the applicability of
nonlinear analysis and the accuracy of dynamic features estimates.

In studies involving the investigation of PPG dynamics, applied data length greatly
varies, such as 2.1 s [36], 100 s [9], 2 min [37], 3 min or longer [10], and 5 min [25,26]. To
the best of our knowledge, the applicability of nonlinear analysis methods to short PPG
recordings has not been systematically investigated. Among the different methods for
nonlinear time series analysis, recurrence plots, which visualize the signal dynamics as
a two-dimensional binary image, and the related quantification analysis can be used to
estimate the dynamical properties of time series [38,39]. Recurrence quantification analysis
(RQA) was applied to the PPG to assess the effect of filtering on PPG dynamics [33] as well
as in a data-driven study on hypertension from short PPG recordings [36]. However, in
the latter study, the effect of the short recordings on nonlinear analysis was not discussed.
Previous studies suggested that, in contrast to the majority of nonlinear time series analysis
methods, RQA applied to recurrence plots is not affected by the length and drift of the
data [40]. However, at the same time, for the RQA, it is generally known that longer
time series provide more precise estimates of the system’s dynamical properties [39,40],
as convergence of the RQA indexes is observed for sufficiently long time series. Overall,
based on various reports [40], it appears that depending on the data under investigation,
meaningful results might be achieved even when the time series length is recognized as
short, allowing us to surmise that properties of the short-recorded PPGs might be extracted
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by RQA. Overall, no study so far has investigated the minimum length of a time series
that can lead to reliable estimates of dynamical properties. Stated differently, the error
associated with the estimates of the dynamical properties for short PPG signals is unknown.

The aim of this paper is to assess the applicability of RQA to short PPG signals obtained
from healthy human subjects in reference environment, to investigate RQA indexes that
can be used to extract dynamical property information from short PPG signals, and to
estimate the minimum length of PPG time series necessary to keep the error below an
acceptable limit. As a result, it is found that by using RQA, minimal time series length
required for accurate dynamical property estimation can be elucidated, thus providing a
novel technique for designing data acquisition on one hand and assuring that RQA can be
applied for robust estimation of the determinism and complexity for short PPG recordings
on the other.

2. Data
2.1. Photoplethysmogram

Since PPG was introduced in 1937 [41], it has been widely used for heart rate monitor-
ing, and since then, the number of its applications has expanded [2,4,18]. PPG measurement
technology mainly relies on measurement by the photodetector of LED light reflected or
transmitted through the skin tissue. Green, red, and near-infrared (NIR) light are the most
commonly used light sources for PPG measurement. There are two main device setups
depending on whether the light is transmitted or reflected. PPG device with transmission-
type setup schematically shown in Figure 1 utilizes red and NIR light and is common
in hospital use, while reflection-type devices utilize green light sources and are mostly
applied in wearables due to the lower movement sensitivity of the green light PPGs and
their flexibility in measurement location [42,43].

w o

Figure 1. Conventional transmission PPG device setup.

2.2. Experimental Data

In this study, the widely used NIR PPG recordings were investigated. The measure-
ments were conducted at the Institute of Vegetable and Floriculture Science (NIVFS), NARO
in 2017-2018. The experiment protocol was approved by the NIVES ethical committee, and
all participants provided informed consent prior to the experiment. Data were collected
from 21-49-year-old participants in a relaxed sitting position inside an air-conditioned
room with a temperature of 25 °C. Measurements were conducted for 5 min and repeated
twice using a IWS920 (ILW. Technology Firm, Inc. Tokyo Devices) PPG recording device
with a sampling rate 409.6 Hz.

Participants were asked to evaluate their temperature and comfort perception based
on category scales for comfort and temperature sensation proposed in [44]. Before the
experiment, participants were asked to answer a questionnaire regarding personal history
of CVDs, gender, age, presence of sickness at the time of data collection, and lifestyle habits
such as smoking and sports activity. Only data from nonsmoking participants with no
history of CVDs and in good health condition who reported comfortable environmental
conditions were included in this study. As a result, a total of 30 datasets were used. An
example of a 60 s segment from one of the PPG recordings is shown in Figure 2.
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Figure 2. Example of a 60 s segment from a PPG recording.

Additionally, in many practical cases, lower-sampling-rate PPG data are used [45-47].
To broaden the applicability of this study, collected PPG recordings were two- and four-
times subsampled to generate sparse PPG time series.

2.3. Simulated Data

In the previous study [25] it was reported that the PPG dynamical properties show
certain similarities with the noise-induced chaotic Rossler model, such as single-band-like
reconstructed trajectory structure and predictability decay. Therefore, as a preliminary step,
before evaluating the RQA results as a function of the length of the PPG segment, we assess
the relationship between RQA results and segment length using the well-known chaotic
Rossler model, described as follows:

X=-y—z
j=x+ay,
z=b+z(x—c),

wherea =0.2,b=0.2, and c = 5.7 [48]. The Rossler model was numerically solved using
the fourth-order Runge-Kutta method with sampling rate of 1000 Hz. To imitate the
measurement noise, additive dynamical noise was introduced. On each iteration 7 of the
numerical solution method, noise was added to the solution x; using the following equation:
X; = x; + 07;, where 0 is the noise scaling coefficient, which varies from 0 (i.e., no noise)
to 0.5 in increments of 0.05; ; is the ith component of a fixed uniform random noise
vector; and X; is the input of the next iteration. For computational efficiency, the resulting
time series x was subsampled using a factor of five. Examples of the resulting time series
obtained using the original (6 = 0) and noisy (6 = 0.25) x time series are shown in Figure 3,
where the addition of dynamical noise affected the amplitude of the time series and created
additional fluctuations compared to the original time series.
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Figure 3. Examples of a segment of the original (blue dotted line) and noisy (red solid line) x time
series generated using the chaotic Rossler model.

3. Analysis
3.1. Time Delay Reconstruction

The time delay embedding method [49,50] is used in this study to enable nonlinear
analysis, as information on the trajectory dynamics in a phase space is needed. If a variable
time series {x;}!_; consisting of n observations is obtained, then the points of the time-
delay-reconstructed trajectory in an m-dimensional phase space can be calculated as in [24]:

X] = (xj/ xj+Tr xj+2‘(/ sy j+(m—])r>/

wherej=1,... ,N,N=n — (m — 1)T and 7 is a time lag. In this study, the reconstruction
dimension for the NIR PPG signal was set as m = 4 following [25], where the minimum
embedding dimension was estimated by the false nearest neighbors method [51], and the
time lag was defined as the time when the signal autocorrelation falls below 1/e [52]. It is
of note that there are various approaches to the choice of the time lag, and other types of
PPG signals may require adjustment of its value.

3.2. Recurrence Plot

The recurrence plot (RP) visualizes the dynamics of the system as a two-dimensional
binary image and is calculated using the following expression:

0 if XX > e
Rijle) = {1, if 1% — X <¢

wherei,j=1,..., N and ¢ is the threshold that defines the area where neighboring points
of the time-delay-reconstructed trajectory are searched. If the point X; is located within the
sphere centered in X; with radius ¢, then the (i, j)-pixel is included in the RP. In this study,

was equal to 10% of the reconstructed attractor size [40] defined by the maximum distance

between attractor points: = max || X; — Xj]|.
ij=1, ... N

3.3. Recurrence Quantification Analysis (RQA)

The RP visualizes the dynamical system as a two-dimensional image, and the dis-
played patterns depend on the system’s dynamics. However, RP represents a qualitative
description of the system’s dynamics. RQA [39] can be applied to extract, based on the

statistics of the RP, quantitative features to assess the dynamical system. In this study, the
following features were estimated:
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Determinism. Determinism (DET) is one of the most important properties of a dy-
namical system and defines whether the process can be expressed in the form of a system
of equations. Determinism can be estimated as:

N
Y, 1P(e, 1
DET — Zl_lmrn ( )

T IP(e 1)
where P(g, 1) is a histogram of diagonal lines of length ! defined as

N

-1
P(e,1) = Y (1—=Ri_1j-1(¢)) (1 = Rix1,j31(¢)) IH Riyrjrk(e),
=1 -0

and /i, is a given minimum length. Ideally, for deterministic time series, DET is equal to
unity, whereas it is lower than one when a limited number of samples are available, when
the signal includes noise, etc. Practically, values of DET > 0.9 can be considered as a sign of
determinism [53].

Trajectory divergence. In RQA, exponential trajectory divergence, which is an impor-
tant measure of the chaotic time series, can be defined as the inverse of the length of the
longest diagonal line (L;;4x) in the RP, expressed as:

Liyay = max({li}zﬁl)’

where Ny = Y. P(g, 1) is the total number of diagonal lines in the RP.
12D
Predictability. Short-term predictability—that, is the possibility to predict future
states of the signal based on past observations for a short time window—is an extremely
important property both theoretically and practically. The mean prediction time of the
dynamical system can be estimated by computing the average diagonal line length (L),
defined as

— Z:lI\lein ZP(S’l)

N
Z:l:l

Complexity. Entropy (ENTR) is frequently used in applied studies of RQA. ENTR esti-
mates the complexity of the RP with respect to the diagonal lines and can be calculated as:

P(e, 1)

min

ENTR = —

™=z

P p(1) Inp(l),

min

where p(l) = P(e,1)/N; is the estimated probability to find a diagonal line of length I in
the RP, and N is the number of diagonal lines.

3.4. Error Estimation

In this study, the lower limit of the length of the time series was determined by
considering the average time required for the original time-delay-reconstructed trajectory
to complete one turn on the time-delay-reconstructed attractor, hereinafter referred to as
“average cycle”. Specifically, the lower limit of the length of the time series was set as
the time required to complete 3-5 average cycles to ensure the presence of at least one
separated cycle fragment of trajectory in the neighborhood depending on the density
of the reconstructed attractor trajectories. The length of the time series (T) assumed to
lead to accurate estimates of the RQA features defined in Section 3.3 was defined as
over 100 average turns of the trajectory on the reconstructed attractor. A set of RPs were
computed, and RQA was performed for varying lengths of the time series. For each RQA
feature S, the relative error E; associated with the estimate of S using a time series of length /
with respect to the accurate measure obtained using a time series of length T was calculated
as follows [54]:
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E = |Si ;T5T|

x 100%.

4. Results
4.1. Rossler System

First, for the time series x of the original and noisy Rossler system defined in Section 2.3,
the time-delay-reconstructed attractor was obtained. Figure 4a,b shows the obtained attrac-
tors for the original and noisy time series, respectively. Then, the set of RPs was calculated
for varying length of the segments of the obtained trajectory of the attractor. The length
of the time series varied from 1500 data points (five average cycles) to 50,000 data points
(168 average cycles). For each length, 100 different segments were chosen on the attractor,
and corresponding RPs were calculated. Figure 4c,d shows the RPs corresponding to a length
of 10,000 points for the original and noisy trajectories shown in Figure 4a,b, respectively.

(a) (b)
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Figure 4. Reconstructed attractors from x time series of (a) original (¢ = 0) and (b) noisy (6 = 0.25)
Rossler systems and the resulting RPs (panels (c) and (d), respectively).

Figure 5 shows the relative errors of DET (a), Lyax (b), L (c), and ENTR (d) as a function
of noise level (f) and time series length, as averaged over 100 segments. Table 1 shows
four calculated RQA measures reference values for three levels of noise. Table 2 shows the
time series length corresponding to relative errors equal to 5% and 1% for three different
noise levels. A relative error lower than or equal to 1% is considered acceptable. Therefore,
the corresponding length can be used as a benchmark for the minimum length of the time
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series. Figure 6 shows detailed information of the length of the time series associated to
relative error below 5% and 1% for the four RQA features here computed.
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Figure 5. Relative error of the RQA features estimates as a function of length and noise level of

Rossler time series: (a) determinism, (b) maximal diagonal line length, (c) average diagonal line

length, and (d) entropy.

Table 1. Values of determinism, maximal diagonal line length, average diagonal line length, and

entropy obtained for long Rossler’s x time series for three different noise levels.

Noise Level, 6 DET Lyyax L ENTR
0 0.9992 3763.9 60.4329 4.6079
0.245 0.4138 7.52 2.3379 0.7544
0.5 0.0910 3.24 2.0455 0.1765
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Table 2. Time series length corresponding to relative errors equal to 5% and 1% in the estimates
of determinism, maximal diagonal line length, average diagonal line length, and entropy for three
different noise levels of the Rossler time series. The values highlighted indicate the lower limit of the
length of the time series required for accurately estimating the four features.

Noise Level, 6 E; DET Liax L ENTR
0 5% 1500 46,000 4000 10,500
1% 1500 48,500 16,000 26,000

0.245 5% 3000 36,500 2500 7500
1% 17,000 46,000 3500 30,000
0.5 5% 5000 41,500 11,000 42,000
1% 7000 47,000 13,500 43,500

xl(b‘ =———DET 5% = = DET 1% —l-m ‘5% - |.m . 1% ——L5% = = L1% ——ENTR5% — — ENTR 1%

52 T . T | 152.44

e m - - N
~N_7 "

-

137.19

121.95

106.71

91.46

76.22

average cycles

60.98

Time series length, points

45.73
A
30.49

15.24

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Figure 6. Length of the Rossler time series (left: in points, right: in average cycles) as a function
of the noise level corresponding to a relative error equal to 5% (solid line) and 1% (dashed line) in
the estimation of the determinism (red), maximal diagonal line length (blue), average diagonal line
length (magenta), and entropy (green).

4.2. Photoplethysmogram

Similarly to the Rossler system case described in Section 4.1, for each measured
PPG time series, the time-delay-reconstructed attractor was computed. Then, for each
reconstructed attractor, the set of RPs corresponding to the segment of the trajectory with
length from 3 to 152 average cycles was calculated (i.e., 2.4 s to 122 s). The length of the
average cycle was chosen, taking into account the physiological properties of the PPG
signal. Specifically, the average cycle was set at 0.8 s—that is, the average duration of the
cardiac cycle in an average healthy human subject [55]. Then, the RQA measures were
estimated from the obtained RPs. An example of the time-delay-reconstructed attractor
and the corresponding RP obtained from a 24.4 s-long PPG segment is shown in Figure 7.
Figure 8 shows the average relative error of the RQA feature estimates as a function of the
length of the time series. Table 3 summarizes the lower limits for the length of the time
series, which provides RQA feature estimates with relative errors below 5% and 1% for
time series with original and reduced sampling rates and reference RQA values for original
time series.
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Figure 7. An example of (a) time-delay-reconstructed attractor and (b) the resulting RP obtained
from one of the PPGs recorded in this study.
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Figure 8. Relative error of the RQA features estimates as a function of the length of the time series.
Table 3. Average values of the length of the time series corresponding to relative error below 5% and
1% and the reference RQA values.
Lower Time Series Length Limit, Average Cycles Reference
409.6 Hz 204.8 Hz 102.4 Hz RQA Values
E, 5% E;, 1% E,, 5% E;, 1% E,, 5% E;, 1% (409.6 Hz)
DET 3.05 3.05 3.05 3.05 3.05 3.05 0.998
Limax 144.82 149.39 143.38 150.28 143.39 150.25 49,859
L 65.55 131.10 64.19 132.79 64.02 133.02 144.38
ENTR 7.62 21.34 9.65 22.05 10.67 24.39 5.73
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5. Discussion

The main aim of this preliminary study was to evaluate the error associated with
RQA feature estimates as a function of the length of the PPG time series and to identify
recommended limits for the length of PPG recordings in order to keep the error below
acceptable levels (e.g., 1%). In this study, PPG recordings measured in healthy individuals
sitting comfortably in a relaxed position were used.

In addition, the relative error of RQA feature estimates was assessed for original
and noisy time series generated using the chaotic Rossler model. The distributions of the
relative error associated with the estimates of DET, Ly, L, and ENTR shown in Figure 5a—-d
indicate specific patterns associated with the different RQA features. As seen in Figure 5a,
accurate estimates of determinism can be achieved even for very short time series (e.g.,
1500 points). The lowest acceptable length of the time series increases with increasing
noise, as shown in Figures 5a and 6 and Table 2, but DET remains the feature requiring the
shortest time series length among the RQA features addressed in this study. It is of note
that with high levels of added noise, the time series cannot be considered deterministic, as
DET is significantly below 0.9 (Table 1).

The analysis of the error associated with the L;;;x showed that accurate estimates of
this feature—that is, the inverse of the divergence—cannot be achieved for short time series
(Figures 5b and 6), as L,y requires long time series, i.e., longer than 48,500 points, for
obtaining errors below 1%. It is of note that the average L,y value for original data (i.e.,
3763.9 points, Table 1) is significantly shorter than the used maximal time series length;
nevertheless, the resulting lower limit for time series length is compatible with the maximal
time series length used. Figures 5b and 6 and Table 2 also clearly demonstrated that in the
absence of noise, the lowest acceptable length of the time series is higher than that observed
with noisy data due to the fact that the presence of noise significantly shortens the length
of the maximal diagonal lines (Table 1).

The error patterns observed for L (Figure 5¢), which is an important measure character-
izing the average prediction time, show that the lowest acceptable length of the time series
is longer for original data, and it decreases with increasing noise (in the range 0.065-0.15)
due to the quick shortening of diagonal lines with noise induction (Table 1) while the
determinism is preserved, and then it steadily increases again for higher noise. A similar
pattern was observed for ENTR (Figures 5d and 6), which quantifies time series complexity,
(Figure 5d), suggesting that the observed trend attributed to high levels of noise disrupting
data determinism (Table 1).

Overall, the results observed for the original and noisy Rossler model time series
suggest that determinism can be accurately estimated even for short time series and that,
if the time series is deterministic (i.e., if noise is sufficiently low), L and ENTR can be
estimated accurately for substantially shorter time series than the reference length (i.e.,
50,000). Specifically, # < 0.2 time series with lengths above 25,000 points or 85 average
cycles provide acceptable estimates if an error limit equal to 1% is set, and shorter time
series could be used if higher errors are accepted (e.g., 10,000 points for 5% error limit).

The PPG signal inevitably contains a certain amount of measurement noise. The results
shown in Figure 8 and Table 3 show that, similarly to the noisy Rossler model, DET can be
correctly estimated even for very short lengths of PPG time series, specifically 1000 points
(3.05 average cycles or 2.44 s). The ENTR can be evaluated with error below 1% for 7000-
point (21.35 average cycles or 17.08 s) time series. For the estimates of L and L4y, longer
time series are required to reach error below 1%, specifically 43,000 (131.15 average cycles
or 104.92 s) and 49,120 (149.75 average cycles or 119.8 s), respectively. However, the L
lower limit of the time series almost reaches the maximal time series length, and the actual
Lyax value—unlike the results of the simulated data—is comparable with the maximal time
series length, thus making it inapplicable for short recordings of the investigated PPG type.

The observed relationships between the error associated with each RQA feature
estimate and the signal length, as reported in Figure 8, can be used to predict the average
error level in practical applications in which only limited segments of the PPG are available.



Ikeguchi Laboratory 2022(p. 30 / 213)

Sensors 2022, 22,5154 12 of 14

For example, if a 2.5 s PPG time series is available, accurate estimates of determinism can be
expected, and the estimates of ENTR will be associated with an error equal to approximately
12%, whereas for 3.8 s PPG time series, the estimates of ENTR are associated with an average
error lower than 5%; that may be a sufficiently low error in practical applications.

It is of note that the results presented in this study apply to the transmission-type
NIR PPG signals collected in the reference environment; therefore, further studies are re-
quired to confirm limited-time-series-length-related error in dynamical property estimation
using RQA for other types of PPG signals as well as for different experimental settings.
Additionally, it is expected that these results apply to the PPGs with lower sampling rates,
as seen in Table 3, where only minor changes in the time series length are observed for
subsampled PPG data. However, the significantly different sampling rate of the signal may
affect demonstrated results. Moreover, a more systematic investigation of the sampling
rate effect in comparison with reference data with a high sampling rate and sufficient time
series length is needed. Finally, an expansion of this study towards data whose trajectory
is directly filtered in the state space might be beneficial for various applications; such
noise reduction was reported to preserve nonlinear dynamical characteristics for heart rate
variability data [56].

6. Conclusions

The results of this study can support a deeper understanding of the accuracy of the
dynamical features estimated from experimental PPG time series of limited length in real-
world applications—for example, health monitoring using wearable devices. Specifically,
this study investigated the effect of the length of the time series on the accuracy of the
estimates of the RQA features estimated from NIR light-based PPG signals. As a result,
minimum requirements for the length of the PPG time series needed to obtain sufficiently
accurate estimates of the dynamical properties of the signal could be defined as relevant to
practical studies and experiment design.
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Abstract: Word co-occurrence networks (WCNs) are a major tool used to analyze languages
quantitatively. In a WCN, the vertices are words (morphemes), and the edges connect n
consecutive words in a sentence on the basis of the n-gram. Most studies use WCNs transformed
at n = 2. In this study, we investigated the changes in the structural features of WCNs when
n increases using four types of documents for eight languages. We found that WCNs with
n > 3 reflect features of the languages that do not appear when n = 2 and that some structural
features evaluated by network measures depend on the text data.

Key Words: language, word co-occurrence network, clustering coefficient, average shortest-
path length, case marker, the New Testament of the Christian Bible

1. Introduction

There exist at least 6,800 different languages in the world, and they have several commonalities and
differences. To evaluate these features of various languages, researchers have conducted quantitative
analyses of languages from the viewpoint of complex network theory recently [1-11]. These studies
mainly use a word co-occurrence network (WCN) or a syntactic dependency network (SDN). A WCN

is constructed by connecting vertices corresponding to n consecutive words in a sentence, based on
the n-gram. It is used for document classification and author classification because it captures the
stylistic attributes of text documents reasonably well [1-4]. On the other hand, an SDN is constructed
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by connecting vertices corresponding to words when syntactic dependencies exist between the words.
Although SDNs have the advantage of reflecting the grammatical structure and are often used to
analyze the differences in multiple languages [6], the construction algorithm of SDNs requires that
a dependency relationship exists between the words. In this sense, the cost of constructing SDNs is
higher than that of WCNs. On the other hand, recent researches on WCNs have revealed that WCNs
can reflect some characteristic features of multiple languages. For example, a comparison of WCNs
between Chinese and English revealed that both languages have small-world and scale-free properties,
with English having a smaller average shortest-path length and a larger clustering coefficient than
Chinese [7]. Additionally, a study conducted of six different languages demonstrated that the pairs of
French and Spanish, Russian and Arabic, and Chinese and English have similar structural features of
WCNs, and they are independent of their language families [8]. Furthermore, the local structure of
WCNs is likely to reflect the basic word order and functions of each word (morpheme) [9]. The results
of these studies suggest that WCNs can also capture the syntactic features of languages. However,
even though these studies have opened up the possibility that WCNs can be used to analyze the
syntactic features of multiple languages, these previous studies have investigated WCNs exclusively
with n = 2. Thus, the relationship between distant words, including dependency relationships, are
not included into WCNs with n = 2 [10,11].

In this study, to capture the syntactic dependency relations that are not reflected when n = 2,
we investigated WCNs with increasing n. This is because WCNs with n > 2 reflect the relationship
between distant words in sentences. Hence, the structural features of WCNs caused by increasing n are
thought to differ depending on the language, and we could find features of the languages that are not
apparent in WCNs when n = 2. On the other hand, increasing n may make WCNs more dependent
on the document content because word co-occurrence captures stylistic attributes [1-4]. Therefore,
we investigated the structural features of WCNs with increasing n from two perspectives: changes
in the structural features of the WCNs when n increases, and changes in the structural features of
WCNs created using different text data. To perform these analyses, we used four text datasets in
eight languages belonging to four different language families: the New Testament of the Christian
Bible, the United Nations (UN) proceedings, the Paris Agreement, and several novels.

2. Text data

Our datasets consisted of eight different languages classified into four language families: Indo-European
(Greek, English, German, French, and Russian), Uralic (Finnish), Japanese, and Sino-Tibetan (Chi-
nese). We analyzed four types of text documents (see (i)—(iv) below) to investigate whether the
features of the document content influence the structural features of WCNs.

Our main dataset was (i) the New Testament of the Christian Bible [12]: Gospels of Matthew,
Mark, Luke, and John. The New Testament of the Christian Bible is a useful dataset for multiple
language analyses because biblical texts have various translations, and we can analyze text data with
the same document content across different languages.

To assess whether the features of the document contents affect the structural features of WCNs,
we additionally used (ii) “Implementation of the outcome of the World Summit for Social Develop-
ment and of the twenty-fourth special session of the General Assembly” (IMP) and “Policies and
programmes involving youth” (POL) in the UN proceedings [15], and (iii) “REGULATION (EC) No.
561/2006 OF THE EUROPEAN PARLIAMENT AND OF THE COUNCIL” (REPC) [16] in the
Paris Agreement, which describe the same textual contents using different languages. Note that they
have several footnotes written in different languages from that of the main text and we thus deleted
all the footnotes.

To compare datasets (i)—(iii) to documents with the different textual contents, we also used (iv)
novels obtained from the website “Aozora bunko” [13] in Japanese and “Project Gutenberg” [14] in
other languages, which are the same documents used in [9]. Table I summarizes the basic information
of the datasets for text documents (i)—(iv).
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Table I. Summary of datasets. (i) The New Testament of the Christian
Bible, (ii) the UN proceedings, (iii) the Paris Agreement, and (iv) novels.
Double circles ((©) denote a document translated into two versions, circles (O)
denote a document translated into a single language, and crosses (x) denote
no documents translated into any languages.

Language family Indo-European Uralic  Japanese Sino-Tibetan
Language Greek English  German French Russian Finnish  Japanese Chinese
Matthew © O
Q) Mark
Luke
John
TMD(2011)
TMP(2016)
(if) TMP(2018)
POL(2019/10/09)
POL(2019/07/16)
(i) REPC
The Baskervilles
The Pictures of Dorian Gray
Gulliver’s Travels
(iv) La Mer
The Adventure of Tom Sawyer
Treasure Island
The Windmill
A Christmas Carol

©
0
Q0
Q0

QC x| x|GA0 x|100CCCOeEeEE
O x|O x| x|O x| x |Of x| x| x| x| x |©©@©@I©)

x| x| x| x| x| x| x| x|O] x| x| x| x| x |©)©)|©)

x| x| x| x| x| x| x| x [ QI TOOO|TO

cocoorieeeeeeeeco0
O X000 x| x|x| x| x| x|dololad)
x| x| x| x| x| x| x| x|ojdoclocad)
OO x|adolof x| x| x| x| x[clod

3. Method

First, we divided a sentence into a prototype of words and obtained their parts of speech (PoSs)
by using morphological analysis tools: Mecab [17] for Japanese, Tree-tagger [18] for Chinese, and
RNN-tagger [19] for other languages. Then, we treated the pair of the prototype and its PoS as a

vertex in a WCN. By assigning PoS attributes to the vertices, we can distinguish between homonyms.
Next, we created unweighted and undirected WCNs with n = 2,3,--- ,8. This is because the average
length of a sentence in our datasets is 6.33 words and thus it would be sufficient to set n = 8. In
the WCNSs, vertices are words and n successive words in at least one sentence are connected to each
other, where a word (morpheme) is a sole distinct conceptual unit in each language in this study
and each vertex uniquely corresponds to each word. Here, two conditions must be satisfied: edges
crossing punctuation are not allowed; and punctuation marks, half-punctuation marks, and symbols
are excluded.

If a WCN transformed from a document is split into two or more subnetworks by this method, we
used the largest connected subnetwork as an analysis target. This is because the largest connected
subnetwork is incomparably larger than the others in many cases. Therefore, the largest connected
subnetwork is essential for capturing the characteristics of the co-occurrence relations of words in
sentences that are the subject of our analysis. Figure 1 shows an example of transforming documents
into a WCN with n =2, 3, 4.

a - B) e < T
( ) m ( ) Now after____Jesus____"be ____ _bear__ "in Bethlehem of

Now” =2after Jesus be bear in Bethlehem RB IN NNP VBD VBN IN NNP IN
RB IN NNP_-VBD VBN IN NNP Judea
~— NNP

King the day
= — NN DT
of Judea in the day of Herod the King |, -3 — and —
IN NNP IN DT NNS IN NNP DT NN n=2o.
n=4. — and — and —

Fig. 1. Example of transforming a sentence into a WCN. (a) Prototype of
words in an original sentence of the Gospel of Matthew and (b) WCNs created
from the sentence in (a) asn = 2, 3, 4. The upper part of each vertex expresses
a prototype of the word and the lower part expresses the PoS tag [20].

4. Results and discussion

We calculated six measures: the total number of words; the number of vertices; the density defined by
2E/N(N —1), where N is the number of vertices and F is the number of edges; the triangle clustering
coefficient (C3) [21]; the square clustering coefficient (Cy4) [22]; and the average shortest-path length
(L) [21]. The frequency of connected subgraphs with three and four vertices are measured by Cj

and Cy, which are useful for quantifying the local structural characteristics of the network. The
average shortest-path length between two vertices quantifies the global structural characteristics of
the network.
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Fig. 2. (a) Relationship between the total number of words and the number

of vertices; (b)—(e) the density of each WCN when n increases.

Figure 2(a) show that the total number of words and the number of vertices in WCNs are linearly
correlated. In other words, the number of vertices in WCNs depends on the total number of words in
the text data.

Figure 2(b)—(e) shows that the density of WCNs increases with n but the rate of increase of the
density slows as n increases. One of the reasons why the rate of increase of the number of edges
decreases is that overlapping connections between words appear with increasing n.

From Fig. 2, the density is almost inversely proportional to the number of vertices in all the text
datasets. This is because the total number of possible edges (;C3) becomes larger in the order of N?2
depending on the number of vertices. Hence, when the number of words is large, the WCN becomes
sparse. These results suggest that the number of vertices and the densities depend on the total number
of words in the document. Thus, the structural features of the WCNs may differ for each set of text
data as n increases because the total number of words in the four text documents used in this study
differ.

Next, we calculated C3, Cy, and L to investigate the changes in the structural features of the WCNs
as n varies. Figure 3 shows the results of C5, Cy, and L. Note that the values of C3, C4, and L are
normalized by the corresponding average values of Cs, Cy, and L obtained from 500 random networks
created by randomly rewiring the edges in the original WCN such that the degrees of the vertices are
preserved.

UN proceedings
(b)

New Testament Paris Agreement Novels

(c)

(a)

Mark

Luke

John
IMP(2011)
IMP(2016)
IMP(2018)
POL(10)

Baskervilles
DorianGray
Gulliver
LaMer
TomSawyer
Treasure
Windmill

‘masCarol

Greek —5—

English %

German
French
Russian
Finnish
Japanese
Chinese

2

2
W

A A A 2
PR %

The number of connected words

3 Y

2
R >

3 22,2 A A A 2 22 2 2 A 2
' 3 PR PARRRRD

The number of connected words

BRI

The number of connected words
Fig. 3. Network measures: (a)-(d) triangle clustering coefficient; (e)—(h)
square clustering coefficient; and (i)—(1) average shortest-path length.

The number of connected words

Figure 3(a)—(d) shows that the value of C3 increases for all languages when n increases from two
to three. This is because three consecutive words inevitably form a triangle when n = 3. However,
we found that the WCNs of Japanese (red) and Finnish (green) have different structural features
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from those of the other languages; the rate of increase of Cs in these two languages is higher than
that in other languages. For example, the value of C3 of Japanese increases from 0.45 to 1.42, and
that of Finnish increases from 1.26 to 4.38 in the Gospel of Matthew. These two languages have rich
case markers; for example, case particles in Japanese that attach to nouns and thereby determine
the meanings of sentences. This means that two words separated by a case marker when n = 2 is
connected when n = 3. On the other hand, when n > 3, the values of C5 for each language remain
almost unchanged.

In Fig. 3(a)—(d), the value of C5 changes little regardless of the text data even when n increases.
In other words, the value of C5 does not change regardless of whether the WCNs are sparse or dense
(Fig. 2(b)-(c)).

Figure 3(e)—(h) shows that the value of Cy increases for all languages when n increases from three
to four. This is because four consecutive words inevitably form a square with each other when n = 4.
Additionally, we found that the values of C4 show different tendencies between Japanese and Finnish
as well as the values of C'3, which indicates that Japanese and Finnish can be distinguished.

Comparing Fig. 3(e)—(h), we found that the values of Cy are significantly different between the text
documents. This result suggests that C4 is more sensitive to differences in document content than
C3. The results imply that Cy of WCNs with n > 2 is likely to reflect the intrinsic features of each
text rather than grammatical characteristics. On the other hand, we found that although the values
of Cy vary with the document content, the rank order of the value of C} of each language remains
unchanged in each text data. This reveals that it is important to analyze WCNs created from text
data with the same document content when comparing the structural features of WCNs by Cj.

Figure 3(i)—(1) shows that the values of L approach approximately unity as n increases. This is
because the shortcuts on WCNs increase as n increases. Furthermore, the change in the value of L of
Japanese (red) is larger than other languages when n increases from two to three while that of Finnish
(green) is almost the same as the other languages. Thus, we determined that there is a difference in
the rate of increase of the value of L as n increases, even while we can capture a common feature that
the value of L in Japanese and Finnish is high with n = 2. In other words, these results also indicate
that we can distinguish Japanese and Finnish by the change in the value of L when n increases.

From Fig. 3(i)—(1), we can see that the values and ranges of L are almost independent of the
document content. Therefore, the value of L changes little regardless of the text data even when n
increases.

5. Conclusion

We investigated the structural features of WCNs created from four types of documents for eight
languages when n increases. Our results are twofold. First, WCNs with n > 3 reflect the features

of languages that do not appear when n = 2. For example, C3 and L obtained from WCNs with
n > 3 can reflect the features of the case markers of Japanese and Finnish. Second, some values of
the network measures depend on the text data: the number of words, the number of vertices, the
density, and C4 depend on the text data. By contrast, C's and L apparently are independent of the
text data in terms of the rank order of their values. Hence, document content affects the structural
features of WCNs. Consequently, an important future aspect of our work is to investigate how our
results change when WCNs are constructed from various types of documents. These results suggest
that language analysis based on WCNs with increasing numbers of connected words is a promising
approach toward revealing the common and distinctive features of multiple languages. Therefore,
this study contributes to the understanding of the commonalities and differences between languages.
Nevertheless, there is a possibility that these results might change depending on the morphological
analysis tools employed. Thus, it is important to investigate the robustness of our results against
changes in the morphological analysis tools.

In our future work, it will be necessary to focus on the PoS and to examine the relationship be-
tween the PoSs and the structural features of WCNs when n increases. In particular, the PoSs may
significantly affect the structural features of WCNs created from languages with rich case markers,
such as Japanese and Finnish. This is because two words separated by a case marker are connected
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when n increases. Hence, by analyzing the structural features of WCNs when n is increased from
the perspective of the PoS, we can clarify the differences in the components of WCNs in each lan-
guage. This future work will be able to ascertain the robustness of the WCN to adequately capture
grammatical structures.

This work was supported by JSPS KAKENHI Grant Numbers JP18K12701, JP20H00596, JP21H03
514 and JP21H03508.
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Abstract: In bicycle sharing systems (BSSs), developing effective strategies for rebalancing
bicycles in real BSS require building realistic benchmark instances from the actual usage his-
tory of rented and returned bicycles. Thus, in this study, we analyzed real BSSs in Boston;
Washington, D.C.; New York; and Chicago. First, we investigated whether excess and lack of
bicycles were generated for the four BSSs and found that excess and lack of bicycles existed
for all BSSs. Next, to determine the temporal patterns of rented and returned BSSs bicycles,
we treated the usage history data of rental and return timings as a point process. To analyze
the point process data, we used a raster plot, the coefficient of variation (Cy) and the local
variation (Ly) of the inter-event-intervals (IEIs) for the rental and return timings. The results
of Ly suggested that the statistical characteristics of the temporal patterns of events of rented
and returned bicycles among the four BSSs were similar for both weekdays and weekends, and
for daytime (8:00-20:59) and all day (24h). The results also suggested that the statistical char-
acteristics of the temporal patterns of events of rented and returned bicycles in New York follow
the Poisson process and those in the other cities (Boston, Washington, D.C., and Chicago) did
not necessary follow the Poisson process.

Key Words: bicycle sharing system, point process, usage history data

1. Introduction
Bicycle sharing systems (BSSs) have become a celebrated public transport system, because they are

more convenient than conventional public transport system and can reduce CO2 emissions [1] and
traffic congestion. A BSS is a system comprising many ports and bicycles installed in a city. Users can
rent and return bicycles from any port, and do not have to return their bicycles to the same port from
which they originally rented them. Then, users typically take BSS bicycles in one direction, which
makes the number of bicycles at each port unbalanced. To overcome this problem, capacitated vehicles
are need