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本日の内容
埼玉大学 工学部 情報システム工学科 開講科目

1年生前期 必修「情報システム工学入門」
3年生前期 指定選択「非線形システム概論」
3年生後期 指定選択「生体情報工学」
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大学授業体験講座版
少し簡単にしてあります．

2



Stanley Milgram (アメリカの心理学者)
[仮説]
世界が知人関係からなるネットワークと考えると，
世界はある意味で小さい．
手紙渡しの実験

Wichita(Kansas)→Boston (MA)
Omaha (Nebraska)→Boston (MA)

ある実験
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Milgram の実験
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Milgram の実験

4

最初の人

目標人物

目標人物を知っていたら，直接手紙を送って良い．
目標人物を知らない場合，直接連絡をとらずに，　　　
自分よりも目標人物を知っていそうな人に送付．
(注)「知っている」＝「ファーストネームで呼び合う程度」
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最初の人

目標人物

目標人物を知っていたら，直接手紙を送って良い．
目標人物を知らない場合，直接連絡をとらずに，　　　
自分よりも目標人物を知っていそうな人に送付．
(注)「知っている」＝「ファーストネームで呼び合う程度」

手紙が目標人物に届くためには
平均何人必要だったでしょう？



驚くべき結果
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S. Milgram: “The Small-World Problem,” Psychology Today, 
Vol.1, pp.61-67, 1967
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6次の隔たり
Six Degrees of
Separation



Six Degrees of Separation
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ケビン・ベーコン・ゲーム

8

俳優の共演関係
ケビン・ベーコン(KB)のベーコン数は0

KBと共演した俳優のベーコン数は1

KBと共演した俳優と共演した俳優の　　　　　
ベーコン数は2

http://oracleofbacon.org/
例: ジョージ・クルーニー

The Oracle says: George Clooney has a 
Bacon number of 2.
George Clooney was in O Brother, Where 
Art Thou? (2000) with John Goodman (I). 
John Goodman (I) was in Death Sentence 
(2007) with Kevin Bacon.

http://oracleofbacon.org
http://oracleofbacon.org
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ベーコン数の分布

9

ベーコン数 俳優数 累積

0 1 1 0.0001%
1 2,156 2,157 0.2195%
2 209,477 211,634 21.538%
3 620,848 832,482 84.724%
4 140,656 973,138 99.038%
5 8,573 981,711 99.911%
6 767 982,478 99.989%
7 102 982,580 99.999%
8 6 982,586 100.0%

Average 2.946 982586

From http://oracleofbacon.org/ on 08 Nov 2008
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現実のネットワークは…

11

なぜ，これほどまでに狭いのか？
6次の隔たり(手紙渡しの実験)
ベーコン数の平均値 2.946

注意
6や2.946の数字自体に意味はない　　　　　　　　　　
→ネットワークサイズに比べて小さいことが重要．
WWWの場合平均19(クリック)と言われている．
誰が中心かも関係ない！(ケビン・ベーコン以外)

- マリリン・モンロー 数
- アンジェリーナ・ジョリー 数
- 米倉涼子 数
- 宮崎あおい 数
- 福山雅治 数
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現実世界のネットワークには
構造的な特徴はあるのだろうか？
もしあるとしたら，どのような特徴だろうか？
それはどのように形成されるのだろうか？
このようなことを考えると何が解決できるのか？

12

グラフ理論
(Graph theory)
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グラフ理論から複雑ネットワークへ
純粋数学の一分野 (1736年以降)

Euler, Cauchy, Hamilton, Cayley, Kirchho! ...→規則的なネットワーク
Erdös, Rényi (1950年代) → ランダムネットワーク

応用への広がり(1998年以降)
Watts, Strogatz (1998)→スモールワールドネットワーク
Barabási, Albert (1999)→スケールフリーネットワーク
グラフ (graph)とは？
繋がりを，頂点 (vertex) と枝 (edge) で表現．
- 例えば，人が頂点，友人関係は枝
人と友人関係に限らず，いろいろなネットワークにおけ
る繋がりを抽象化したもの．
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Eulerの方法

15

Eulerは，右のような
グラフを用いて(抽象化)
この問題には解が
ないことを証明した



規則的なグラフの例
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現実世界のネットワークは？

20

L LR L/LR C CR C/CR

小さな世界？ 友達と友達は友達？

映画俳優 3.65 2.99 1.22 0.79 0.0003 2926.0
送電網 18.7 12.4 1.51 0.080 0.005 16.0
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com

PowerLawDistribution of NodeLinkages

~

L
. ~~

~ '

0 0 QJ

Z zCij
""'0

0 0 If)

~ ~ 011

~ ~~
E E~
:::J. :::J
Z Z

Number of Links Number of Links (log scale)

Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.

Scale-FreeNetwork

BellCurve ~istribution of NodeLinkages

If)
QJ
-c
0
Z

'0
c;;
..c
E
:::J
Z

Number of Links

~
~

;;:
'"
~

Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMVERSUSSCALE-FREENETWORKS I

RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."

www.sciam.com
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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RANDOMNETWORKS,which resemble the U.S.highway system

(simplified in left map), consist of nodes with randomly placed
connections. In such systems, a plot of the distribution of node

linkages will follow a bell-shaped curve (left graph), with most

nodes having approximately the same number of links.

In contrast, scale-free networks, which resemble,the U.S.

airline system (simplified in right map). contain hubs [red)-

RandomNetwork

nodes with a very high number of links. In such networks, the

distribution of node linkages follows a power law [center graph)

in that most nodes have just a few connections and some have

a tremendous number of links. In that sense, the system has no

"scale." The defining characteristic of such networks is that the

distribution of links, if plotted on a double-logarithmic scale

[right graph), results in a straight line.
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Specifically, a power law does not have a

peak, as a bell curve does, but is instead de-

scribed by a continuously decreasing func-

tion. When plotted on a double-logarith-

mic scale, a power law is a straight line

[see illustration above]. In contrast to the
democratic distribution of links seen in

random networks, power laws describe

systems in which a few hubs, such as Ya-

hoo and Google, dominate.

Hubs are simply forbidden in random

networks. When we began to map the

Web, we expected the nodes to follow a

bell-shaped distribution, as do people's

heights. Instead we discovered certain

nodes that defied explanation, almost as

if we had stumbled on a significant num-

ber of people who were 100 feet tall, thus

prompting us to coin the term" scale-free."
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Scale-Free Networks Abound

OVER THE PAST several years, re-
searchers have uncovered scale-free struc"

tures in a stunning range of systems.

When we studied the World Wide Web,
we looked at the virtual network of Web

pages connected to one another by hy-

perlinks. In contrast, .ty1ichalisFaloutsos

of the University of California at River-

side, Petros Falotitsos of theUniversity of
Toronto arid Christos Faloutsos of Car-

negie MelloQ Uq~versity .analyzed tbe

physical structure of the Internet. These

three computer-scientist brothers investi-

gated the routers connected by optical or
other communications lines and found

that the topology of that network, too, is
scale-free.

Researchers have also discovered that

some social networks are scale-free. A col-

laboration between scientists from Boston

University and Stockholm University, for

instance, has shown that a netWork of

sexual relationships among people in

Sweden followed a poWer law: although

most individuals had only a few sexual

partners during their lifetime, a few (the

hubs) had hundreds. A recent study led

by Stefan Bornholdt of the University of

Kiel in Germany concluded that the net-

work of people connected bye-mail is

likewise scahfree. Sidney Redner of

Boston University demonstrated that the

network of scientific papers, connected

by citations, follows a power law as well.

And Mark Newman of the University of

Michigan at Ann Arbor examined col-

laborations among scientists in several
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ing systems form a huge genetic network
whose vertices are proteins and genes, the
chemical interactions between them repre-
senting edges (2). At a different organization-
al level, a large network is formed by the
nervous system, whose vertices are the nerve
cells, connected by axons (3). But equally
complex networks occur in social science,
where vertices are individuals or organiza-
tions and the edges are the social interactions
between them (4), or in the World Wide Web
(WWW), whose vertices are HTML docu-
ments connected by links pointing from one
page to another (5, 6). Because of their large
size and the complexity of their interactions,
the topology of these networks is largely
unknown.

Traditionally, networks of complex topol-
ogy have been described with the random
graph theory of Erdős and Rényi (ER) (7),
but in the absence of data on large networks,
the predictions of the ER theory were rarely
tested in the real world. However, driven by
the computerization of data acquisition, such
topological information is increasingly avail-
able, raising the possibility of understanding
the dynamical and topological stability of
large networks.

Here we report on the existence of a high
degree of self-organization characterizing the
large-scale properties of complex networks.
Exploring several large databases describing
the topology of large networks that span
fields as diverse as the WWW or citation
patterns in science, we show that, indepen-
dent of the system and the identity of its
constituents, the probability P(k) that a ver-
tex in the network interacts with k other
vertices decays as a power law, following
P(k) ! k"#. This result indicates that large
networks self-organize into a scale-free state,
a feature unpredicted by all existing random
network models. To explain the origin of this
scale invariance, we show that existing net-
work models fail to incorporate growth and
preferential attachment, two key features of
real networks. Using a model incorporating

these two ingredients, we show that they are
responsible for the power-law scaling ob-
served in real networks. Finally, we argue
that these ingredients play an easily identifi-
able and important role in the formation of
many complex systems, which implies that
our results are relevant to a large class of
networks observed in nature.

Although there are many systems that
form complex networks, detailed topological
data is available for only a few. The collab-
oration graph of movie actors represents a
well-documented example of a social net-
work. Each actor is represented by a vertex,
two actors being connected if they were cast
together in the same movie. The probability
that an actor has k links (characterizing his or
her popularity) has a power-law tail for large
k, following P(k) ! k"#actor, where #actor $
2.3 % 0.1 (Fig. 1A). A more complex net-
work with over 800 million vertices (8) is the
WWW, where a vertex is a document and the
edges are the links pointing from one docu-
ment to another. The topology of this graph
determines the Web’s connectivity and, con-
sequently, our effectiveness in locating infor-
mation on the WWW (5). Information about
P(k) can be obtained using robots (6), indi-
cating that the probability that k documents
point to a certain Web page follows a power
law, with #www $ 2.1 % 0.1 (Fig. 1B) (9). A
network whose topology reflects the histori-
cal patterns of urban and industrial develop-
ment is the electrical power grid of the west-
ern United States, the vertices being genera-
tors, transformers, and substations and the
edges being to the high-voltage transmission
lines between them (10). Because of the rel-
atively modest size of the network, contain-
ing only 4941 vertices, the scaling region is
less prominent but is nevertheless approxi-
mated by a power law with an exponent
#power ! 4 (Fig. 1C). Finally, a rather large
complex network is formed by the citation
patterns of the scientific publications, the ver-
tices being papers published in refereed jour-
nals and the edges being links to the articles

cited in a paper. Recently Redner (11) has
shown that the probability that a paper is
cited k times (representing the connectivity of
a paper within the network) follows a power
law with exponent #cite $ 3.

The above examples (12) demonstrate that
many large random networks share the com-
mon feature that the distribution of their local
connectivity is free of scale, following a power
law for large k with an exponent # between
2.1 and 4, which is unexpected within the
framework of the existing network models.
The random graph model of ER (7) assumes
that we start with N vertices and connect each
pair of vertices with probability p. In the
model, the probability that a vertex has k
edges follows a Poisson distribution P(k) $
e"&&k/k!, where

& ! N"N " 1

k
#pk'1 " p(N"1"k

In the small-world model recently intro-
duced by Watts and Strogatz (WS) (10), N
vertices form a one-dimensional lattice,
each vertex being connected to its two
nearest and next-nearest neighbors. With
probability p, each edge is reconnected to a
vertex chosen at random. The long-range
connections generated by this process de-
crease the distance between the vertices,
leading to a small-world phenomenon (13),
often referred to as six degrees of separa-
tion (14 ). For p $ 0, the probability distri-
bution of the connectivities is P(k) $ )(k "
z), where z is the coordination number in
the lattice; whereas for finite p, P(k) still
peaks around z, but it gets broader (15). A
common feature of the ER and WS models
is that the probability of finding a highly
connected vertex (that is, a large k) decreas-
es exponentially with k; thus, vertices with
large connectivity are practically absent. In
contrast, the power-law tail characterizing
P(k) for the networks studied indicates that
highly connected (large k) vertices have a
large chance of occurring, dominating the
connectivity.

There are two generic aspects of real net-
works that are not incorporated in these mod-
els. First, both models assume that we start
with a fixed number (N) of vertices that are
then randomly connected (ER model), or re-
connected (WS model), without modifying
N. In contrast, most real world networks are
open and they form by the continuous addi-
tion of new vertices to the system, thus the
number of vertices N increases throughout
the lifetime of the network. For example, the
actor network grows by the addition of new
actors to the system, the WWW grows expo-
nentially over time by the addition of new
Web pages (8), and the research literature
constantly grows by the publication of new
papers. Consequently, a common feature of

Fig. 1. The distribution function of connectivities for various large networks. (A) Actor collaboration
graph with N $ 212,250 vertices and average connectivity *k+ $ 28.78. (B) WWW, N $
325,729, *k+ $ 5.46 (6). (C) Power grid data, N $ 4941, *k+ $ 2.67. The dashed lines have
slopes (A) #actor $ 2.3, (B) #www $ 2.1 and (C) #power $ 4.
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ing systems form a huge genetic network
whose vertices are proteins and genes, the
chemical interactions between them repre-
senting edges (2). At a different organization-
al level, a large network is formed by the
nervous system, whose vertices are the nerve
cells, connected by axons (3). But equally
complex networks occur in social science,
where vertices are individuals or organiza-
tions and the edges are the social interactions
between them (4), or in the World Wide Web
(WWW), whose vertices are HTML docu-
ments connected by links pointing from one
page to another (5, 6). Because of their large
size and the complexity of their interactions,
the topology of these networks is largely
unknown.

Traditionally, networks of complex topol-
ogy have been described with the random
graph theory of Erdős and Rényi (ER) (7),
but in the absence of data on large networks,
the predictions of the ER theory were rarely
tested in the real world. However, driven by
the computerization of data acquisition, such
topological information is increasingly avail-
able, raising the possibility of understanding
the dynamical and topological stability of
large networks.

Here we report on the existence of a high
degree of self-organization characterizing the
large-scale properties of complex networks.
Exploring several large databases describing
the topology of large networks that span
fields as diverse as the WWW or citation
patterns in science, we show that, indepen-
dent of the system and the identity of its
constituents, the probability P(k) that a ver-
tex in the network interacts with k other
vertices decays as a power law, following
P(k) ! k"#. This result indicates that large
networks self-organize into a scale-free state,
a feature unpredicted by all existing random
network models. To explain the origin of this
scale invariance, we show that existing net-
work models fail to incorporate growth and
preferential attachment, two key features of
real networks. Using a model incorporating

these two ingredients, we show that they are
responsible for the power-law scaling ob-
served in real networks. Finally, we argue
that these ingredients play an easily identifi-
able and important role in the formation of
many complex systems, which implies that
our results are relevant to a large class of
networks observed in nature.

Although there are many systems that
form complex networks, detailed topological
data is available for only a few. The collab-
oration graph of movie actors represents a
well-documented example of a social net-
work. Each actor is represented by a vertex,
two actors being connected if they were cast
together in the same movie. The probability
that an actor has k links (characterizing his or
her popularity) has a power-law tail for large
k, following P(k) ! k"#actor, where #actor $
2.3 % 0.1 (Fig. 1A). A more complex net-
work with over 800 million vertices (8) is the
WWW, where a vertex is a document and the
edges are the links pointing from one docu-
ment to another. The topology of this graph
determines the Web’s connectivity and, con-
sequently, our effectiveness in locating infor-
mation on the WWW (5). Information about
P(k) can be obtained using robots (6), indi-
cating that the probability that k documents
point to a certain Web page follows a power
law, with #www $ 2.1 % 0.1 (Fig. 1B) (9). A
network whose topology reflects the histori-
cal patterns of urban and industrial develop-
ment is the electrical power grid of the west-
ern United States, the vertices being genera-
tors, transformers, and substations and the
edges being to the high-voltage transmission
lines between them (10). Because of the rel-
atively modest size of the network, contain-
ing only 4941 vertices, the scaling region is
less prominent but is nevertheless approxi-
mated by a power law with an exponent
#power ! 4 (Fig. 1C). Finally, a rather large
complex network is formed by the citation
patterns of the scientific publications, the ver-
tices being papers published in refereed jour-
nals and the edges being links to the articles

cited in a paper. Recently Redner (11) has
shown that the probability that a paper is
cited k times (representing the connectivity of
a paper within the network) follows a power
law with exponent #cite $ 3.

The above examples (12) demonstrate that
many large random networks share the com-
mon feature that the distribution of their local
connectivity is free of scale, following a power
law for large k with an exponent # between
2.1 and 4, which is unexpected within the
framework of the existing network models.
The random graph model of ER (7) assumes
that we start with N vertices and connect each
pair of vertices with probability p. In the
model, the probability that a vertex has k
edges follows a Poisson distribution P(k) $
e"&&k/k!, where

& ! N"N " 1

k
#pk'1 " p(N"1"k

In the small-world model recently intro-
duced by Watts and Strogatz (WS) (10), N
vertices form a one-dimensional lattice,
each vertex being connected to its two
nearest and next-nearest neighbors. With
probability p, each edge is reconnected to a
vertex chosen at random. The long-range
connections generated by this process de-
crease the distance between the vertices,
leading to a small-world phenomenon (13),
often referred to as six degrees of separa-
tion (14 ). For p $ 0, the probability distri-
bution of the connectivities is P(k) $ )(k "
z), where z is the coordination number in
the lattice; whereas for finite p, P(k) still
peaks around z, but it gets broader (15). A
common feature of the ER and WS models
is that the probability of finding a highly
connected vertex (that is, a large k) decreas-
es exponentially with k; thus, vertices with
large connectivity are practically absent. In
contrast, the power-law tail characterizing
P(k) for the networks studied indicates that
highly connected (large k) vertices have a
large chance of occurring, dominating the
connectivity.

There are two generic aspects of real net-
works that are not incorporated in these mod-
els. First, both models assume that we start
with a fixed number (N) of vertices that are
then randomly connected (ER model), or re-
connected (WS model), without modifying
N. In contrast, most real world networks are
open and they form by the continuous addi-
tion of new vertices to the system, thus the
number of vertices N increases throughout
the lifetime of the network. For example, the
actor network grows by the addition of new
actors to the system, the WWW grows expo-
nentially over time by the addition of new
Web pages (8), and the research literature
constantly grows by the publication of new
papers. Consequently, a common feature of

Fig. 1. The distribution function of connectivities for various large networks. (A) Actor collaboration
graph with N $ 212,250 vertices and average connectivity *k+ $ 28.78. (B) WWW, N $
325,729, *k+ $ 5.46 (6). (C) Power grid data, N $ 4941, *k+ $ 2.67. The dashed lines have
slopes (A) #actor $ 2.3, (B) #www $ 2.1 and (C) #power $ 4.
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ing systems form a huge genetic network
whose vertices are proteins and genes, the
chemical interactions between them repre-
senting edges (2). At a different organization-
al level, a large network is formed by the
nervous system, whose vertices are the nerve
cells, connected by axons (3). But equally
complex networks occur in social science,
where vertices are individuals or organiza-
tions and the edges are the social interactions
between them (4), or in the World Wide Web
(WWW), whose vertices are HTML docu-
ments connected by links pointing from one
page to another (5, 6). Because of their large
size and the complexity of their interactions,
the topology of these networks is largely
unknown.

Traditionally, networks of complex topol-
ogy have been described with the random
graph theory of Erdős and Rényi (ER) (7),
but in the absence of data on large networks,
the predictions of the ER theory were rarely
tested in the real world. However, driven by
the computerization of data acquisition, such
topological information is increasingly avail-
able, raising the possibility of understanding
the dynamical and topological stability of
large networks.

Here we report on the existence of a high
degree of self-organization characterizing the
large-scale properties of complex networks.
Exploring several large databases describing
the topology of large networks that span
fields as diverse as the WWW or citation
patterns in science, we show that, indepen-
dent of the system and the identity of its
constituents, the probability P(k) that a ver-
tex in the network interacts with k other
vertices decays as a power law, following
P(k) ! k"#. This result indicates that large
networks self-organize into a scale-free state,
a feature unpredicted by all existing random
network models. To explain the origin of this
scale invariance, we show that existing net-
work models fail to incorporate growth and
preferential attachment, two key features of
real networks. Using a model incorporating

these two ingredients, we show that they are
responsible for the power-law scaling ob-
served in real networks. Finally, we argue
that these ingredients play an easily identifi-
able and important role in the formation of
many complex systems, which implies that
our results are relevant to a large class of
networks observed in nature.

Although there are many systems that
form complex networks, detailed topological
data is available for only a few. The collab-
oration graph of movie actors represents a
well-documented example of a social net-
work. Each actor is represented by a vertex,
two actors being connected if they were cast
together in the same movie. The probability
that an actor has k links (characterizing his or
her popularity) has a power-law tail for large
k, following P(k) ! k"#actor, where #actor $
2.3 % 0.1 (Fig. 1A). A more complex net-
work with over 800 million vertices (8) is the
WWW, where a vertex is a document and the
edges are the links pointing from one docu-
ment to another. The topology of this graph
determines the Web’s connectivity and, con-
sequently, our effectiveness in locating infor-
mation on the WWW (5). Information about
P(k) can be obtained using robots (6), indi-
cating that the probability that k documents
point to a certain Web page follows a power
law, with #www $ 2.1 % 0.1 (Fig. 1B) (9). A
network whose topology reflects the histori-
cal patterns of urban and industrial develop-
ment is the electrical power grid of the west-
ern United States, the vertices being genera-
tors, transformers, and substations and the
edges being to the high-voltage transmission
lines between them (10). Because of the rel-
atively modest size of the network, contain-
ing only 4941 vertices, the scaling region is
less prominent but is nevertheless approxi-
mated by a power law with an exponent
#power ! 4 (Fig. 1C). Finally, a rather large
complex network is formed by the citation
patterns of the scientific publications, the ver-
tices being papers published in refereed jour-
nals and the edges being links to the articles

cited in a paper. Recently Redner (11) has
shown that the probability that a paper is
cited k times (representing the connectivity of
a paper within the network) follows a power
law with exponent #cite $ 3.

The above examples (12) demonstrate that
many large random networks share the com-
mon feature that the distribution of their local
connectivity is free of scale, following a power
law for large k with an exponent # between
2.1 and 4, which is unexpected within the
framework of the existing network models.
The random graph model of ER (7) assumes
that we start with N vertices and connect each
pair of vertices with probability p. In the
model, the probability that a vertex has k
edges follows a Poisson distribution P(k) $
e"&&k/k!, where

& ! N"N " 1

k
#pk'1 " p(N"1"k

In the small-world model recently intro-
duced by Watts and Strogatz (WS) (10), N
vertices form a one-dimensional lattice,
each vertex being connected to its two
nearest and next-nearest neighbors. With
probability p, each edge is reconnected to a
vertex chosen at random. The long-range
connections generated by this process de-
crease the distance between the vertices,
leading to a small-world phenomenon (13),
often referred to as six degrees of separa-
tion (14 ). For p $ 0, the probability distri-
bution of the connectivities is P(k) $ )(k "
z), where z is the coordination number in
the lattice; whereas for finite p, P(k) still
peaks around z, but it gets broader (15). A
common feature of the ER and WS models
is that the probability of finding a highly
connected vertex (that is, a large k) decreas-
es exponentially with k; thus, vertices with
large connectivity are practically absent. In
contrast, the power-law tail characterizing
P(k) for the networks studied indicates that
highly connected (large k) vertices have a
large chance of occurring, dominating the
connectivity.

There are two generic aspects of real net-
works that are not incorporated in these mod-
els. First, both models assume that we start
with a fixed number (N) of vertices that are
then randomly connected (ER model), or re-
connected (WS model), without modifying
N. In contrast, most real world networks are
open and they form by the continuous addi-
tion of new vertices to the system, thus the
number of vertices N increases throughout
the lifetime of the network. For example, the
actor network grows by the addition of new
actors to the system, the WWW grows expo-
nentially over time by the addition of new
Web pages (8), and the research literature
constantly grows by the publication of new
papers. Consequently, a common feature of

Fig. 1. The distribution function of connectivities for various large networks. (A) Actor collaboration
graph with N $ 212,250 vertices and average connectivity *k+ $ 28.78. (B) WWW, N $
325,729, *k+ $ 5.46 (6). (C) Power grid data, N $ 4941, *k+ $ 2.67. The dashed lines have
slopes (A) #actor $ 2.3, (B) #www $ 2.1 and (C) #power $ 4.
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現実ネットワークの次数分布
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共演関係 WWW 送電網

スケールフリーネットワーク
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有限な予算で病気の感染拡大を防ぐには？
ブラックアウトを防ぐ手だては？
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今日のお話はそろそろおしまい…
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手紙渡しの実験 ⇒ 小さな世界の実例
ケビン・ベーコン・ゲーム ⇒ 小さな世界の実例
グラフ理論から，複雑ネットワーク理論へ
現実世界に存在するネットワークの特徴
規則的？
ランダム？
スモールワールドネットワーク
スケールフリーネットワーク
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質問・コメント
随時受け付けます．
メール: tohru@ics.saitama-u.ac.jp

居室: 埼玉大学工学部総合研究棟 5F 506室
今日の体験授業でつかったスライドのファイルは，
池口の講義サポートページにおいてあります．          
http://www.nls.ics.saitama-u.ac.jp/~tohru/Lectures       　　
からどうぞ．
ユーザ:　saidai

パスワード:　ics
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